COMPUTING DISTANCES
BETWEEN SEQUENCES

[0 Hamming or p-distance is the most obvious way to compute distan
between two aligned homologous sequences

[l p-distances are very simple, but make many hidden assumptions, all of wr

violated by biological data. Generally, they work reasonably well only for
O PT I M A L I TY&) I— U T I O N S TO closely related sequences.
| N F E R R | N GT R E ES MAXI M U M I In order to reconstruct trees from distance matrices, accurate estimatio

large distances is necessary as well.

LIKELIHOOD —

(=} Each branch is short (0.1)

o But the distance between sequences A and B is actually quite
large: 0.9
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EFFECT ON DISTANCE ESTIMATES

MULTIPLEHITS AND REVERSIONS

0.7 - *
LOW DIVERGENCE > L TEE
ATIGAAAGCGA Substitutions = 2 03 A‘§§£§
A|T|IG|A|G|A|IG|T|G|A p=0.2 e ;;ii

0.1 ! ;

Oi

0.1 02 03 (96?!rect 05 06 0.7
HIGH DIVERGENCE

[0 Simulated 100 replicates of 1000 nucleotide long sequences for various divergence

AT G A ,_? é G|IC| G A Substitutions = 6 (substitutions/site)
AlclTialglalciT GlA p= 04 [0 Plotted Otrued divergence vs that estimated by p-distance.
/ \ [0 Even for divergence of 0.25 (1/4 sites have mutation on averpgi$fance already signibcai

underestimates the true level: 0.2125 (0.19-0.241 95% range)

] Multiple hits\ ] Reversion

[0 Underestimation becomes progressively worse for larger divergence levels.
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JUKESCANTOR 1969

L1 The idea is to model substitutions at a site usinfgarkov Process.

L1 Very much like a Markov chain, except time is now continuous, in:
of being measured in discrete steps.

L1 X(t) debPnes the probability distribution that the observed quar
follows at time t O.

L1 Markov property (memoryless process):

PI’{X(t) =$0|X(t1) le,...,X(tn) =Tn,t>11>...>1, ZO} =

Pr{X(t) = zol X (t1) = 21}
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MARKOV PROCESSEECONT @)

[l For homogeneous processes, it is easier to debne the process in
of its rate matrix Q:

L1 GivenQ, it can be shown that fort 0,
T(t) = exp Qt

L1 where the matrix exponential is debned by the standard Taylor series

2 3
expQt =1+ Qt + (Q;') + (%t') ==

1 There are abundant numerical algorithms that compute the matrix expon
in O(C?) time, where C is the dimension of the rate matrix.
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MARKOV PROCESSES

L1 To completely debPne a Markov process, we need to specify
transition probability function : given that the process is in st
A at time u, what is the probability that it will be in state B at a le
time,u+t ?
L1 Often written as a matrixJT(u,t) :
T(u,t)as =Pr{X(u+t)= B[X(u)= A}

C1 If one further assumes that the process is homogeneousT (Let)
does not depend o, then

T(t)as = Pr{X(t) = BIX(0) = 4}
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HOW DOES THIS RELATE TO GENET
DISTANCES®

[1 Considert as the evolutionary time for a mutational process that r
at a constant mutation rate. Divergence is then obtained ds=r x t

[l The advantage of using a Markov process is that it automa
computes the probability of all possible paths from A to B over tiry
whereas p-distance only considers the direct A to B path.

[0 The optimald can be inferred from the data!
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JKESCANTOR (O69DISTANCE JC69

[0 The Markov process assumes that all four bases are equally probable and that nucleotides n
other nucleotides with equal rates.

[ Diagonal rates are dePned by the requirement that thesition matrix forms a valid probabili
distribution in each row: for this to hold, each row in thete matrix must sum td0.

| |

Rate matrix Q Transition matrix T (t) \
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A e e AR e
A |-0.75 0.25| 0.25| 0.25 A s nTardar dran Y
C |0.25|-0.75 0.25| 0.25 C  Latea+sdn@ dhat ey
G | 0.25| 0.25 -0.75 0.25 G N enaraniar ey
di 026 006 0I5 B0 T TN dNpar dasae
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MLHTTING JC69

L1 The objective is to bnd the optima) given the data

L1 Use the principle of maximal likelihood to seldctwhich maximize
the probability of observing the alignment given the model

AlT]clalalalc]clc]aA Simplify...
AIGIT AIGIA G| T|G|A " 6=1.. #4
Pr{data|t} = 7 1+3¢€! 71 el
Independent sites
Prob(datalt)
Pr{datalt} = Pr{A! AJt}*" ‘
PI‘{T ! Glt} 2 PI‘{G | Tlt} " 1005 :‘.,."'.
Pr{G! T|t}" Pr{G! G|t}*" | /
Pr{C! T|t} w%f N\ ST
t=0. /
d 025 0§ 075 Py
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T (0) | T (0.5)

From" From'"

To # A © G r To # A © G 1
A il 0 0 0 A 0.352 0.216 0.216 0.216
© 0 1 0 0 © 0.216 0.352 0.216 0.216
G 0 0 1 0 G 0.216 0.216 0.352 0.216
T 0 0 0 1 1 0.216 0.216 0.216 0.352

| T(0.1) T@)

From" From"

To # A © G T To # A © G r
A 0.753 0.082 0.082 0.082 A 0258 =258 0258 0525
© 0.082 0.753 0.082 0.082 © 025 | 025 025 025
G 0.082 0.082 0.753 0.082 G OF258 EOF258MOR258MOR25
1 0.082 0.082 0.082 0.753 gl OF258 BOF258MOR258MOM25
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ML ATTING (CON@)

[l For any pair of sequences with sites, the JC69 function will only depend on
number of matchesni) and mismatchesim ):

1 !
L(t) = Pr{datalt} = - [1 + 3¢ 0" e
[0 Easier to deal with sums than products: use the log-likelihood function:
logL(t) = —nlog4 +mlog(l+3€ ')+ (n—m)log(l —€ ")
[0 To bnd the maximum solve (D is the p-distance):

dlogL (t)

=0 4
ot 04

t=" log (1" 4/3D)
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this make sense?

JCOB9I DISTANCE ESTIMATE

[0 One can show that for JC69, the distance estimadofexpected substitutio
per site), is related to the time parametérasd=3/4 t

3
djceg = _Z- |Og (1 = 4/3D)

[l Note that the distance is only debned for divergences up to 0.75 Why

3

i
g !

0]

od

e 08 0f

of

] JC69 correction works! \
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below)

[0 JC69 can become biased (overestimate distances

L1 This is because there are more than necessary substitL T
to frequent residues to maintain the frequencies

NEXT STEPFELSENSTEIS1

L1 In biological sequences, base frequencies are not equal

Base Frequency
A 0.39
0177
G 0.20
0.24

HIV-1 frequencie#

Estimated
1

05

i
g 11

3
g !

0.

().1l 0.2l ().3l

(%grect 03 06 07

’ F81: rate matrix Q ‘

From'
To#

=@ e

A

%o
%o

%on

C

Yoc
*
Yoc

Y%c

G

%G
0/%

*

%G

Y%or
Yor

Y%or

Distance estimator \
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F=1! g3 73! 73!

dF81= ! F|Og(1' D/F)

7
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1 Adenine and Guanine (purines)

LI Cytosine and Thymine (pyrimidines)

transitions

To # 3 c c
A 2 20
C 2 e 3
G 24 i k7
il 1 10 0

[0 Nucleotides are split into two chemical groups

[0 Substitutions within group (e.g. A to/from G) are cal
and are usually much more frequent tt
substitutions between groupsansversions

NEXT STEPDIFFERENTKINDS OF
SUBSTITUTIONS

Adenine .
Guanine %’
< —_\

Cytosine “&
Thymine ﬁ‘

2 d

X

18

* HIV-1 pol example
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HKY85: rate matrix Q

GTR:rate matrix Q

F{é’g BT e T ':Tr;’f A C T T
A i %c | &% @ Y%r A * rac%c| %c |rar%r
C %on % %c &Y% C rac%m| * |rcc%c|ret%r
G &% Y%c 2 %r G Doy |liteehis ¥ |y Yor
T % &% Yo < T |rar%a |ret%c|fer%s| *

& transition/transversion
parameter (=1 to obtain F81)

Most general in class: 6
parameters now

Closed form expressions either donOt exist (GTR), or are
cumbersome (HKY85). Can always estimate numerically.

Dating of the Human-Ape Splitting by a Molecular Clock of
Mitochondrial DNA

Masami Hasegawa,’ Hirohisa Kishino,' and Taka-aki Yano?
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L It

ne i g

ESTIMATINGHIV-1TREES WITHNJUNDER
DIFFERENT DISTANCES

1% iy L s %

B_FR_83_HXB2_ACC_K03455

[ B_US_83_RF_ACC_M17451

D_CD_83_ELI_ACC_K03454
E D_CD_83_NDK_ACC_M27323
D_CD_84_84ZR085_ACC_U88822

_UG_94_94UG114_ACC_U88824
B_US_90_WEAUT60_ACC_U21135

B_US_86_JRFL_ACC_U63632

[1n& v IO (1% ) tE e )

B_FR_83_HXB2_ACC_K03455

B_US_86_JRFL_ACC_U63632

[ B_US_83_RF_ACC_M17451

D_CD_83_ELI_ACC_K03454

D_CD_83_NDK_ACC_M27323

D_CD_84_84ZR085_ACC_UBB822

)_UG_94_94UG114_ACC_UBB824

B_US_90_WEAU160_ACC_U21135

F81

L e i T 1% i) qere fenn s

B_FR_83_HXB2_ACC_K03455

B_US_86_JRFL_ACC_U63632

B_US_83_RF_ACC_M17451

D_CD_83_ELI_ACC_K03454
IE D_CD_83_NDK_ACC_M27323
D_CD_84_847R085_ACC_U88822

B_US_90_WEAU160_ACC_U21135

HKY85

| S—— ris) #
B_FR_83_HXB2_ACC_K03455
E B_US_86_JRFL_ACC_U63632
B_US_90_WEAU160_ACC_U21135

D_CD_83_ELI_ACC_K03454

D_CD_83_NDK_ACC_M27323

D_CD_84_84ZR085_ACC_UBB822

D_UG_94_94UG114_ACC_U88824

GTR

_UG_94_94UG114_ACC_U88824

MAXIMUM LIKELIHOOD SEQUENCE
ANALYSIS

10 20 30 40 50

AACGAAAATC TGTTCGCTTCATTCATTGCC CCCACAGT CC TAGGCCTACC CGCCGCAGTA
AACGAAAATC TATTCGCTTCATTCGCTGCC CCCACAATCC TAGGCTTACC CGCCGCAGTA
AACGAAAATCTGTTCGCTTCATTCGCTGCC CCCACAATCC TAGGCCTACC CGCCGCAGTA
AACGAAAATT TATTCGCTTC ATTCATTGCC CCCACAATCC TAGGCTTACC CGCCGCAGTA
AACGAAGATC TATTCACCCC ATTCACTACC CCCACAGTCC TAGGCCTCCC CGCTGCAATT

AACGAAAGTC TATTTACCCC ATTCATTACC CCCACAGTAC TAGGCCTCCC CGCCGCAGTA
AACGAAAATC TATTCACTTCATTCGCTACC CCCACAATTC TAGGCTTACC CGCCGCAGTA

Phylogeny Alignment of homologous sequences (column = site

OAIll models are wrong, but some
models are usefulO Box (1976)
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MAXIMUM LIKELIHOOD MODELS

(SEEHTTP://WWW .HYPHY.ORG/DOCS/MAXIMUMLIKELIHOODPDFFOR DETAIL}

Debne the probability of a point substitution along a branch at a given site:

QL,y (t;0) = Pry {x is replaced withy in time t : X,y € C}

|

O

L1 Continuous time Markov chains.

L1 Typically, the models are stationary and time-reversible.

by .
b.
T H c Q'Sr,T (ts; Q)
bg E by .
b.
' " " — If ancestral states were known.
6
| -
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COMPUTING LIKELIHOOD

[0 Ancestral states are almost always
unknown - must sum over all possible

b
internal node character assignments. - A
b,

[1 Computations can be done efbciently i -
O(C?N) time, as opposed to O(&) .. bs .
Obrute forceO time, using Felsensteir by n
pruning algorithm (1981) - b r

Cs b
L1 transition probabilities along branches e 7

are independent of other branches

Q2 ¢, (t: 0) Q.7 (t43 6)
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FELSENSTEIQ PRUNING
ALGORITHM

[1 Idea: for each noden in the tree, maintain a C (number of characters
dimensional vectorL,, whose i-th element records the probability of t
subtree rooted atn, given that the character at nodeisi.

O For leaved, » is easy to computd.,, [i] = 1 if n is labeled with character i, al
Ln [i] = O, otherwise

L1 For interior nodes,Ln [i] is computed by iterating of all children of, anc
computing the cumulative probability of changing fioto any other state a
childm (this usesLm ), and then taking the product over all children

L1 At the root node,r, compute the likelihood of the site, by summing ovel
characterd.; [i] x % (i), where % (i) is the (supplied) distribution of characte
at the root.
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by [0 group terms according to their
hierarchical nature in the tree

Cy
by

1 why does this seem familiar?

LDsT,H) = >3 3 > "(co)Qf, a (b3 1)QE, c, (181 QE, ¢ (F25!)

cg! Ccg!l Ccy! Ccg! C

Qi (t1:1)Q3 7 (835 1) QY o (63! ) Qg 7 (F431) Qg 7 (253!)

Only depends ong

e Qh A1) QS ey (ts QR ¢ (251!
c! C,, cg! C
!

L(Ds;T,!) =

%
% $

QL o, (tr QS 1 (t331) QS ¢, (ts: ) Qe 1 (t4:1)Q, 1 (t5:1)

ci! C cg! C

’ Only depends ong ‘
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FOR AN ALIGNMENT

L(D,;T,!).
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MLTREE COMPARISON

L1 Partial mitochondrial DNA (5 taxa). Exhaustive tree search. GTR.

L 1001 002 003 004 | joosors || | | | ljoosua lo01 1002 003 004 |joose4 L1 | | | |loosior

1I_W — L:”f.f; EEEEE

| -2607.85 [ 270324 | [ -2690.07 [ 27022 | | -2689.87

L1001 [002 [003 [004 | foosso7 || | | | |joosse | 1001 |002 003 1004 | foossss | | | | | |loosss 100t [002 003 J00¢ | joos7ia

1001 1002 1003|004 | jo0siss

—=

—— chimpanzee

- — -
a L .
B i

[ 266356 | [ —2rorse | [Feeesedll] [ -2rooss | [HE265986NN
‘—‘L‘N“";L‘%MDDSZGZ L - Il | 1]o.05208 1001 1002 |003 |004 | |0.05245 iﬁ:l_l_uﬂﬂﬁal
— —
| ‘li“'“““”" | I

B | o5t | [ 27075 | [ 268098
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BOOTSTRAP

1 We can approximate the true underlying distribution that generated our obse
sample by resampling it with replacement (jackknife):

1 Draw a value from a sample at random; replace it in the sample
1 Repeat N times (N - size of the sample).
[1 Back to the Bill Gates example

L1 1000 bootstrap replicates indicate that the standard deviation of our estimate is abo
same as the mean: $5B!

L In other words, we have very little conbdence in the obtained mean (~34% of case
mean < 200K for example).
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CONFIDENCE ASSESSMENT VBOOTSTRAP

[0 Biological inference is performed on limited length, noisy data

1 Sampling variance : the error in our ability to infer a quantit
(e.g. the tree topology) based on limited data

= Bill G $508
[ Extreme example: outlier effects.
i $100K
[0 Consider trying to approximate the mean net worth in the US fron
sample of 10 tax returns. 2 $20K
= = g $120K
[0 Assume that one of 10 is Bill Gates; hence we may have a data matr
looks like the one on the left: 2 $30K
[ The mean estimated from the table is ~$5B 5 $200K
6 $10K
0 We could resample the database of tax returns to get many tables
average over them 7 $25K
I In biology, frequently all we have is one sample (an alignment); her 8 $40K
impossible to obtain another set
9 $5K
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PHYLOGENETIC BOOTSTRAP

I Infer a phylogeny using your favorite method

[ Generate jackknife replicates: in this case our samples are alignment columns
[ Repeat the inference procedure

[ Tabulate the number of phylogenetic splits that are recovered in the replicates

I Branches with high bootstrap support values are those that have strong signal in the
alignment

I Joe Felsenstein is credited with introducing the phylogenetic bootstrap
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" 7221000 replicates
had this split

1000/1000
replicates had this spli
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EXAMPLE MDNA IN PRIMATES

Used NJ to reconstruct a tree
Drew 1000 alignment samples using the bootstrap

Inferred 1000 trees: one from each resamp
alignment

If a given split from thénferred tree  was found in .
replicate, then its count was incremented by 1.

The accepted number for good support is 0.7
greater, but 1.0 is sometimes desired.

This alignment is too short (or not informati
enough) to unequivocally support the Gorilla-Chir
Human branching order.

SERGEL KOSAKOVSKYPOND & W AYNE DELPORT

A

AIMSBIOINFORMATICS FEBRUARYMARCH 2010

selection

WHY BOTHER WITHML?

estimates of branch length

estimates of substitution parameters

hypothesis testing

www.datamonkey.org

Py | Hove |[Hewr J[Crramioss [[Jos Queve][Stars J[HyPuy packace
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At 1
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ASSUMPTIONS

substitution process is independent from branch to branch

substitution process is time homogenous

all branches share the same equilibrium distributions and are stationary

the substitution process is time reversible

sites in an alignment are independent
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