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SEQUENCE ALIGNMENT
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WHY SEQUENCE ALIGNMENT

HOMOLOGY

- are we comparing the same thing?

ACCTACCCG
ACCTCCCGC

ACCTACCCG
ACCT-CCCGC

3 mismatch, 
6 match

1 indel, 
8 match
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DYNAMIC PROGRAMMING

- organize computation to avoid duplication
- consider a game of Rocks
- n rocks in 2 piles, 2 players
- player can choose to

 (i) remove one rock from either pile, or 
(ii) remove one rock from each pile

- assume 10 rocks in each pile
- can we determine a winning strategy
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DYNAMIC PROGRAMMING
- generalize a n x m game as a table i.e. Rn,m

- populate, W, if player 1 wins, L if player 1 loses
- what happens for R0,1?
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DYNAMIC PROGRAMMING

- what about R1,0 and R1,1?
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DYNAMIC PROGRAMMING

- what about R2,0?
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DYNAMIC PROGRAMMING
- what about R2,0?
- R2,0 -> R1,0 which is a win for player 2.
- what about R2,1 and R1,2?

0 1 2 3 4 5 6 7 8

0 W L

1 W W ?

2 L ?
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DYNAMIC PROGRAMMING
- what about R2,1 and R1,2?
- R2,1 > R2,0 || R1,1 || R1,0

- R2,0  is a Loss, therefore R2,1 is a Win

0 1 2 3 4 5 6 7 8

0 W L

1 W W W

2 L W
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DYNAMIC PROGRAMMING

0 1 2 3 4 5 6 7 8

0 W L W L W L W L

1 W W W W W W W W W

2 L W L W L W L W L

3 W W W W W W W W W

4 L W L W L W L W L

5 W W W W W W W W W

6 L W L W L W L W L

7 W W W W W W W W W

8 L W L W L W L W L

- Rn,m = L if Rn-1,m & Rn,m-1 & Rn-1,m-1 are W

ROCKS(n,m)
R0,0 = 0
for i = 0 to n

if Ri-1,0 = W
Ri,0 = L

else
Ri,0 = W

for j = 0 to m
if R0,j-1 = W

R0,j = L
else

R0,j = W
for i = 1 to n

for j = 1 to m
 if Ri-1,j == W || Ri,j-1 == W || Ri-1,j-1 == W

Ri,j = L
else

Ri,j = W
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MANHATTAN TOURIST
Problem: Find the longest path in a weighted grid
Input:       Graph with weighted edges and source and sink vertices
Output:    A path along edges defining the maximum length

3 1
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1 5 1
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3 2 1
2 31

- propose a solution
- exhaustive?
- greedy?
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MANHATTAN TOURIST

0 3 5 6
3 1

1

2

1 3 1

1 6 7 9
2 2

1

1

1 5 1

2 11 14 16
1 2

1

3

3 2 1

5 13 15 18
2 31

MANHATTANTOURIST(we,ws,n,m)
s0,0 = 0
for i = 1 to n

si,0 = si-1,0 + wsi,0

for j = 1 to m
s0,j = s0,j-1 + we0,j-1

for i = 1 to n
for j = 1 to m

si,j = max ( si-1,j + wsi,j; si,j-1 + wei,j)
return si,j

- does not return the path, only the score at si,j

- assumes a perfect grid
- we will consider an imperfect grid next
- diagonals

- we is a two-dimensional array with weij equal to the 
weight of the edge from i,j-1 to i,j
- i.e we1,2 : from 1,1 to 1,2 = 1
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DIRECTED ACYCLIC GRAPHS
- continue city grid analogy
- vertices are intersections of streets
- edges are intervals of streets between 
intersections
- can only move in direction of edge
- therefore Directed Acyclic Graphs (DAGs)
- G = (V, E)
- vertices are labelled 1 to |V| (imperfect grids)
- Edges are specified according to their origin, u, and 
destination, v, vertices i.e. E(u,v)
- vertex has an indegree, number of edges entering 
vertex, and outdegree, number of edges leaving 
vertex
- in a perfect grid most vertices have indegree = 
outdegree = 2
- # of predecessors of vertex = indegree of vertex 

1

4

3

5

E(1,4) = 5

E(3,4) = 3

E(4,5) = 2
2

E(2,4) = 4
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DIRECTED ACYCLIC GRAPHS

u1

v

u3

w1u2

- vertex, v, has indegree = 3 with predecessors = (u1,u2,u3)
- longest path to v

sv = max { su1 + weight of E(u1,v)

su2 + weight of E(u2,v)

su3 + weight of E(u3,v)

In general

maxu∈predecessors(v) = (su + wuv)
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TOPOLOGICAL ORDERING

u1

v

u3

w1u2

- s is an array where sv is the score to get to vertex v
- calculating sv is dependent on knowing all its predecessors
- therefore order in which s is populated is important
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SEQUENCE ALIGNMENT

ATATATAT

TATATATA

n

m
dh(n,m) = 8 

n

m

ATATATAT-

-TATATATA
dh(n,m) = 0 
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PAIRWISE ALIGNMENT

A T - G T T A T -

A T C G T - A - C

n
m

alignment matrix of maximum n+m columns

match
mismatch
indel

1 2 2 3 4 5 6 7 7

1 2 3 4 5 5 6 6 7
REPRESENT AS

0
0

number of symbols 
up to position i

(0,0) (1,1) (2,2) (2,3) (3,4) (4,5) (5,5) (6,6) (7,6) (7,7)
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PAIRWISE ALIGNMENT

0 1 2 3 4 5 6 7
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A T C G T A C

A

T

G

T

T

A

T

A T - G T T A T -

A T C G T - A - C

(0,0) (1,1) (2,2) (2,3) (3,4) (4,5) (5,5) (6,6) (7,6) (7,7)

n

m

n

m

- score of an alignment
- simple score function

match = +1
not match = 0
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AMINO ACID SEQUENCE

ACG ATG CAT TTG GTT CGG

THR MET HIS LEU VAL ARG

T M H L V R

ACG ATG CAT TTG GTT CGG
ACG ATG CAT --- GGT CGG

WHY?

ACG ATG CAT TTG GTT CGG
ACG ATG CAT --G GT- CGG
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SCORING MATRICES
BLOSUM = BLOCKS OF AMINO ACID SUBSTITUTION MATRIX 

- count frequencies of observed amino acid substitutions in non-
ambiguous alignments
- positive scores are more likely to be observed
- BLOSUM62, BLOSUM80, BLOSUM90
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AMINO ACID ALIGNMENT

1 2 3 4 5 6 7 8

* G R Q T A G L

1 * 0 -8 -16 -24 -32 -40 -48 -56

2 G -8 ?

3 T -16

4 A -24

5 Y -32

6 D -40

7 L -40

maxu∈predecessors(v) = (su + wuv)

gap penalty = -8
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AMINO ACID ALIGNMENT
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AMINO ACID ALIGNMENT
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AMINO ACID ALIGNMENT

1 2 3 4 5 6 7 8

* G R Q T A G L

1 * 0 -8 -16 -24 -32 -40 -48 -56

2 G -8 6

3 T -16

4 A -24

5 Y -32

6 D -40

7 L -40

maxu∈predecessors(v) = (su + wuv)

s(2, 2) = max






s(1, 1) + w(G, G) = 6
s(1, 2)− 8 = −16
s(2, 1)− 8 = −16

gap penalty = -8
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1 2 3 4 5 6 7 8

* G R Q T A G L

1 * 0 -8 -16 -24 -32 -40 -48 -56

2 G -8 6 ?

3 T -16

4 A -24

5 Y -32

6 D -40

7 L -48

AMINO ACID ALIGNMENT
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AMINO ACID ALIGNMENT
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AMINO ACID ALIGNMENT

1 2 3 4 5 6 7 8

* G R Q T A G L

1 * 0 -8 -16 -24 -32 -40 -48 -56

2 G -8 6 ?

3 T -16

4 A -24

5 Y -32

6 D -40

7 L -48

s(2, 3) = max






s(1, 2) + w(G, R) = −10
s(1, 3)− 8 = −24
s(2, 2)− 8 = −2
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AMINO ACID ALIGNMENT

1 2 3 4 5 6 7 8

* G R Q T A G L

1 * 0 -8 -16 -24 -32 -40 -48 -56

2 G -8 6 -2

3 T -16

4 A -24

5 Y -32

6 D -40

7 L -48
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AMINO ACID ALIGNMENT

1 2 3 4 5 6 7 8

* G R Q T A G L

1 * 0 -8 -16 -24 -32 -40 -48 -56

2 G -8 6 -2 -10 -18 -26 -34 -42

3 T -16 -2 5 -3 -5 -13 -21 -29

4 A -24 -10 -3 4 -3 -1 -9 -17

5 Y -32 -18 -11 -4 2 -5 -4 -10

6 D -40 -26 -19 -11 -3 0 -6 -8

7 L -48 -34 -27 -19 -11 -4 -4 -2

GRQTAGL
GT-AYDL

GRQTAGL
G-TAYDL

gap open = -8
gap extension = -2

or

GRQTA-GL
G--TAYDL
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LOCAL ALIGNMENT

seq n

seq m
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SMITH-WATERMAN

every vertex can trace back to source

s(i, j ) = max






0
s(i − 1, j ) + δ(vi,−)
s(i, j − 1) + δ(−, wj)
s(i − 1, j − 1) + δ(vi, wj)

s(i, j ) = max






s(i − 1, j ) + δ(vi,−)
s(i, j − 1) + δ(−, wj)
s(i − 1, j − 1) + δ(vi, wj)
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MULTIPLE ALIGNMENT
Dynamic Programming in multi-dimension

i.e. for k = 3 find the optimal path in the grid (x,y,z)

3-D Manhattan Cube

7 edges for each cell in a 3-D cube

images: Pavel Pevzner
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MULTIPLE ALIGNMENT
�

i

�

j

WijDij

Dij = alignment score for pair of sequences i and j 
Wij = weighting applied to alignment between i and j 

weighting : alignment dominated by similar sequences

- only reasonable for up to 4 sequences
- complexity is O(NM)

- M = number of sequences
- N = sequence length
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PROGRESSIVE ALIGNMENT

solution: inform the alignment using a phylogenetic tree
- phylogentic tree is usually a quick and dirty approximation

A

B

C

D

(i) do all possible pair-wise alignments

A-B, A-C, A-D, B-C, B-C, C-D

(ii ) estimate a distance-tree*

*next lecture

(iii ) align most-similar sequences (A-B)

(iv) deÞne an A-B proÞle matrix, ABprofile

(v) align C to ABprofile 

(vi) etc...

ClustalW, ClustalX


