
AIMS BIOINFORMATICS, FEBRUARY-MARCH 2010 SERGEI L KOSAKOVSKY POND & WAYNE DELPORT

OPTIMALITY SOLUTIONS TO 

INFERRING TREES: MAXIMUM 

LIKELIHOOD
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Hamming or p-distance  is the most obvious way to compute distances 
between two aligned homologous sequences

p-distances are very simple, but make many hidden assumptions, all of which are 
violated by biological data. Generally, they work reasonably well only for very 
closely related sequences.

In order to reconstruct trees from distance matrices, accurate estimation of 
large  distances is necessary as well. 

COMPUTING DISTANCES 
BETWEEN SEQUENCES
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Each branch is short (0.1)

But the distance between sequences A and B is actually quite 
large: 0.9
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MULTIPLE HITS AND REVERSIONS

A T G A A A G C G A

A T G A G A G T G A

LOW DIVERGENCE

Substitutions = 2
p = 0.2

A T G A A A G C G A
T C
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HIGH DIVERGENCE

Substitutions = 6
p = 0.4

ReversionMultiple hits
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EFFECT ON DISTANCE ESTIMATES.

Simulated 100 replicates of 1000 nucleotide long sequences for various divergence levels 
(substitutions/site)

Plotted ÔtrueÕ divergence vs that estimated by p-distance.

Even for divergence of 0.25 (1/4 sites have mutation on average), p distance already signiÞcantly 
underestimates the true level: 0.2125 (0.19-0.241 95% range)

Underestimation becomes progressively worse for larger divergence levels.
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JUKES-CANTOR 1969

The idea is to model substitutions at a site using a Markov Process.

Very much like a Markov chain, except time is now continuous, instead 
of being measured in discrete steps.

X(t) deÞnes the probability distribution that the observed quantity 
follows at time t! 0.

Markov property (memoryless process):

Pr{ X(t) = x0|X(t1) = x1, . . . , X(tn) = xn, t > t1 > . . . > tn ≥ 0} =
Pr{ X(t) = x0|X(t1) = x1}
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MARKOV PROCESSES

To completely deÞne a Markov process, we need to specify the 
transition probability function : given that the process is in state 
A at time u, what is the probability that it will be in state B at a later 
time, u+t ?

Often written as a matrix, T(u,t) :

If one further assumes that the process is homogeneous, i.e. T(u,t)  
does not depend on u, then

T(u, t)AB = Pr { X (u + t) = B |X (u) = A}

T (t)AB = Pr{ X(t) = B|X(0) = A}
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MARKOV PROCESSES (CONTÕD)

For homogeneous processes, it is easier to deÞne the process in terms 
of its rate matrix Q:

Given Q, it can be shown that for t! 0,

where the matrix exponential is deÞned by the standard Taylor series

There are abundant numerical algorithms that compute the matrix exponential 
in O(C3) time, where C is the dimension of the rate matrix.

T (t) = exp Qt

expQt = I + Qt +
(Qt)2

2!
+

(Qt)3

3!
+ . . .
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HOW DOES THIS RELATE TO GENETIC 
DISTANCES?

Consider t as the evolutionary time for a mutational process that runs 
at a constant mutation rate r . Divergence is then obtained as d = r ! t

The advantage of using a Markov process is that it automatically 
computes the probability of all possible paths from A to B over time t , 
whereas p-distance only considers the direct A to B path.

The optimal d can be inferred from the data!
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JUKES CANTOR (Õ69) DISTANCE:  JC69

The Markov process assumes that all four bases are equally probable and that nucleotides mutate to 
other nucleotides with equal rates.

Diagonal rates are deÞned by the requirement that the transition matrix forms a valid probability 
distribution in each row: for this to hold, each row in the rate matrix must sum to 0.

From"
To #

A C G T

A -0.75 0.25 0.25 0.25

C 0.25 -0.75 0.25 0.25

G 0.25 0.25 -0.75 0.25

T 0.25 0.25 0.25 -0.75

Rate matrix Q Transition matrix T (t)
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From"
To #

A C G T

A 1 0 0 0

C 0 1 0 0

G 0 0 1 0

T 0 0 0 1

T (0)

From"
To #

A C G T

A 0.753 0.082 0.082 0.082

C 0.082 0.753 0.082 0.082

G 0.082 0.082 0.753 0.082

T 0.082 0.082 0.082 0.753

T (0.1)

From"
To #

A C G T

A 0.352 0.216 0.216 0.216

C 0.216 0.352 0.216 0.216

G 0.216 0.216 0.352 0.216

T 0.216 0.216 0.216 0.352

T (0.5)

From"
To #

A C G T

A 0.25 0.25 0.25 0.25

C 0.25 0.25 0.25 0.25

G 0.25 0.25 0.25 0.25

T 0.25 0.25 0.25 0.25

T ($ )
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ML FITTING JC69
The objective is to Þnd the optimal t , given the data

Use the principle of maximal likelihood to select t , which maximizes 
the probability of observing the alignment given the model

A T G A A A G C G A

A G T A G A G T G A

P r { data|t} = Pr{ A ! A|t} 4 "

Pr{ T ! G|t} " Pr{ G ! T|t} "

Pr{ G ! T|t} " Pr{ G ! G|t} 2 "

Pr{ C ! T|t}

Independent sites
P r{ data|t} =

!
1
4

"
1 + 3e! t #

$ 6 !
1
4

"
1 ! e! t #

$ 4

Simplify...

0

5e-06

1e-05

0 0.25 0.5 0.75 1
t

Prob(data|t)

t=0.76214
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ML FITTING (CONÕT)

For any pair of sequences with n sites, the JC69 function will only depend on the 
number of matches (m ) and mismatches (n-m ):

Easier to deal with sums than products: use the log-likelihood function:

To Þnd the maximum solve (D is the p-distance):

L (t) = Pr{ data|t} =
1
4n

�
1 + 3e! t

�m �
1 ! e! t

�n! m

log L (t) = −n log 4 + m log(1 + 3e! t ) + (n −m) log(1− e! t )

d log L (t)
dt

= 0 =! t = " log (1 " 4/ 3D )
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JC 69 DISTANCE ESTIMATE

One can show that for JC69, the distance estimator d (expected substitution 
per site), is related to the time parameter t , as d=3/4 t

Note that the distance is only deÞned for divergences up to 0.75 Why does 
this make sense?

dJC69 = −3
4

log (1− 4/3D)
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JC69 correction works!
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NEXT STEP: FELSENSTEIN 81
In biological sequences, base frequencies are not equal. 

JC69 can become biased (overestimate distances, see 
below)

This is because there are more than necessary substitutions 
to frequent residues to maintain the frequencies 

Base Frequency

A 0.39

C 0.17

G 0.20

T 0.24

HIV-1 frequencies
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From"
To #

A C G T

A * %C %G %T

C %A * %G %T

G %A %C * %T

T %A %C %G *

F81: rate matrix Q 

Distance estimator

dF 81 = ! F log (1 ! D/F )

F = 1 ! π2
A ! π2

C ! π2
G ! π2

T
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NEXT STEP: DIFFERENT KINDS OF 
SUBSTITUTIONS

Nucleotides are split into two chemical groups

Adenine and Guanine (purines)

Cytosine and Thymine (pyrimidines)

Substitutions within group (e.g. A to/from G) are called 
transitions  and are usually much more frequent than 
substitutions between groups: transversions .

Adenine

Guanine

Cytosine

Thymine
From"
To # A C G T

A 2 20 1

C 2 * 3 18

G 24 1 * 1

T 1 10 0 * HIV-1 pol example
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From"
To #

A C G T

A * %C &%G %T

C %A * %G &%T

G &%A %C * %T

T %A &%C %G *

HKY85: rate matrix Q 

&: transition/transversion 
parameter (=1 to obtain F81)

GTR: rate matrix Q 

From"
To #

A C G T

A * rAC%C %G rAT%T

C rAC%A * rCG%G rCT%T

G %A rCG%C * rGT%T

T rAT%A rCT%C rGT%G *

Most general in class: 6 
parameters now

Closed form expressions either donÕt exist (GTR), or are 
cumbersome (HKY85). Can always estimate numerically.
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ESTIMATING HIV-1 TREES WITH NJ UNDER 
DIFFERENT DISTANCES

JC69 HKY85

F81 GTR
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MAXIMUM LIKELIHOOD SEQUENCE 
ANALYSIS
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Alignment of homologous sequences (column = site)Phylogeny

Substitution Models ÒAll models are wrong, but some 
models are usefulÓ Box (1976)
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DeÞne the probability of a point substitution along a branch at a given site: 

    

Continuous time Markov chains.

Typically, the models are stationary and time-reversible.

MAXIMUM LIKELIHOOD MODELS 
(SEE HTTP://WWW .HYPHY.ORG/DOCS/MAXIMUMLIKELIHOOD.PDF FOR DETAILS)

Qi
x,y (t; θ) = P r! {x is replaced with y in time t : x, y ∈ C}

1

T

T

T

T

T

C

A

T

T

T

T

T

C

A

T

T

b1

b2

b4

b3

b5

b6

b7

b8

L(Ds; T , q) = Q1
T,A (t1; q)Q8

T,T (t8; q)Q2
T,C (t2; q)Q7

T,T (t7; q)

Q3
T,T (t3; q)Q6

T,T (t6; q)Q4
T,T (t4; q)Q5

T,T (t5; q)

1

If ancestral states were known.
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COMPUTING LIKELIHOOD
Ancestral states are almost always 
unknown - must sum over all possible 
internal node character assignments.

Computations can be done efÞciently, in 
O(C2N) time, as opposed to O(C2N) 
Òbrute forceÓ time, using FelsensteinÕs 
pruning algorithm (1981)

transition probabilities along branches 
are independent of other branches 

T

T

T

C

A

T

T

T

c7

C

A

c8

c9

b1

b2

b4

b3

b5

b6

b7

b8

c6

L (Ds; T ,q ) =
!

c9∈C

!

c8∈C

!

c7∈C

!

c6∈C

p(c9)Q1
c9,A (t1; q)Q8

c9,c8
(t8; q)Q2

c8,C (t2; q)

Q7
c8,c7

(t7; q)Q3
c7,T (t3; q)Q6

c7,c6
(t6; q)Q4

c6,T (t4; q)Q5
c6,T (t5; q)
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MAXIMUM LIKELIHOOD FRAMEWORK FOR GENETIC SEQUENCE ANALYSIS.. 3
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b6

b7

b8

c6

Figure 2. Example of a phylogenetic tree with unknown ancestral states.

Ds refers to the s-th column in a multiple sequence alignment (ACTTT in this

case).

Clearly, it is unreasonable to demand that ancestral sequences be known. Most

often, all that can be observed are leaf sequences, which correspond to modern

day organisms. Therefore, we need to be able to evaluate the likelihood of the

data knowing only leaf characters. To do so, we compute the sum over all possible

character assignments to internal nodes of the tree. Using Figure 2 as a reference,

such an evaluation would proceed as follows:

L(Ds; T , ! ) =

!

c9∈C

!

c8∈C

!

c7∈C

!

c6∈C

" (c9)Q
1
c9,A (t1; ! )Q

8
c9,c8

(t8; ! )Q
2
c8,C (t2; ! ) ! (2)

Q
7
c8,c7

(t7; ! )Q
3
c7,T (t3; ! )Q

6
c7,c6

(t6; ! )Q
4
c6,T (t4; ! )Q

5
c6,T (t5; ! ),

where " (c) denotes the probability of observing character c " C at the root of the

tree. While this calculation is straightforward, it is clearly not computationally

feasible, because for a tree on N sequences, there will be |C|N −2
terms in the sum.

However, recalling that transition probabilities along a branch are independent of

other branches, it is possible to rearrange the sum in a computationally efficient

manner.

2. Recursive nature of the likelihood function.

Upon closer examination, Eq. (2), can be rewritten in a more computationally

efficient way by grouping the terms according to their hierarchical arrangement in

the tree:

L(Ds; T , ! ) =

!

c9∈C

" (c9)Q
1
c9,A (t1; ! )

!

c8∈C

Q
8
c9,c8

(t8; ! )Q
2
c8,C (t2; ! ) !

!

c7∈C

"

Q
7
c8,c7

(t7; ! )Q
3
c7,T (t3; ! )

!

c6∈C

#
Q

6
c7,c6

(t6; ! )Q
4
c6,T (t4; ! )Q

5
c6,T (t5; ! )

$
%

The sum, as just written, can be evaluated with O(|C|2N) operations, which is

eminently feasible. This observation was first made by Felsenstein in [Felsenstein, 1981],

and he referred to it as the pruning algorithm.
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Figure 2. Example of a phylogenetic tree with unknown ancestral states.

Ds refers to the s-th column in a multiple sequence alignment (ACTTT in this

case).

Clearly, it is unreasonable to demand that ancestral sequences be known. Most

often, all that can be observed are leaf sequences, which correspond to modern

day organisms. Therefore, we need to be able to evaluate the likelihood of the

data knowing only leaf characters. To do so, we compute the sum over all possible

character assignments to internal nodes of the tree. Using Figure 2 as a reference,

such an evaluation would proceed as follows:

L(Ds; T , ! ) =

�

c9 ! C

�

c8 ! C

�

c7 ! C

�

c6 ! C
" (c9)Q

1
c9 ,A (t1; ! )Q

8
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2
c8 ,C (t2; ! ) ! (2)

Q
7
c8 ,c7

(t7; ! )Q
3
c7 ,T (t3; ! )Q

6
c7 ,c6

(t6; ! )Q
4
c6 ,T (t4; ! )Q

5
c6 ,T (t5; ! ),

where " (c) denotes the probability of observing character c " C at the root of the

tree. While this calculation is straightforward, it is clearly not computationally

feasible, because for a tree on N sequences, there will be |C|N " 2
terms in the sum.

However, recalling that transition probabilities along a branch are independent of

other branches, it is possible to rearrange the sum in a computationally e! cient

manner.

2. Recursive nature of the likelihood function.

Upon closer examination, Eq. (2), can be rewritten in a more computationally

e! cient way by grouping the terms according to their hierarchical arrangement in

the tree:

L(Ds; T , ! ) =

�

c9 ! C
" (c9)Q

1
c9 ,A (t1; ! )

�

c8 ! C
Q

8
c9 ,c8

(t8; ! )Q
2
c8 ,C (t2; ! ) !

�

c7 ! C

�
Q

7
c8 ,c7

(t7; ! )Q
3
c7 ,T (t3; ! )

�

c6 ! C

�
Q

6
c7 ,c6

(t6; ! )Q
4
c6 ,T (t4; ! )Q

5
c6 ,T (t5; ! )

�
�

The sum, as just written, can be evaluated with O(|C|2N) operations, which is

eminently feasible. This observation was first made by Felsenstein in [Felsenstein, 1981],

and he referred to it as the pruning algorithm.

MAXIMUM LIKELIHOOD FRAMEWORK FOR GENETIC SEQUENCE ANALYSIS.. 3

T

T

T

C

A

T

T

T

c7

C

A

c8

c9

b1

b2

b4

b3

b5

b6

b7

b8

c6

Figure 2. Example of a phylogenetic tree with unknown ancestral states.

Ds refers to the s-th column in a multiple sequence alignment (ACTTT in this
case).

Clearly, it is unreasonable to demand that ancestral sequences be known. Most
often, all that can be observed are leaf sequences, which correspond to modern
day organisms. Therefore, we need to be able to evaluate the likelihood of the
data knowing only leaf characters. To do so, we compute the sum over all possible
character assignments to internal nodes of the tree. Using Figure 2 as a reference,
such an evaluation would proceed as follows:

L(Ds; T , ! ) =
!

c9 ! C

!

c8 ! C

!

c7 ! C

!

c6 ! C

" (c9)Q1
c9 ,A (t1; ! )Q8

c9 ,c8
(t8; ! )Q2

c8 ,C (t2; ! ) ! (2)

Q
7
c8 ,c7

(t7; ! )Q3
c7 ,T (t3; ! )Q6

c7 ,c6
(t6; ! )Q4

c6 ,T (t4; ! )Q5
c6 ,T (t5; ! ),

where " (c) denotes the probability of observing characterc " C at the root of the
tree. While this calculation is straightforward, it is clearly not computationally
feasible, because for a tree onN sequences, there will be|C|N " 2 terms in the sum.
However, recalling that transition probabilities along a branch are independent of
other branches, it is possible to rearrange the sum in a computationally e! cient
manner.

2. Recursive nature of the likelihood function.

Upon closer examination, Eq. (2), can be rewritten in a more computationally
e! cient way by grouping the terms according to their hierarchical arrangement in
the tree:

L(Ds; T , ! ) =
!

c9 ! C

" (c9)Q1
c9 ,A (t1; ! )

!

c8 ! C

Q
8
c9 ,c8

(t8; ! )Q2
c8 ,C (t2; ! ) !

!

c7 ! C

"

Q
7
c8 ,c7

(t7; ! )Q3
c7 ,T (t3; ! )

!

c6 ! C

#
Q

6
c7 ,c6

(t6; ! )Q4
c6 ,T (t4; ! )Q5

c6 ,T (t5; ! )
$
%

The sum, as just written, can be evaluated with O(|C|2N ) operations, which is
eminently feasible. This observation was Þrst made by Felsenstein in [Felsenstein, 1981],
and he referred to it as thepruning algorithm. Only depends on c7

Only depends on c8

Only depends on c9

group terms according to their 
hierarchical nature in the tree

why does this seem familiar?
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FELSENSTEINÕS PRUNING 
ALGORITHM

Idea: for each node n in the tree, maintain a C (number of characters) - 
dimensional vector Ln, whose i-th element records the probability of the 
subtree rooted at n, given that the character at node n is i .

For leaves, Ln is easy to compute. Ln [i] = 1 if n is labeled with character i, and 
Ln [i] = 0, otherwise

For interior nodes, Ln [i]  is computed by iterating of all children of n, and 
computing the cumulative probability of changing from i to any other state at 
child m (this uses  Lm ), and then taking the product over all children

At the root node, r , compute the likelihood of the site, by summing over all 
characters Lr [i] x % (i), where % (i) is the (supplied) distribution of characters 
at the root.
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FOR AN ALIGNMENT

4 SERGEI L. KOSAKOVSKY POND

Formally, we introduce the partial likelihood L i(n), which is the likelihood for
the subtree below node n given that the character at node n is i . The following
properties of partial likelihood hold:

(1) If n is a leaf node, then L i(n) = 0 if i is not the observed character, and
L i(n) = 1 otherwise. (Sequence data often contain ambiguities or gaps.
The definition of the likelihood at a leaf can be extended to accommodate
these as well, and we will address it in section 3).

(2) If nodes ld , d = 1 . . . D are the immediate descendants of an internal node
n then L i(n) =

! D
d=1

"
j! C Ql d

i,j(t l d ; ! )L j(ld ).
(3) If r is the root node of the tree, then the likelihood for the entire tree is

L (Ds; T , ! ) =
"

i! C " (i )L i(r).

The pruning algorithm o! ered the first substantial computational improvement
for evaluating the likelihood function, taking advantage of the recursive nature of
the function. The likelihood for an alignment column is computed by calculating
the partial likelihoods starting at the leaves and working up to the root. For
the tree in Figure 3, the partial likelihoods are computed in the following order:
1, 2, 8, 3, 10, 4, 5, 6, 9, 7, 11, 12, consistent with the post-order tree traversal order.

! ! ! !
1 2 3 4 5 6 7
✁
✁
✁
✁✁

❆
❆

❆
❆❆
!8

✁
✁
✁
✁✁

❆
❆

❆
❆❆
!9✁

✁
✁
✁✁

❆
❆

❆
❆

❆
❆

❆
❆

❆❆
!10 ✁
✁
✁
✁✁

❆
❆

❆
❆

❆
❆

❆
❆

❆
❆

❆
❆

❆
❆
!12

✁
✁
✁
✁✁

❆
❆

❆
❆

❆
❆

❆
❆

❆❆
!11

! ! !



Figure 3. Example tree for recursive likelihood evaluation.

The internal nodes are emphasized in bold, and partial likelihood computations
at these nodes involve summations. Finally, to compute the likelihood of the en-
tire alignment, we recall the assumption that every site in the sequence evolves
independently other sites, and thus:

(3) L (D; T , ! ) =
M#

s=1

L (Ds; T , ! ).

Clearly, if two alignment columns are the same, then likelihoods for those columns
are equal. If there are 1 ! U ! M unique data columns in the alignment, and nu is
the number of the same columns of type u, then, by numbering the unique columns,
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ML TREE COMPARISON
Partial mitochondrial DNA (5 taxa). Exhaustive tree search. GTR.

Chimpanzee

Gorilla

Orangutan

Gibbon

Human

0.052790.01 0.02 0.03 0.04

Chimpanzee

Gorilla

Gibbon

Orangutan

Human

0.056070.01 0.02 0.03 0.04

Chimpanzee

Gorilla

Gibbon

Orangutan

Human

0.052620.01 0.02 0.03 0.04

Gibbon

Gorilla

Chimpanzee

Orangutan

Human

0.05174

Gorilla

Gibbon

Chimpanzee

Orangutan

Human

0.05342

Orangutan

Gorilla

Chimpanzee

Gibbon

Human

0.05209

Orangutan

Gorilla

Gibbon

Chimpanzee

Human

0.052440.01 0.02 0.03 0.04

Gibbon

Gorilla

Orangutan

Chimpanzee

Human

0.055460.01 0.02 0.03 0.04

Gibbon

Gorilla

Orangutan

Chimpanzee

Human

0.052450.01 0.02 0.03 0.04

Gorilla

Gibbon

Orangutan

Chimpanzee

Human

0.05301

Gorilla

Orangutan

Chimpanzee

Gibbon

Human

0.0526

Gorilla

Orangutan

Gibbon

Chimpanzee

Human

0.05181

Gibbon

Orangutan

Gorilla

Chimpanzee

Human

0.054580.01 0.02 0.03 0.04

Orangutan

Gibbon

Gorilla

Chimpanzee

Human

0.057140.01 0.02 0.03 0.04

Orangutan

Gibbon

Gorilla

Chimpanzee

Human

0.054350.01 0.02 0.03 0.04

-2697.85

-2663.56

-2697.56

-2703.24

-2701.86

-2703.46

-2699.97

-2666.24

-2700.57

-2702.2

-2700.64

-2700.75

-2689.87

-2659.56

-2689.98
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CONFIDENCE ASSESSMENT VIA BOOTSTRAP

Biological inference is performed on limited length, noisy data

Sampling variance : the error in our ability to infer a quantity 
(e.g. the tree topology) based on limited data

Extreme example: outlier effects.

Consider trying to approximate the mean net worth in the US from a 
sample of 10 tax returns. 

Assume that one of 10 is Bill Gates; hence we may have a data matrix that 
looks like the one on the left:

The mean estimated from the table is ~$5B

We could resample the database of tax returns to get many tables and 
average over them

In biology, frequently all we have is one sample (an alignment); hence itÕs 
impossible to obtain another set

Bill G $50B

1 $100K

2 $20K

3 $120K

4 $30K

5 $200K

6 $10K

7 $25K

8 $40K

9 $5K
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BOOTSTRAP
We can approximate the true underlying distribution that generated our observed 
sample by resampling it with replacement (jackknife):

Draw a value from a sample at random; replace it in the sample

Repeat N times (N - size of the sample).

Back to the Bill Gates example

1000 bootstrap replicates indicate that the standard deviation of our estimate is about the 
same as the mean: $5B!

In other words, we have very little conÞdence in the obtained mean (~34% of cases have 
mean < 200K for example).

0

0.1

0.2

0.3

5e+09 1e+10 1.5e+10 2e+10
Value

Weight
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PHYLOGENETIC BOOTSTRAP

Infer a phylogeny using your favorite method

Generate jackknife replicates: in this case our samples are alignment columns

Repeat the inference procedure

Tabulate the number of phylogenetic splits that are recovered in the replicates

Branches with high bootstrap support values are those that have strong signal in the 
alignment

Joe Felsenstein is credited with introducing the phylogenetic bootstrap
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EXAMPLE MTDNA IN PRIMATES

Used NJ to reconstruct a tree

Drew 1000 alignment samples using the bootstrap

Inferred 1000 trees: one from each resampled 
alignment

If a given split from the inferred tree was found in a 
replicate, then its count was incremented by 1.

The accepted number for good support is 0.7 or 
greater, but 1.0 is sometimes desired.

This alignment is too short (or not informative 
enough) to unequivocally support the Gorilla-Chimp-
Human branching order.

Human

Chimpanzee

Gorilla

Orangutan

Gibbon

1

0.722

0.1

722/1000 replicates 
had this split

1000/1000 
replicates had this split
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ASSUMPTIONS

substitution process is independent from branch to branch

substitution process is time homogenous

all branches share the same equilibrium distributions and are stationary

the substitution process is time reversible

sites in an alignment are independent
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W HY BOTHER WITH ML?
estimates of branch length

estimates of substitution parameters

selection

hypothesis testing

www.datamonkey.org


