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GeneralRemarks on ComputerAlgebra Systems

Most of mathematicsis concernedat somelevelwith setting up
and solvingequations.
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GeneralRemarks on ComputerAlgebra Systems

Most of mathematicsis concernedat somelevelwith setting up
and solvingequations.

Example. Hereis a systemof polynomialequations:

x + y + z � 1 = 0;
x2 + y2 + z2 � 1 = 0;
x3 + y3 + z3 � 1 = 0:
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GeneralRemarks on ComputerAlgebra Systems

Most of mathematicsis concernedat somelevelwith setting up
and solvingequations.

Example. Hereis a systemof polynomialequations:

x + y + z � 1 = 0;
x2 + y2 + z2 � 1 = 0;
x3 + y3 + z3 � 1 = 0:

From a practical point of view, systemsof this and other types
arisewhenmodelingapplicationsin scienceand engineering.In
manycases,this involvestediouscomputationswhich are di�cult
to get right or too extensiveto be carried through by hand.
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GeneralRemarks on ComputerAlgebra Systems

Two mathematicaldisciplines,numericalanalysisand computer
algebra, originate from this problem. In contrast to numerical
analysis,calculationsin computeralgebra are carried through
exactly, that is, no approximation is appliedat any step.
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GeneralRemarks on ComputerAlgebra Systems

Two mathematicaldisciplines,numericalanalysisand computer
algebra, originate from this problem. In contrast to numerical
analysis,calculationsin computeralgebra are carried through
exactly, that is, no approximation is appliedat any step.

In fact, the methods of computeralgebra allow us to manipulate
objectsin a variety of algebraic structures.They are implemented
in a number of computeralgebra systems.
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GeneralRemarks on ComputerAlgebra Systems

There are generalpurposecomputeralgebra systemssuchas
Maple , Ma thema tica , or Ma gma, which are not free.

Example. Hereare two Maple commandsat work:

> factor(y^2-x*y-x^2*y+x^3 );
2

(-y + x) (-y + x )

> int( x/(x^2-1), x );

1/2 ln(x - 1) + 1/2 ln(x + 1)
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GeneralRemarks on ComputerAlgebra Systems

Also, there are specializedand highly tuned computeralgebra
systemssuchas Gap for group theory, Pari/GP for number
theory, or Singular for commutativealgebra, algebraic geometry,
and singularity theory, which are free and open source.

Example. We factorize the 8th Fermat number usingLidia :

lc> factor(2^(2^8) +1) ;
$0 = [(1238926361552897,1 )
(93461639715357977769163558199606896584051237541638188580280321, 1) ]
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GeneralRemarks on ComputerAlgebra Systems

Example. We manipulateour polynomialsystemof equationsin
Singular :

> poly f1=x+y+z-1;
> poly f2=x2+y2+z2-1;
> poly f3=x3+y3+z3-1;
> ideal I=f1,f2,f3;

> ideal I=f1,f2,f3;
> groebner(I);

_[1]=z3-z2
_[2]=y2+yz-y+z2-z
_[3]=x+y+z-1
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GeneralRemarks on ComputerAlgebra Systems

And, there is Sage which combinesthe power of the afore
mentionedand other computeralgebra systems.

Example. We consideran elliptic curveof type

y2 + a1xy + a3y = x3 + a2x2 + a4x + a6

in Sage:

sage: E = EllipticCurve([0,0,1,-1,0] )
sage: E Elliptic Curve defined by y^2 + y = x^3 - x

over Rational Field
sage: P = E([0,0])
sage: P + P
(1 : 0 : 1)
sage: 10*P
(161/16 : -2065/64 : 1)

Wolfram Decker Intro duction to Algebraic geometry and Computer Algebra AIMS, February/Ma rch, 2010



GeneralRemarks on ComputerAlgebra Systems

User-friendlyinterfacesand comfortable help functionsenableus to
work with powerful computingtools by just looking up a few
commands.
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GeneralRemarks on ComputerAlgebra Systems

User-friendlyinterfacesand comfortable help functionsenableus to
work with powerful computingtools by just looking up a few
commands.

In this course,we introducethe computeralgebra system
Singular via lecturesand practical exercisesessionsin front of
the computer. Our approachis motivated by computational
problemsarising from algebraic geometrywhich is the
mathematicaldisciplinedealingwith solutionsetsof polynomial
equations.
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GeneralRemarks on ComputerAlgebra Systems

User-friendlyinterfacesand comfortable help functionsenableus to
work with powerful computingtools by just looking up a few
commands.

In this course,we introducethe computeralgebra system
Singular via lecturesand practical exercisesessionsin front of
the computer. Our approachis motivated by computational
problemsarising from algebraic geometrywhich is the
mathematicaldisciplinedealingwith solutionsetsof polynomial
equations.

We will alsotouch a bit of modern cryptographyand, if time
permits, discussan applicationto group theory.
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GeneralRemarks on ComputerAlgebra Systems

We will usemodern visualizationsoftware suchas Surfex to
illustrate our examples.
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Hypersurfaces

Let | be any �eld. The a�ne n-space over | is the set

An(| ) =
�

(a1; : : : ; an) j a1; : : : ; an 2 |
	

:

If f 2 | [x1; : : : ; xn] is a polynomial,we write

V(f ) = f p 2 An(| ) j f (p) = 0g

for its vanishing locus (or locus of zeros). This locus is calleda
hypersurface if f is nonzero.
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Hypersurfaces

Example. Nondegenerate conics.

(a) ellipse (b) parabola (c) hyperbola

x2

a2 + y2

b2 = 1 y = mx2 x2

a2 � y2

b2 = 1
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Hypersurfaces

Example. Cubic Curves.

y2 = x3 + x + 1 y2 = x3 + x2 y2 = x3 y2 = x3 � x
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Hypersurfaces

Example. We considerthe curveC = V(f ) � A2(R) de�ned by
the degree-sevenpolynomial

f = 11y7 + 7y6x + 8y5x2 � 3y4x3 � 10y3x4 � 10y2x5 � x7 � 33y6

� 29y5x � 13y4x2 + 26y3x3 + 30y2x4 + 10yx5 + 3x6 + 33y5

+ 37y4x � 8y3x2 � 33y2x3 � 20yx4 � 3x5 � 11y4 � 15y3x

+ 13y2x2 + 10yx3 + x4 :
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Hypersurfaces
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Hypersurfaces

This curveadmits a rational parametrization:

x (t ) =
121t 7 � 253t 6 � 133t 5 + 364t 4 + 39t 3 � 92t 2 + 10t

121t 7 � 127t 6 � 114t 5 + 29t 4 + 54t 3 + 106t 2 � 20t + 1
;

y (t ) =
� 77t 7 + 72t 6 + 246t 5 � 192t 4 � 138t 3 + 116t 2 � 20t + 1
121t 7 � 127t 6 � 114t 5 + 29t 4 + 54t 3 + 106t 2 � 20t + 1

;
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Hypersurfaces

Example. Clebsch's diagonal cubic in A3(R) is a surface
containingprecisely??? real lines:
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Algebraic sets

If T � | [x1; : : : ; xn] is any set of polynomials,its vanishing locus
(or locus of zeros) in An(| ) is

V(T ) = f p 2 An(| ) j f (p) = 0 for all f 2 T g:
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Algebraic sets

If T � | [x1; : : : ; xn] is any set of polynomials,its vanishing locus
(or locus of zeros) in An(| ) is

V(T ) = f p 2 An(| ) j f (p) = 0 for all f 2 T g:

Eachsuchlocus is calledan (a�ne) algebraic set.
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Algebraic sets

If T � | [x1; : : : ; xn] is any set of polynomials,its vanishing locus
(or locus of zeros) in An(| ) is

V(T ) = f p 2 An(| ) j f (p) = 0 for all f 2 T g:

Eachsuchlocus is calledan (a�ne) algebraic set.

SinceV(T ) =
T

f 2 T V(f ), a subsetof An(| ) is algebraic i� it can
be written as the intersectionof hypersurfaces.
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Algebraic sets

If T � | [x1; : : : ; xn] is any set of polynomials,its vanishing locus
(or locus of zeros) in An(| ) is

V(T ) = f p 2 An(| ) j f (p) = 0 for all f 2 T g:

Eachsuchlocus is calledan (a�ne) algebraic set.

SinceV(T ) =
T

f 2 T V(f ), a subsetof An(| ) is algebraic i� it can
be written as the intersectionof hypersurfaces.

If T = f f1; : : : ; fr g is �nite, we write V(f1; : : : ; fr ) = V(T ).
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Algebraic sets

Example. IntersectingV(y � x2) and V(z � x3), we get the
twisted cubic curve in A3(R):
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Algebraic sets

The twistedcubic curvemay alsobe described as the intersection
of the hypersurfacesV(y � x2) and V(z � xy):
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Algebraic sets

The twistedcubic curvemay alsobe described as the intersection
of the hypersurfacesV(y � x2) and V(z � xy):

In developinga dictionary which translatesgeometricstatements
into algebraic statementsand vice versa,we representalgebraic
setsby idealsrather than by explicit equations.
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Ideals

All ringsare commutativewith 1.
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Ideals

All ringsare commutativewith 1.

De�nition. A subsetI of a ring R is calledan ideal of R if the
following hold:

(i) 0 2 I .
(ii) If f ; g 2 I , then f + g 2 I .
(ii) If f 2 R and If g 2 I , then f � g 2 I .
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Ideals

All ringsare commutativewith 1.

De�nition. A subsetI of a ring R is calledan ideal of R if the
following hold:

(i) 0 2 I .
(ii) If f ; g 2 I , then f + g 2 I .
(ii) If f 2 R and If g 2 I , then f � g 2 I .

Example.
(i) If T � R is any subset,the set hT i of all R-linear

combinationsg1f1 + � � � + gr fr , wheref1; : : : ; fr 2 T , is an
idealof R. It is calledthe idealgenerated by T.

(ii) If f I� g is a family of idealsof R, then the intersection
T

� I� is
alsoan idealof R.

(ii) The sum of the I� , written
P

� I� , is the idealgeneratedby
the union

S
� I� .
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Hilbert's BasisTheorem

If T � | [x1; : : : ; xn] is a subsetof polynomials,then T and hT i
havethe samevanishinglocus:

V(T ) = V(hT i ):
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Hilbert's BasisTheorem

If T � | [x1; : : : ; xn] is a subsetof polynomials,then T and hT i
havethe samevanishinglocus:

V(T ) = V(hT i ):

In particular, everyalgebraic set is representedby an ideal.
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Hilbert's BasisTheorem

If T � | [x1; : : : ; xn] is a subsetof polynomials,then T and hT i
havethe samevanishinglocus:

V(T ) = V(hT i ):

In particular, everyalgebraic set is representedby an ideal.

Hilb ert's Basis Theorem. Everyidealof | [x1; : : : ; xn] hasa
�nite set of generators.
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Hilbert's BasisTheorem

If T � | [x1; : : : ; xn] is a subsetof polynomials,then T and hT i
havethe samevanishinglocus:

V(T ) = V(hT i ):

In particular, everyalgebraic set is representedby an ideal.

Hilb ert's Basis Theorem. Everyidealof | [x1; : : : ; xn] hasa
�nite set of generators.

So everyalgebraic set is the zero locusof �nitely many
polynomials.
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Propertiesof V

Proposition.
(i) V(0) = An(| ): V(1) = ; :
(ii) If I � J are subsetsof | [x1; : : : ; xn], then V(I ) � V(J).
(iii) If I ; J are idealsof | [x1; : : : ; xn], then

V(I ) [ V (J) = V(I \ J):

So the union of �nitely manyalgebraic setsis algebraic.
(iv) If f I� g is a family of idealsof | [x1; : : : ; xn], then

\

�

V(I� ) = V

 
X

�

I�

!

:

So the intersectionof any family of algebraic setsis algebraic.
(v) If a1; : : : ; an 2 | , then

V(x1 � a1; : : : ; xn � an) = f (a1; : : : ; an)g:
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Propertiesof V

Example. V(z) [ V(x; y) = V(hzi \ hx; yi ) = V(xz; yz).
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Propertiesof V

Example. V(z) [ V(x; y) = V(hzi \ hx; yi ) = V(xz; yz).

Algorithmic Problem. How do we computeideal intersections?
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Propertiesof V

Singular Example.

> ring R = 0, (x,y,z), dp;
> ideal I = z;
> ideal J = x,y;
> ideal K = intersect(I,J);
> K;
K[1]=yz
K[2]=xz
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The VanishingIdeal

If A � An(| ) is any subset,then we write A for the smallest
algebraic set containingA.
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The VanishingIdeal

Havingalreadythe correspondenceV which associatesto each
idealof | [x1; : : : ; xn] an algebraic set, we, now, de�ne a
correspondenceI in the other direction:
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The VanishingIdeal

Havingalreadythe correspondenceV which associatesto each
idealof | [x1; : : : ; xn] an algebraic set, we, now, de�ne a
correspondenceI in the other direction:

De�nition. If A � An(| ) is any subset,then the set

I(A) := f f 2 | [x1; : : : ; xn] j f (p) = 0 for all p 2 Ag

is an idealof | [x1; : : : ; xn]. It is calledthe vanishing ideal of A.
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Propertiesof I

Proposition.

(i) I(; ) = R. If | is in�nite, then I(An(| )) = h0i .

(ii) If A � B are subsetsof An(| ), then I(A) � I(B).

(iii) If A; B are subsetsof An(| ), then

I(A [ B) = I(A) \ I(B):

(iv) For any subsetA � An(| ), we have

V(I(A)) = A:

(v) For any subsetI � R, we have

I(V(I )) � I :
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The Radicalof an Ideal

Canwe expressI(V(I )) in terms of I?
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The Radicalof an Ideal

Canwe expressI(V(I )) in terms of I?

Example. We have

f 0g = V(x) = V(x2) = V(x3) = � � � � A1(| ):
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The Radicalof an Ideal

Canwe expressI(V(I )) in terms of I?

Example. We have

f 0g = V(x) = V(x2) = V(x3) = � � � � A1(| ):

De�nition. Let R be a ring, and let I � R be an ideal. Then
the set

rad I := f f 2 R j f m 2 I for some m � 1g

is an idealof R containingI . It is calledthe radical of I . If
rad I = I , then I is calleda radical ideal.
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The Radicalof an Ideal

Example. If f 2 | [x1; : : : ; xn] is a polynomial,and

f = f � 1
1 � � � f � s

s :

is the decomposition of f into irreduciblefactors, then

rad hf i = hf1 � � � fsi

The product f1 � � � fs, which is uniquelydeterminedby f up to
multiplication by a constant, is calledthe square-free part of f .
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The Radicalof an Ideal

Algorithmic Problem. How do we computeradicals?

Singular Example.

> LIB "primdec.lib";
> ring R = 0, (x,y,z), dp;
> poly p = z2+1;
> poly q = z3+2;
> ideal I = p*q^2,y-z2;
> ideal radI = radical(I);
> I;
I[1]=z8+z6+4z5+4z3+4z2+4
I[2]=-z2+y
> radI;
radI[1]=z2-y
radI[2]=y2z+z3+2z2+2

Wolfram Decker Intro duction to Algebraic geometry and Computer Algebra AIMS, February/Ma rch, 2010



Hilbert's Nullstellensatz

Not everyradical ideal is a vanishingideal:
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Hilbert's Nullstellensatz

Not everyradical ideal is a vanishingideal:

Example. We have

V(1 + x2) = V(1) = ; � A1(R):
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Hilbert's Nullstellensatz

Not everyradical ideal is a vanishingideal:

Example. We have

V(1 + x2) = V(1) = ; � A1(R):

Here,we facea problemwhich is causedby propertiesof the
ground�eld. Passingfrom R to the �eld C of complexnumbers,
the problemwill disappear. In fact, C is the algebraic closure of
R. That is, C is the smallest�eld containingR in which every
polynomialof R[x] hasa root. In general,givenany �eld | , we
write | for the algebraic closureof | .
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Hilbert's Nullstellensatz

Hilb ert's Nullstellensatz, Weak Version. Let I be an idealof
| [x1; : : : ; xn], and let | be the algebraic closureof | . Then the
following are equivalent:

(i) The locusof zerosof I in An(| ) is empty.

(ii) 1 2 I .
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Hilbert's Nullstellensatz

Hilb ert's Nullstellensatz, Weak Version. Let I be an idealof
| [x1; : : : ; xn], and let | be the algebraic closureof | . Then the
following are equivalent:

(i) The locusof zerosof I in An(| ) is empty.

(ii) 1 2 I .

Algorithmic Problem. How do we test, whether1 is in I?
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Hilbert's Nullstellensatz

Hilb ert's Nullstellensatz, Weak Version. Let I be an idealof
| [x1; : : : ; xn], and let | be the algebraic closureof | . Then the
following are equivalent:

(i) The locusof zerosof I in An(| ) is empty.

(ii) 1 2 I .

Algorithmic Problem. How do we test, whether1 is in I?

This is a special instanceof the following problem:
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Hilbert's Nullstellensatz

Hilb ert's Nullstellensatz, Weak Version. Let I be an idealof
| [x1; : : : ; xn], and let | be the algebraic closureof | . Then the
following are equivalent:

(i) The locusof zerosof I in An(| ) is empty.

(ii) 1 2 I .

Algorithmic Problem. How do we test, whether1 is in I?

This is a special instanceof the following problem:

Algorithmic Problem (Ideal Memb ership Problem). More
generally, givenany polynomialf 2 | [x1; : : : ; xn], how do we �nd
out, whetherf is in I?
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Hilbert's Nullstellensatz

Singular Example.

> LIB "primdec.lib";
> ring R = 0, (x,y,z), dp;
> I;
I[1]=26516x2+2 6669xy- 14902y2- 21291xz-3 445yz+55z2+8020x- 13635y-15436z-2 6572
I[2]=-18032x2- 21011xy+2143y2- 14001xz-1 9753yz-1 0432z2+17255x+18357y-8 20z+25588
I[3]=25233x2-2 7071xy+27099y2- 8422xz- 26784yz+24221z2+12181x- 25912y- 13784z-1 9954
I[4]=15944x2-1 9425xy- 12190y2+29639xz-2 3930yz+6695z2-4 453x-1 778y+29787z-5 31
I[5]=-10381x2+ 23484xy+25717y2+5857xz+13146yz+18456z2+1217x- 7717y+25240z- 29449
I[6]=-15248x2+ 7796xy- 23146y2- 19768xz-2 2850yz+21494z2+13992x+21312y+7104z-4 766
I[7]=4942x2+12 741xy-1 0772y2+10750xz- 14846yz+28471z2+7437x+28557y-1 7899z- 5834
I[8]=-21799x2+ 25045xy+5749y2+10377xz+15288yz+16933z2+8071x- 13830y+8472z- 22726
I[9]=-12030x2- 8835xy+8174y2-2 8683xz- 16276yz- 8110z2- 28654x+12453y-2 7679z+17266
I[10]=-27692x2 -1 0992xy+9017y2+20547xz- 19611yz+8268z2- 19875x-4 751y- 22727z-2 25

> groebner(I);
_[1]=1

The idealmembershipproblemin generalwill be adressedlater.
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Hilbert's Nullstellensatz

Hilb ert's Nullstellensatz, Strong Version. Let | = | , and let

I � | [x1; : : : ; xn]

be an ideal. Then
I(V(I )) = rad I :
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Hilbert's Nullstellensatz

Hilb ert's Nullstellensatz, Strong Version. Let | = | , and let

I � | [x1; : : : ; xn]

be an ideal. Then
I(V(I )) = rad I :

Corollary. If | = | , then I and V de�ne a one-to-one
correspondence

f algebraic subsetsof An(| )g
I //

V
oo f radical idealsof | [x1; : : : ; xn]g:
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Hilbert's Nullstellensatz

The strong versionof the Nullstellensatzcan be deducedfrom its
weak versionusingthe trick of Rabinowitch. The sametrick allows
us to solvethe problemof radicalmembership:
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Hilbert's Nullstellensatz

The strong versionof the Nullstellensatzcan be deducedfrom its
weak versionusingthe trick of Rabinowitch. The sametrick allows
us to solvethe problemof radicalmembership:

Corollary (Radical Memb ership. Let | be an arbitrary �eld, let
I � | [x1; : : : ; xn] be an ideal, and let f 2 | [x1; : : : ; xn] be a
polynomial. Then:

f 2 rad I ( ) 1 2 J = hI ; yf � 1i � | [x1; : : : ; xn; y];

wherey is an extra variable.
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Hilbert's Nullstellensatz

The Nullstellensatzallows us to expressgeometricpropertiesin
terms of ideals.Hereis a �rst example:
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Hilbert's Nullstellensatz

The Nullstellensatzallows us to expressgeometricpropertiesin
terms of ideals.Hereis a �rst example:

Proposition. If I � | [x1; : : : ; xn] is an ideal, and | is the
algebraic closureof | , then the following are equivalent:

(i) The locusof zerosof I in An(| ) is a �nite set of points (or
empty).

(ii) For eachi , 1 � i � n, there is a nonzeropolynomialin
I \ | [xi ].
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Hilbert's Nullstellensatz

The Nullstellensatzallows us to expressgeometricpropertiesin
terms of ideals.Hereis a �rst example:

Proposition. If I � | [x1; : : : ; xn] is an ideal, and | is the
algebraic closureof | , then the following are equivalent:

(i) The locusof zerosof I in An(| ) is a �nite set of points (or
empty).

(ii) For eachi , 1 � i � n, there is a nonzeropolynomialin
I \ | [xi ].

Algorithmic Problem. How do we test, whether(ii) holds?
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Hilbert's Nullstellensatz

Example. The ideal

I = hx + y + z � 1; x2 + y2 + z2 � 1; x3 + y3 + z3 � 1i

containsthe polynomials

z3 � z2; y3 � y2; x3 � x2:

Wolfram Decker Intro duction to Algebraic geometry and Computer Algebra AIMS, February/Ma rch, 2010



IrreducibleAlgebraic Sets

De�nition. A nonempty algebraic set A � An(| ) is called
irreducible if it cannot be expressedas the union A = A1 [ A2 of
algebraic setsA1; A2 properly containedin A. Otherwise,A is
calledreducible.
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IrreducibleAlgebraic Sets

De�nition. A nonempty algebraic set A � An(| ) is called
irreducible if it cannot be expressedas the union A = A1 [ A2 of
algebraic setsA1; A2 properly containedin A. Otherwise,A is
calledreducible.

Proposition. Let A � An(| ) be an algebraic set. Then the
following conditionsare equivalent:

(i) A is irreducible.

(ii) I(A) is a prime ideal.
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IrreducibleAlgebraic Sets

De�nition. A nonempty algebraic set A � An(| ) is called
irreducible if it cannot be expressedas the union A = A1 [ A2 of
algebraic setsA1; A2 properly containedin A. Otherwise,A is
calledreducible.

Proposition. Let A � An(| ) be an algebraic set. Then the
following conditionsare equivalent:

(i) A is irreducible.

(ii) I(A) is a prime ideal.

Algorithmic Problem. How do we test, whetheran ideal is
prime?
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IrreducibleAlgebraic Sets

Corollary. If | = | , then I and V de�ne a one-to-one
correspondence

f subvarietiesof An(| )g
I //

V
oo f prime idealsof | [x1; : : : ; xn]g:
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IrreducibleAlgebraic Sets

Corollary. If | = | , then I and V de�ne a one-to-one
correspondence

f subvarietiesof An(| )g
I //

V
oo f prime idealsof | [x1; : : : ; xn]g:

Proposition. If | = | , then I and V de�ne a one-to-one
correspondence

f points of An(| )g
I //

V
oo f maximal idealsof | [x1; : : : ; xn]g:
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IrreducibleComponents

Example. As we haveseenearlier, the zero locus
V(xz; yz) � A3(R) is the union of the xy-planeand the z-axis:
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IrreducibleComponents

Example. The zero locusV(y2 � xy + x2y � x3) � A2(R) is
the union of a parabola and a line:
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IrreducibleComponents

In general,we havethe following result:
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IrreducibleComponents

In general,we havethe following result:

Theorem. Everynonempty algebraic set A � An(| ) can be
written as a �nite union

A = V1 [ � � � [ Vs

of irreduciblealgebraic setsVi . We may, in fact, achievethat this
decomposition is minimal in the sensethat Vi 6� Vj for i 6= j . The
Vi are, then, uniquelydeterminedup to order and are calledthe
irreducible components of A.
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IrreducibleComponents

In general,we havethe following result:

Theorem. Everynonempty algebraic set A � An(| ) can be
written as a �nite union

A = V1 [ � � � [ Vs

of irreduciblealgebraic setsVi . We may, in fact, achievethat this
decomposition is minimal in the sensethat Vi 6� Vj for i 6= j . The
Vi are, then, uniquelydeterminedup to order and are calledthe
irreducible components of A.

Algorithmic Problem. How do we computeirreducible
components?
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RemovingAlgebraic Sets

Example. Consideroncemore the union of the xy-planeand
the z-axis:

If we removethe xy-plane,the remainingset is a puncturedline,
which is not an algebraic set. In fact, the smallestalgebraic set
containingthe puncturedline is the line itself. In what follows, we
show how to describe the smallestalgebraic set containingthe
di�erence of two algebraic sets.Wolfram Decker Intro duction to Algebraic geometry and Computer Algebra AIMS, February/Ma rch, 2010



RemovingAlgebraic Sets

De�nition. If I ; J are two idealsof a ring R, the set

I : J = f f 2 R j fg 2 I for all g 2 Jg

is an idealof R containingI . It is calledthe ideal quotient of I by
J.
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RemovingAlgebraic Sets

De�nition. If I ; J are two idealsof a ring R, the set

I : J = f f 2 R j fg 2 I for all g 2 Jg

is an idealof R containingI . It is calledthe ideal quotient of I by
J.

De�nition. If I ; J are two idealsof a ring R, the set

I : J1 := f f 2 R j fJm � I for somem � 1g =
1[

m=1

(I : Jm)

is an idealof R containingI . It is calledthe saturation of I with
respect to J.
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RemovingAlgebraic Sets

Theorem. If | = | , and I ; J are idealsof | [x1; : : : ; xn], then

V(I ) n V(J) = V(I : J1 ):

If I is a radical ideal, then

V(I ) n V(J) = V(I : J):
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RemovingAlgebraic Sets

Theorem. If | = | , and I ; J are idealsof | [x1; : : : ; xn], then

V(I ) n V(J) = V(I : J1 ):

If I is a radical ideal, then

V(I ) n V(J) = V(I : J):

Algorithmic Problem. How do we computeidealquotientsand
saturation?
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RemovingAlgebraic Sets

Singular Example.

> ring R = 2, (x,y,z), dp;
> poly F = x5+y5+(x-y)^2*xyz;
> F;
x5+y5+x3yz+xy3z
> ideal J = jacob(F);
> J;
J[1]=x4+x2yz+y3z
J[2]=y4+x3z+xy2z
J[3]=x3y+xy3
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RemovingAlgebraic Sets

> maxideal(2);
_[1]=z2
_[2]=yz
_[3]=y2
_[4]=xz
_[5]=xy
_[6]=x2
> ideal K = quotient(J,maxideal(2));
> K;
K[1]=y4+x3z+xy2z
K[2]=x3y+xy3
K[3]=x4+x2yz+y3z
K[4]=x3z2+x2yz2+xy2z2+y3z 2
K[5]=x2y2z+x2yz2+y3z2
K[6]=x2y3
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RemovingAlgebraic Sets

> K = quotient(K,maxideal(2)) ;
> K;
K[1]=x3+x2y+xy2+y3
K[2]=y4+x2yz+y3z
K[3]=x2y2+y4
> K = quotient(K,maxideal(2)) ;
> K;
K[1]=x3+x2y+xy2+y3
K[2]=y4+x2yz+y3z
K[3]=x2y2+y4
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RemovingAlgebraic Sets

A ring R is said to be Noetherian if everyidealof R is �nitely
generated.Equivalently, we may ask that the ascending chain
condition holds. This condition says that everychain

I1 � I2 � I3 � : : :

of idealsof R is eventuallystationary. That is,

Im = Im+1 = : : : for some m � 1:
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RemovingAlgebraic Sets

Sincethe polynomialring | [x1; : : : ; xn] is Noetherianby Hilbert's
basistheorem, and sinceI : Jm = (I : Jm� 1) : J for any two ideals
I ; J � | [x1; : : : ; xn], the computationof the saturation

I : J1 =
1[

m=1

(I : Jm)

can be reducedto the computationof idealquotients. Indeed,the
ascendingchain

I : J � I : J2 � � � � � I : Jm � : : :

is eventuallystationary.
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RemovingAlgebraic Sets

Singular Example.

> LIB "elim.lib";
> int p = printlevel;
> printlevel = 2;
> sat(J,maxideal(2));
// compute quotient 1
// compute quotient 2
// compute quotient 3
// saturation becomesstable after 2 iteration(s)
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RemovingAlgebraic Sets

[1]:
_[1]=x3+x2y+xy2+y3
_[2]=y4+x2yz+y3z
_[3]=x2y2+y4

[2]:
2

> printlevel = p;
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QuotientRings

De�nition. Let I � R be an ideal. Two elementsf ; g 2 R are
said to be congruent modulo I, written

f � g mod I ;

if f � g 2 I . The relation on R de�ned by congruencemodulo I is
an equivalencerelation. We usuallywrite f = f + I for the
equivalenceclassof f 2 R, and call it the residue class of f
modulo I . The set of all residueclassesbecomesa ring, with
algebraic operations

f + g = f + g and f � g = f � g:

We refer to this ring as the quotient ring R=I , and to the map

R ! R=I ; f 7! f ;

as the canonical projection onto R=I .
Wolfram Decker Intro duction to Algebraic geometry and Computer Algebra AIMS, February/Ma rch, 2010



QuotientRings

Singular Example.

> ring R = 0, (z,y,x), lp;
> ideal I = z-x2, y-x3;
> qring S = groebner(I);
> basering; // shows current ring
// characteristic : 0
// number of vars : 3
// block 1 : ordering lp
// : names zyx
// block 2 : ordering C
// quotient ring from ideal
_[1]=y-x3
_[2]=z-x2
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QuotientRings.

> poly f = x3z2-4y4z+x4;
> reduce(f,groebner(0));
-4x14+x7+x4
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QuotientRings

Now, propertiesof an ideal I can be expressedin terms of the
quotient ring R=I . For instance:
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QuotientRings

Now, propertiesof an ideal I can be expressedin terms of the
quotient ring R=I . For instance:

I is prime i� R=I is an integral domain.
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QuotientRings

Now, propertiesof an ideal I can be expressedin terms of the
quotient ring R=I . For instance:

I is prime i� R=I is an integral domain.

I is maximali� R=I is a �eld.
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QuotientRings

Now, propertiesof an ideal I can be expressedin terms of the
quotient ring R=I . For instance:

I is prime i� R=I is an integral domain.

I is maximali� R=I is a �eld.

If R = | [x1; : : : ; xn] is the polynomielring over the �eld | , then we
have:

For eachi , 1 � i � n, there is a nonzeropolynomialin
I \ | [xi ] i� R=I is a �nite dimensional| -vector space.
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QuotientRings

Now, propertiesof an ideal I can be expressedin terms of the
quotient ring R=I . For instance:

I is prime i� R=I is an integral domain.

I is maximali� R=I is a �eld.

If R = | [x1; : : : ; xn] is the polynomielring over the �eld | , then we
have:

For eachi , 1 � i � n, there is a nonzeropolynomialin
I \ | [xi ] i� R=I is a �nite dimensional| -vector space.

In this way, we can expresspropertiesof algebraic setsin terms of
quotient rings.
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CoordinateRings

De�nition. Let A � An(| ) be a (nonempty) algebraic set. A
polynomial function on A is a map of type

A ! | ; p 7! f (p);

wheref 2 | [x1; : : : ; xn] is a polynomial.
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CoordinateRings

De�nition. Let A � An(| ) be a (nonempty) algebraic set. A
polynomial function on A is a map of type

A ! | ; p 7! f (p);

wheref 2 | [x1; : : : ; xn] is a polynomial.

The set of all polynomialfunctionson A is madeinto a ring, with
algebraic operationsde�ned by addingand multiplying valuesin | :
If f ; g 2 | [A], for all p 2 A set

(f + g)(p) = f (p) + g(p) and (f � g)(p) = f (p) � g(p):
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CoordinateRings

Sincetwo polynomialsin | [x1; : : : ; xn] de�ne the sameelementof
| [A] i� their di�erence vanisheson A, we may identify

| [A] �= | [x1; : : : ; xn]=I(A):

This ring is calledthe coordinate ring of A.
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PolynomialMaps

We now cometo the natural mapsbetweenalgebraic sets.
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PolynomialMaps

We now cometo the natural mapsbetweenalgebraic sets.

De�nition. Let A � An(| ) and B � Am(| ) be (nonempty)
algebraic sets.
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PolynomialMaps

We now cometo the natural mapsbetweenalgebraic sets.

De�nition. Let A � An(| ) and B � Am(| ) be (nonempty)
algebraic sets.

A map ' : A ! B is a polynomial map, or a morphism, if its
componentsare polynomialfunctionson A. That is, there exist
polynomialsf1; : : : ; fm 2 | [x1; : : : ; xn] suchthat
' (p) = (f1(p); : : : ; fm(p)) for all p 2 A.
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PolynomialMaps

We now cometo the natural mapsbetweenalgebraic sets.

De�nition. Let A � An(| ) and B � Am(| ) be (nonempty)
algebraic sets.

A map ' : A ! B is a polynomial map, or a morphism, if its
componentsare polynomialfunctionson A. That is, there exist
polynomialsf1; : : : ; fm 2 | [x1; : : : ; xn] suchthat
' (p) = (f1(p); : : : ; fm(p)) for all p 2 A.

Sucha morphism is calledan isomorphism if there is a
morphism : B ! A suchthat  � ' = idA and ' �  = idB .
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PolynomialMaps

We now cometo the natural mapsbetweenalgebraic sets.

De�nition. Let A � An(| ) and B � Am(| ) be (nonempty)
algebraic sets.

A map ' : A ! B is a polynomial map, or a morphism, if its
componentsare polynomialfunctionson A. That is, there exist
polynomialsf1; : : : ; fm 2 | [x1; : : : ; xn] suchthat
' (p) = (f1(p); : : : ; fm(p)) for all p 2 A.

Sucha morphism is calledan isomorphism if there is a
morphism : B ! A suchthat  � ' = idA and ' �  = idB .

We say that A and B are isomorphic written A �= B, if there is
an isomorphismA ! B.
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PolynomialMaps

On the algebraic sideof the geometry-algebra dictionary,
polynomialmapscan be seenas follows:
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PolynomialMaps

On the algebraic sideof the geometry-algebra dictionary,
polynomialmapscan be seenas follows:

Proposition. Everymorphism ' : A ! B of algebraic sets
inducesa ring homomorphism

' � : | [B] ! | [A]; g 7! g � ';

which is the identity on constants.
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PolynomialMaps

On the algebraic sideof the geometry-algebra dictionary,
polynomialmapscan be seenas follows:

Proposition. Everymorphism ' : A ! B of algebraic sets
inducesa ring homomorphism

' � : | [B] ! | [A]; g 7! g � ';

which is the identity on constants.
Conversely, if � : | [B] ! | [A] is a ring homomorphism which is

the identity on constants,then there existsa uniquepolynomial
map ' : A ! B suchthat � = ' � .
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PolynomialMaps

On the algebraic sideof the geometry-algebra dictionary,
polynomialmapscan be seenas follows:

Proposition. Everymorphism ' : A ! B of algebraic sets
inducesa ring homomorphism

' � : | [B] ! | [A]; g 7! g � ';

which is the identity on constants.
Conversely, if � : | [B] ! | [A] is a ring homomorphism which is

the identity on constants,then there existsa uniquepolynomial
map ' : A ! B suchthat � = ' � .

A morphism ' : A ! B of algebraic setsis an isomorphism i�
' � is an isomorphism of rings.
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PolynomialMaps

Example. If C = V (y � x2; z � x3) � A3(R) is the twisted
cubic curve,then the map

A1(R) ! C; t 7! (t ; t 2; t 3);

is an isomorphismwith inversemap (x; y; z) 7! x.
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PolynomialMaps

Singular Example.

> ring RR= 0, (t,x,y,z), dp;
> ideal J = x-t,y-t2,z-t3;
> ideal K = eliminate(J,t);
> K;
K[1]=y2-xz
K[2]=xy-z
K[3]=x2-y

Wolfram Decker Intro duction to Algebraic geometry and Computer Algebra AIMS, February/Ma rch, 2010



PolynomialMaps

Example. The map

A1(R) ! V(y2 � x3) � A2(R); t 7! (t 2; t 3);

is a bijectivemorphism,but not an isomorphism.
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PolynomialMaps

The imageof a morphismneedsnot be an algebraic set.
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PolynomialMaps

The imageof a morphismneedsnot be an algebraic set.

Example. Let � : A2(R) ! A1; (a; b) 7! b; be projection of the
xy-planeonto the y-axis. Then � mapsthe hyperbola
C = V(xy � 1) onto the puncturedline � (C) = A1 n f 0g which is
not an algebraic set:
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The Geometryof Elimination

De�nition. If I � | [x1; : : : ; xn] is an ideal, its kth elimination
ideal is the ideal

Ik = I \ | [xk+1 ; : : : ; xn]:
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The Geometryof Elimination

De�nition. If I � | [x1; : : : ; xn] is an ideal, its kth elimination
ideal is the ideal

Ik = I \ | [xk+1 ; : : : ; xn]:

In what follows, we considerthe projection map

� k : An(| ) ! An� k (| ); (a1; : : : ; an) 7! (ak+1 ; : : : ; an):
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The Geometryof Elimination

De�nition. If I � | [x1; : : : ; xn] is an ideal, its kth elimination
ideal is the ideal

Ik = I \ | [xk+1 ; : : : ; xn]:

In what follows, we considerthe projection map

� k : An(| ) ! An� k (| ); (a1; : : : ; an) 7! (ak+1 ; : : : ; an):

Theorem. Let | = | . Then

� k (A) = V(Ik ) � An� k (| ):

That is, V(Ik ) is the smallestalgebraic subsetof An� k (| )
containing� k (A).
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The Geometryof Elimination

Corollary. Let I � | [x] = | [x1; : : : ; xn] be an ideal, let
A = V(I ) � An(| ), and let

' : A ! Am(| ); p 7! (f1(p); : : : ; fm(p)) ;

be a morphism,givenby polynomialsf1; : : : ; fm 2 | [x]. Let J be
the ideal

J = I | [x; y] + hf1 � y1; : : : ; fm � ym i � | [x; y];

wherey standsfor the coordinate functionsy1; : : : ; ym on Am(| ).
If | = | is algebraically closed,then

' (A) = V(J \ | [y]) � Am(| ):
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The Geometryof Elimination

Corollary. Let I ; A; ' , and J be as in the preceedingcorollary. If
| is not algebraically closed,supposethat the locusof zerosof I in
An(| ) is the smallestalgebraic set in An(| ) containingA. Then

' (A) = V(J \ | [y]) � Am(| ):
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The Geometryof Elimination

Corollary. Let I ; A; ' , and J be as in the preceedingcorollary. If
| is not algebraically closed,supposethat the locusof zerosof I in
An(| ) is the smallestalgebraic set in An(| ) containingA. Then

' (A) = V(J \ | [y]) � Am(| ):

Remark. If | is in�nite, then the condition on A from the
previousCorollary is ful�lled for A = An(| ). It, hence,appliesin
the following situation.
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The Geometryof Elimination

Corollary. Let I ; A; ' , and J be as in the preceedingcorollary. If
| is not algebraically closed,supposethat the locusof zerosof I in
An(| ) is the smallestalgebraic set in An(| ) containingA. Then

' (A) = V(J \ | [y]) � Am(| ):

Remark. If | is in�nite, then the condition on A from the
previousCorollary is ful�lled for A = An(| ). It, hence,appliesin
the following situation.

De�nition. Let B � Am(| ) be algebraic. A polynomial
parametrization of B is a morphism ' : An(| ) ! Am(| ) such
that B is the smallestalgebraic set containingthe imageof ' .
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The Geometryof Elimination

Example. The map

' : A2(R) ! A3(R); (a; b) 7! (ab; b; a2);

is a polynomialparametrizationof the Whitney umbrella
V(x2 � y2z).
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Singular Example.

> ring RR= 0, (a,b,x,y,z), dp;
> ideal J = x-ab, y-b, z-a2;
> ideal K = eliminate(J,ab);
> K;
K[1]=y2z-x2
> ring R = 0, (x,y,z), dp;
> ideal K = imap(RR,K);
> K;
K[1]=y2z-x2
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The Geometryof Elimination

Insteadof just consideringpolynomialparametrizations,we may
more generallyconsiderrational parametrizations:Giveng1; : : : ; gm

and h1; : : : ; hm in | [x1; : : : ; xn], we considermapsof type

t = (t1; : : : ; tn) 7! (
g1(t )
h1(t )

; : : : ;
gm(t )
hm(t )

):
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The Geometryof Elimination

Insteadof just consideringpolynomialparametrizations,we may
more generallyconsiderrational parametrizations:Giveng1; : : : ; gm

and h1; : : : ; hm in | [x1; : : : ; xn], we considermapsof type

t = (t1; : : : ; tn) 7! (
g1(t )
h1(t )

; : : : ;
gm(t )
hm(t )

):

Note that sucha map may not be de�ned on all of An(| ) because
of the denominators. We have,however,a well-de�ned map

' : An(| ) n V(h1 � � � hm)) ! Am(| ); t 7! (
g1(t )
h1(t )

; : : : ;
gm(t )
hm(t )

):
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The Geometryof Elimination

Insteadof just consideringpolynomialparametrizations,we may
more generallyconsiderrational parametrizations:Giveng1; : : : ; gm

and h1; : : : ; hm in | [x1; : : : ; xn], we considermapsof type

t = (t1; : : : ; tn) 7! (
g1(t )
h1(t )

; : : : ;
gm(t )
hm(t )

):

Note that sucha map may not be de�ned on all of An(| ) because
of the denominators. We have,however,a well-de�ned map

' : An(| ) n V(h1 � � � hm)) ! Am(| ); t 7! (
g1(t )
h1(t )

; : : : ;
gm(t )
hm(t )

):

De�nition. Let B � Am(| ) be algebraic. A rationial
parametrization of B is a map ' as abovesuchthat B is the
smallestalgebraic set containingthe imageof ' .
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Singular Example.

> ring RR= 0, (w,t,x,y), dp;
> poly g1 = 2t; poly h1 = t2+1;
> poly g2 = t2-1; poly h2 = t2+1;
> ideal J = h1*x-g1, h2*y-g2, 1-h1*h2*w;
> ideal K = eliminate(J,wt);
> K;
K[1]=x2+y2-1
> ring R = 0, (x,y), dp;
> ideal K = imap(RR,K);
> K;
K[1]=x2+y2-1

Note that the circle doesnot admit a polynomialparametrization.
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The Geometryof Elimination

The theoretical result behindthe previouscomputationis:
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The theoretical result behindthe previouscomputationis:

Proposition. Let | be in�nite. Giveng1; : : : ; gm and h1; : : : ; hm

in | [x] = | [x1; : : : ; xn], considerthe map

' : An(| ) n V(h1 � � � hm) ! Am(| ); t 7! (
g1(t )
h1(t )

; : : : ;
gm(t )
hm(t )

):

Let J be the ideal

J = hh1x1 � g1; : : : ; hmxm � gm; 1 � h1 � � � hm � wi � | [w; x; y];

wherey standsfor the coordinate functionsy1; : : : ; ym on Am(| ),
and wherew is an extra variable. Then

' (A) = V(J \ | [y]) � Am(| ):
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EliminationOrders

The Gr•obnerbasisalgorithm requiresthe choiceof a monomial
order. The performanceof the algorithm and the resultingGr•obner
basisdepend in a crucial way on this choice.

Singular Example.

> ring R = 32003, x(1..5), lp;
> int d = 8;
> ideal MId = maxideal(d);
> LIB "random.lib";
> ideal I = randomid(maxideal(d),10, 32002);
> int aa = timer; // time in seconds
> ideal II = groebner(I);
timer-aa;
50
> size(II);
2243
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> ring R1 = 32003, x(1..5), dp;
> ideal I = imap(R,I);
> aa = timer;
> ideal II = std(I);
timer-aa;
> timer-aa;
27
> size(II);
1351

The exampleis somewhattypical in that usuallythe order dp
performs better than others. Therefore, if no specialpropertiesof
the resultingGr•obnerbasisare needed,oneshouldusedp.
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On the other hand,computingthe imageof a polynomialmap
requireselimination,and thus the choiceof an eliminationorder
suchas lp . This can causeproblemsin that there are examplesin
which the direct computationof an lp Gr•obnerbasisis not feasible,
wherasa dp Gr•obnerbasiscan be comutedin almost no time.

> ring R = 0, (x,y,z), lp;
> ideal I = 3x3y+x3+xy3+y2z2, 2x3z-xy-xz3-y4-z2,
. 2x2yz-2xy2+xz2-y4;
> I = groebner(I);

error: no more memory
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EliminationOrders

> ring S = 0, (x,y,z), dp;
> ideal I = fetch(R,I);
> option(redSB); // force computation of reduced GBs
> int aa = timer;
> ideal SI = std(I);
> timer-aa; // time in seconds
0

Gr•obner basis conversion algorithms take their cue from what
we just observed:In principle, they computea Gr•obnerbasiswith
respect to an appropriately chosenfast order, and convert the
result to a Gr•obnerbasiswith respect to the desiredslow order.
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If I � | [x1; : : : ; xn] is an idealwhosevanishinglocus in An(| ) is a
�nite set of points, then we know from the sectionon quotient
rings that | [x1; : : : ; xn]=I is a �nite dimensional| -vector space.
Basedon this fact, the so calledFGLM conversionalgorithm
convertsGr•obnerbasesby meansof linear algebra (Gaussian
elimination). We show this algorithm at work in our example:

> aa = timer;
> ideal J = fglm(R,SI); // SI must be reduced
> timer-aa;

1
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Hereis somenumericalinformation on thre computedGr•obner
basis.

> size(J); // number of generators
8
> size(string(J))/ 68; // number of lines with 68 characters
> // needed to display J:
631
. deg(J[1..size(J) ]) ; // degrees of the generators
35 34 34 34 34 34 34 34
> leadmonom(J[1..s iz e( J) ]) ; // generators for L(I) w.r.t. lp
z35 yz6 y2z4 y3z2 y5 xz2 xy x3
> leadcoef(J[8]); // leading coefficient of 8th generator
64400936316237739859695098418592766025128073489865909063485822676518
06942677443883093109641441627364249598438582596862938314965556548533
870597328962260825040847335705757819599104
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An coversionalgorithm which works evenif | [x1; : : : ; xn]=I is not
�nite dimensionalis the Gr•obnerwalk algorithm which approaches
the target Gr•obnerbasisfor I in severalsteps,\w alking" alonga
path through the so calledGr•obnerfan of I . In eachstep,a
Gr•obnerbasiscomputationwith respect to an \intermediate"
monomialorder is performed. There are severalstrategiesfor
choosingthe path through the Gr•obnerfan, leadingto di�erent
variants of the algorithm. In our example,we usethe so called
fractal walk and get:

> LIB "grwalk.lib";
> aa = timer;
> ideal JJ = fwalk(I);
> timer-aa;

0
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NoetherNormalizationandDimension

We haveseenthat the imageof an algebraic set undera projection
map needsnot be an algebraic set.
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NoetherNormalizationandDimension

We haveseenthat the imageof an algebraic set undera projection
map needsnot be an algebraic set.

Underan additionalhypothesis,however,projectionsare better
behaved.
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Projection Theorem. Let I � | [x1; : : : ; xn] be an ideal, and let
I1 = I \ | [x2; : : : ; xn] be its �rst eliminationideal. Supposethat I
containsa polynomialf which is monic in x1 of somedegreed � 1:

f = xd
1 + c1(x2; : : : ; xn)xd� 1

1 + : : : + cd (x2; : : : ; xn);

with coe�cients ci 2 | [x2; : : : ; xn]. Let

� 1 : An(| ) ! An� 1(| ); (a1; : : : ; an) 7! (a2; : : : ; an);

be projection onto the last n � 1 components,and let
A = V(I ) � An(| ). Then

� 1(A) = V(I1) � An� 1(| ):

In particular, � 1(A) is an algebraic set.
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NoetherNormalizationandDimension

The extra hypothesisof the projection theorem can always be
achievedby a changeof coordinates:
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The extra hypothesisof the projection theorem can always be
achievedby a changeof coordinates:

Lemma. Let | be an in�nite �eld. Let a2; : : : ; an 2 | be
su�ciently general.Substituting

xi = exi + ai x1

in f , i = 2; : : : ; n, we get a polynomialof type

axd
1 + c1(ex2; : : : ; exn)xd� 1

1 + : : : + cd (ex2; : : : ; exn);

wherea 2 | is a nonzeroscalar, d � 1, and eachci 2 | [ex2; : : : ; exn].
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Example. Substituting y = ey + x in xy � 1, we get the
polynomialx2 + xey � 1 which is monic in x. Accordingly, the
hyperbola C = V(xy � 1) projectsonto A1(R) via
(a; b) 7! (a; b � a) 7! b � a:
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Example. Substituting y = ey + x in xy � 1, we get the
polynomialx2 + xey � 1 which is monic in x. Accordingly, the
hyperbola C = V(xy � 1) projectsonto A1(R) via
(a; b) 7! (a; b � a) 7! b � a:

The projection theorem can be usedto prove the weakversionof
the Nullstellensatz.

Wolfram Decker Intro duction to Algebraic geometry and Computer Algebra AIMS, February/Ma rch, 2010



NoetherNormalizationandDimension

Proof of the Nullstellensatz, Weak Version. If I � | [x1; : : : ; xn]
is an ideal containing1, its locusof zerosin An(| ) is empty.
For the converse,supposethat the result is true for polynomialsin
n � 1 variables,and let I � | [x1; : : : ; xn] be an ideal suchthat
1 =2 I . We haveto show that V(I ) � An(| ) is nonempty. This is
clear if I = h0i . If I is nonzero,pick a nonconstantpolynomial
f 2 I . In suitablecoordinatesx1; ex2; : : : exn, chosenas in the lemma,
f becomesa monic polynomialin x1 as requiredby the extra
hypothesisof the projection theorem (adjust the constant leading
term in x1, if necessary). Since1 =2 I , we have1 =2 I \ | [ex2; : : : ; exn]
as well. It follows from the induction hypothesisthat
V(I \ | [ex2; : : : ; exn]) � An� 1(| ) containsa point. By the projection
theorem, this point is the imageof a point in V(I ) under the
projection which maps(a1; a2; : : : ; an) to (ea2; : : : ; ean). In
particular, V(I ) is nonempty, and we are doneby induction.
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Remark. Let h0i ( I ( | [x1; : : : ; xn] be an ideal.

(i) Successivelycarrying out the induction step in the proof
above,applyingthe lemmaat eachstage,we may supposethat the
coordinatesare chosensuchthat eachnonzeroeliminationideal
Ik� 1 = I \ | [xk ; xk+1 ; : : : ; xn] containsa monic polynomialof type

fk = xdk
k + c(k)

1 (xk+1 ; : : : ; xn)xdk � 1
k + : : : + c(k)

dk
(xk+1 ; : : : ; xn)

2 | [xk+1 ; : : : ; xn][xk ]:

Then, if 1 � c � n is minimal with Ic = h0i , eachprojection map

� k : V(Ik� 1) ! V(Ik ); (ak ; ak+1 ; : : : ; an) 7! (ak+1 ; : : : ; an);

1 � k � c, is surjective.
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Hence,the composite map

� = � c � � � � � � 1 : V(I ) ! An� c(| ):

is surjectiveas well. Furthermore, the � k and, thus, � have�nite
�b ers: if a point (ak+1 ; : : : ; an) 2 V(Ik ) can be extendedto a point
(ak ; ak+1 ; : : : ; an) 2 V(Ik� 1), then ak must be amongthe �nitely
many roots of the univariate polynomial
fk (xk ; ak+1 ; : : : ; an) 2 | [xk ].
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In practical terms, combiningthe abovewith univariate root
�nding, we get a recipe for �nding explicit points of V(I ).

(A) Computea lexicographicGr•obnerbasisG for I . Then G
containslexicographicGr•obnerbasesfor the whole
ag of
elimination idealsIk� 1, k = 1; : : : ; n. Moreover,the extra
hypothesisof the projection theorem is ful�lled for eachIk� 1 6= h0i
i� polynomialsfk as in (i) are amongthe Gr•obnerbasiselements
(up to nonzeroscalar factors).

(B) In this case,everypoint (ac+1 ; : : : ; an) 2 An� c(| ) can be
extendedto a point (a1; : : : ; ac ; ac+1 ; : : : ; an) 2 V(I ) by building
up onecoordinate at a time:
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If (ak+1 ; : : : ; ac+1 ; : : : ; an) 2 V(Ik ) � An� k (| ) hasalreadybeen
chosen,considerthe map

� k : | [xk ; xk+1 ; : : : ; xn] ! | [xk ]; xk+1 7! ak+1 ; : : : ; xn 7! an:

The image� k (Ik� 1) is a principal idealgeneratedby the greatest
commondivisor of the imagesof the elementsof
G\ | [xk ; xk+1 ; : : : ; xn]. Pick ak to be a root of that generator.

(C) If onemonic polynomialis missing,start overagainin new
coordinates.
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Singular Example.

ring R = 0, (x,y,z), lp;
poly f1 = y3z-2y2z-z3+x2+z;
poly f2 = xy3z-2xy2z-xz3+x3+y3-2y2+x z-z2 +y;
ideal I = f1, f2;
option(redSB);
ideal SI = groebner(I);
SI;
SI[1]=y3-2y2+y-z2
SI[2]=x2-yz+z
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Example. Considerthe curveC = V(f1; f2) � A3(C), where

f1 = y3z � 2y2z � z3 + x2 + z;
f2 = xy3z � 2xy2z � xz3 + x3 + y3 � 2y2 + xz � z2 + y:

Computingthe reducedlexicographicGr•obnerbasisfor the ideal
hf1; f2i , we get the two polynomialsbelow:

x2 � yz + z; y3 � 2y2 + y � z2:

The �rst Gr•obnerbasiselementis monic in x of degree2. Thus,
projection of C to the yz-planeis 2 : 1 and onto the curveC1

de�ned by the secondGr•obnerbasiselement. In turn, C1 is
projected3 : 1 onto the z-axis. In sum,C is projected6 : 1 onto
the z-axis.
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The real picture below shows both curvesC and C1. Only the blue
part of C1 hasreal preimagepoints on C. The red part has
complexpreimagepoints.
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Givenan idealh0i ( I ( | [x1; : : : ; xn], the proof of the
Nullstellensatzyieldsa composition of projections

� = � c � � � � � � 1 : A = V(I ) ! An� c

which is surjectiveand has�nite �b ers:

A3

#

A2

Figure: We project a surfacewhich is calledthe swallowtail .
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Intuitively, the number d = n � c shouldbe the dimensionof A.
To make this a formal de�nition, it is convenientto work on the
levelof rings.
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In the situation of the projection theorem, if � 1 : V(I ) ! V(I1) is
projection onto the last n � 1 components,the extra hypothesisof
the theorem guaranteesthat � 1 is surjectivewith �nite �b ers.
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In the situation of the projection theorem, if � 1 : V(I ) ! V(I1) is
projection onto the last n � 1 components,the extra hypothesisof
the theorem guaranteesthat � 1 is surjectivewith �nite �b ers.

To study the ring theoretic analogof � 1, we introducethe
following notation:
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In the situation of the projection theorem, if � 1 : V(I ) ! V(I1) is
projection onto the last n � 1 components,the extra hypothesisof
the theorem guaranteesthat � 1 is surjectivewith �nite �b ers.

To study the ring theoretic analogof � 1, we introducethe
following notation:

If R is a subring of a ring S, we say that R � S is a ring
extension. More generally, if R ! S is any injectivering
homomorphism, we identify R with its imagein S and consider,
thus, R � S as a ring extension.
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In the situation of the projection theorem, if � 1 : V(I ) ! V(I1) is
projection onto the last n � 1 components,the extra hypothesisof
the theorem guaranteesthat � 1 is surjectivewith �nite �b ers.

To study the ring theoretic analogof � 1, we introducethe
following notation:

If R is a subring of a ring S, we say that R � S is a ring
extension. More generally, if R ! S is any injectivering
homomorphism, we identify R with its imagein S and consider,
thus, R � S as a ring extension.

With this notation, the algebraic counterpart of the map � 1 is the
ring extension

R = | [x2; : : : ; xn]=I1 � S = | [x1; : : : ; xn]=I

which is inducedby the inclusion| [x2; ; : : : ; xn] � | [x1; : : : ; xn].
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We may, then, rephrasethe extra hypothesisof the projection
theorem by saying that the elementx1 = x1 + I 2 S is integral
overR in the following sense:
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We may, then, rephrasethe extra hypothesisof the projection
theorem by saying that the elementx1 = x1 + I 2 S is integral
overR in the following sense:

De�nition. Let R � S be a ring extension.An elements 2 S is
said to be integral over R if it satis�es a monic polynomial
equation

sd + r1sd� 1 + : : : + rd = 0; with all ri 2 R:

The equationis, then, calledan integral equation for s over R.
If everyelements 2 S is integral overR, we say that S is integral
over R, or that R � S is an integral extension.
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Integralit y Criterion. Let I be an idealof | [x1; : : : ; xn], and let
f 1 = f1 + I ; : : : ; f m = fm + I 2 | [x1; : : : ; xn]=I . Considera
polynomialring | [y1; : : : ; ym], the homomorphism

� : | [y1; : : : ; ym] ! S = | [x1; : : : ; xn]=I ; yi 7! f i ;

and the ideal

J = I | [x; y] + hf1 � y1; : : : ; fm � ym i � | [x; y]:

Let > be an eliminationorder on | [x; y] with respect to x1; : : : ; xn,
and let G be a Gr•obnerbasisfor J with respect to > . Then we
alreadyknow that the elementsof G\ | [y] generateker� . View
R := | [y1; : : : ; ym]=ker� as a subring of S by meansof � . Show
that R � S is integral i� for eachi , 1 � i � n, there is an element
of G whoseleadingmonomialis of type x � i

i for some� i � 1.
Wolfram Decker Intro duction to Algebraic geometry and Computer Algebra AIMS, February/Ma rch, 2010



NoetherNormalizationandDimension

Example. Considerthe homomorphism of polynomialrings

� : | [x; y; z] ! | [s; t ]; x 7! s; y 7! t 2 � 1; z 7! t (t 2 � 1):

Computingthe reducedlexicographicGr•obnerbasisfor the ideal

J = hs � x; t 2 � 1 � y; t (t 2 � 1) � zi ;

we get the polynomials

y3 + y2 � z2; tz � y2 � y; ty � z;
t 2 � y � 1; s � x:

Inspecting the Gr•obnerbasiselements,we �nd: The kernelof � is
the principal idealgeneratedby the �rst Gr•obnerbasiselement
z2 � y2(y + 1); and the inducedring extension

R = | [x; y; z]=hz2 � y2(y + 1)i � S = | [s; t ]

is integral.
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Geometrically, the map A2 ! A3 corresponding to the ring
extensionparametrizesV(z2 � y2(y + 1)):
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Singular Example.

> ring RR= 0, (s,t,x,y,z), lp;
> ideal J = s-x, t2-1-y, t3-t-z;
> option(redSB);
> ideal SJ = groebner(J);
> SJ;
SJ[1]=y3+y2-z2
SJ[2]=tz-y2-y
SJ[3]=ty-z
SJ[4]=t2-y-1
SJ[5]=s-x

The Singular commandfor testing this is finitenessTest .
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Now, we can formulate the ring theoretic analogto the proof of
the Nullstellensatz.
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NoetherNormalizationandDimension

Now, we can formulate the ring theoretic analogto the proof of
the Nullstellensatz.

Theorem. Givena quotient ring S = | [x1; : : : ; xn]=I , there are
elementsy1; : : : ; yd 2 S suchthat:

(i) y1; : : : ; yd are algebraically independentover | .

(ii) | [y1; : : : ; yd ] � S is an integral ring extension.

If y1; : : : ; yd satisfyconditions(i) and (ii), the inclusion

| [y1; : : : ; yd ] � S

is calleda Noether normalization for S.
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NoetherNormalizationandDimension

Our remark following the proof of the Nullstellensatzshows one
way of computinga Noether normalization: combinelexicographic
Gr•obnerbasiscomputationswith randomlychosencoordinate
transformations.

Singular Example.

> ring R = 0, (x,y), dp;
> ideal I = xy-1;
> LIB"algebra.lib";
> noetherNormal(I);
[1]:

_[1]=x
_[2]=4x+y

[2]:
_[1]=y

Wolfram Decker Intro duction to Algebraic geometry and Computer Algebra AIMS, February/Ma rch, 2010



NoetherNormalizationandDimension

De�nition. Let I � | [x1; : : : ; xn] be an idealand let
A = V(I ) � An(| ) be its vanishinglocusover the algebraic closure
of | . If A 6= ; , and

| [y1; : : : ; yd ] � | [x1; : : : ; xn]=I

is a Noether normalization,we de�ne d to be the dimension of A,
written

dimA = d:

By convention,the dimensionof the empty subsetof An(| ) is � 1.
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NoetherNormalizationandDimension

De�nition. Let I � | [x1; : : : ; xn] be an idealand let
A = V(I ) � An(| ) be its vanishinglocusover the algebraic closure
of | . If A 6= ; , and

| [y1; : : : ; yd ] � | [x1; : : : ; xn]=I

is a Noether normalization,we de�ne d to be the dimension of A,
written

dimA = d:

By convention,the dimensionof the empty subsetof An(| ) is � 1.

Theorem. The de�nition is independentof all choicesmade.
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NoetherNormalizationandDimension

In principle, we can computethe dimensionby computinga
Noether normalization.

Singular Example. Twisted cubic curve:

> ring R = 0, (x,y,z), dp;
> ideal I = y-x2, z-x3;
> LIB"algebra.lib";
> noetherNormal(I);
[1]:

_[1]=x
_[2]=9x+y
_[3]=3x+y+z

[2]:
_[1]=z
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NoetherNormalizationandDimension

Singular Example. Whitney umbrella:

> ring R = 0, (x,y,z), dp;
> ideal I = x2-y2z;
> LIB"algebra.lib";
> noetherNormal(I);
[1]:

_[1]=x
_[2]=3x+y
_[3]=9x+3y+z

[2]:
_[1]=y
_[2]=z
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NoetherNormalizationandDimension

CombininglexicographicGr•obnerbasiscomputationswith
randomlychosencoordinate transformationscan be very slow. If
one is just interestedto computethe dimension,the following
result givesa much more e�cient algorithm:
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NoetherNormalizationandDimension

CombininglexicographicGr•obnerbasiscomputationswith
randomlychosencoordinate transformationscan be very slow. If
one is just interestedto computethe dimension,the following
result givesa much more e�cient algorithm:

Theorem. Let I ( | [x1; : : : ; xn] be an ideal, let V(I ) be its
locusof zerosin An(| ), and let > be a globalmonomialorder on
| [x1; : : : ; xn]. Then

dimV(I ) = d;

whered is the maximumcardinality of a subsetof variables
u � f x1; : : : ; xng suchthat

L(I ) \ | [u] = h0i :
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NoetherNormalizationandDimension

Singular Example. Consideringthe reducedGr•obnerbasis

f1 = x2 � y; f2 = xy � z; f3 = y2 � xz

for the ideal I(C) of the twistedcubic curvewith respect to dp, we
�nd that u = f zg is a set of variablesof maximalcardinality such
that

hx2; xy; y2i \ | [u] = h0i :

This shows oncemore that the dimensionof C is 1.

Singular Example. Twisted cubic curve:

> ring R = 0, (x,y,z), dp;
> ideal I = y-x2, z-x3;
> dim(groebner(I));
1
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