Example 29 We shall compute fOT tdB(t). First we observe that the inte-
grand t is It integrable. Then we consider the sum

N-1

Z tz z+1 B(ti))

=0
N—

H

N-1
(tix1B(tiy1) — 6 B(t ZB it1) (tir1 — i)
=0

=0

N-1

Z B(tit1) (tig1 — ti).
=0

In the limit as N — oo we obtain

/OTtdB( / B(t

Example 30 Next we shall compute fo (t)2dB(t). The integrand B(t)?

adapted and
T ) T
/ E [(B(t)2) ]dt :/ 3t2dt = T < o0,
0 0

so B(t)? is It6 integrable. The sum approximating the stochastic integral
fOT B(t)?dB(t) can be written as follows:

3 B)? (B(tis) - B(t)
1—01 . | .
= g Z 1+1 — B(ti)‘s) o - B(tl) (B(ti+1) . B(ti))2
l_i N-1 =
3 (B(tiy1) — B(t;))*
1=0
N-1 N_1
B(t;) (tig1 — ZB i) [( 1) B(tl))Q (tisr —t)
L Nl i =0
— 3 2 (Btit1) B(t;))
i=0
Clearly,
N-1
B(tz) i _t — dt as N — oo.
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We shall show that

N-1
3 B(t) [(B(ml) — B(t:)? — (tis1 — ti)} 0 inL?as N — oo,
=0

N—
(B(tit1) — B(t;))> =0 in L? as N — .
0

—

1=

To this end we consider the second moments

N-1 2
E (Z B(t) |(Blti1) = B(t)” = (ti1 — m})

I
=

(B0 [(Bt) = B0 - e -]}

E [B(0)) B [((Btn) - BOD? - (b - 1))

=0
N-1
= tE {(B(tiﬂ) — B(t;))" = 2(B(tit1) — B(t;))? (tis1 — ti) + (tip1 — t;)°
1=0
N—-1
= t; [3 (tig1 —ti)" —2(tig1 — )" + (tig1 — ti)g]
=0
1 -1 2
T T
_2§tz |:(t2+1_t7,) j| —2; NZ (N)
27T° N(N — 1 T3(N —
:W (2 ): (N2 )—>0 as N — oo

=0
N-1
= > E[(Bti) - B(t)"]
=0
N-—-1 N-1 3
T 673
:6;(t1+1_t2)3:61:0 (N) _Wﬁo as N — oo.

It follows that

T ) B 1 3 T
/O B)?dB(1) = 5 B(T) /0 Bt)dt.

These examples are instances of a general pattern, captured in the following
very important result.
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Theorem 31 (It6 formula, simplified) Let f(t,z) be a function with con-
tinuous partial derivatives

fit, @), o (8 @), £, (¢, @)
and such that f.(t, B(t)) is Ité integrable. Then
f(T.B(T))

T T
— 10500+ [ (#0500 + 1005 )+ [ pute B
(3.5)

Remark 32 It is customary to write expressions line the It6 formula (3.5) in
shorthand notation as follows:

A0, B0) = (F{B0)) + L7 (6 BO) ) e+ £ BO)B()

This is called It6 differential notation, and it is purely formal but very conve-
nient. Whenever we write down an expression like that, the reader is expected

to imagine the integrals fOT in the right places so that formula (3.5) is recovered.

Before proving this theorem, let us see how it can be used to evaluate the
same stochastic integrals that were computed in Examples 28, 29 and 30 directly
from the definition.

Example 33 We want to compute fOT B(t)dB(t). To this end we take f(t,z) =
22, so that f{(t,z) =0, fL(t,x) = 2z, f.(t,z) = 2. From the It6 formula (3.5)
we get

T T
B(T)? = B(0)? +/ 2dt +/ 2B(t)dB(t),
0 0
so that
r 1 , 1
/ B(t)dB(t) = =B(T)* — =T.
0 2 2
In the shorthand differential notation this can be written as

B(t)dB(t) = %d [B(t)?] - %dt.

Example 34 Next we shall compute fOT tdB(t). Take f(t,z) = tz, so f{(t,x) =
z, fi(t,x) =t, fI (¢t,2) = 0. The It6 formula then gives

T T
TB(T) =0B(0) +/ B(t)dt +/ tdB(t).
0 0
It follows that
T T
/ tdB(t) = TB(T) — / B(t)dt.
0 0
In differential notation this becomes

tdB(t) = d [T B(T)] — B(t)dt.
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Example 35 Finally, we compute fOT B(t)?dB(t). Taking f(t,z) = 23, we have
ft/(tax) =0, fglc(t,l') = 31‘23 gz(tvx) = 62 and

B(T)® = B(0)® + /OT 3B(T)dt + /OT 3B(t)*dB(t).

As a result,
T 1 T
/ B(t)?dB(t) = gB(T)3 - / B(T)dt,
0 0
or in differential notation
1

B(t)%dB(t) = 34 [B(T)?] — B(T)dt.

Proof outline of Theorem 31 We shall prove the It6 formula (3.5) in the
case when f(¢,x) has bounded derivatives of all orders and can be expanded
into a Taylor series about any point (¢g, zo):

f(t,x) = f(to, o) + fi(to, xo)(t — to) + fr(to, zo)(x — 20)

1
+ §f;’I(t0, o) (z — 10)” + - -

1 m)(n n
= > B o, w0) (1~ 1) (@ — 20)",

m,n>0

where ft(;")(")(to, xo) denotes the partial derivative of order m with respect to ¢

and order n with respect to . The Itd formula for a more general function

f(t,z) can then be obtained by approximation by functions form this class.
From the Taylor expansion we obtain

f(T, B(T)) = £(0,B(0))

=

(f(tig1, B(tit1)) — f(ti, B(t:)))

[
i

N-1 N—-1
= Z fi(ti, B(t:)) (tiga — ti) + Z fa(ti, B(t:))(B(tiz1) — B(t:)
T =
+ B Ju(ti, B(t:))(B(tiy1) — B(t:))?
1=0
Jr .
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which can be written as

f(T, B(T)) — f(0,B(0))

N-1 N-1

= D fiti, Bt) (b — i) + Y fulti, B(t:))(B(tirr) — B(t:))

=0 =0

fow(tis B(ti))(tiv1 — ti)

Clearly,

N-1

T
> filts Bt — )~ [ fit B (3.6)
i=0 0

N-—1

T
fa(ti, B(t:))(B(ti1) — B(t:)) —>/O f(t. B(t))dB(t), 3.7)

N-1

=0

F Gt B(t) (b — 1) — / £ B(1))dt (3.8)

=0

as N — oo. If we can show that the remaining terms converge to 0 in L2, we
will have proved the It6 formula (3.5). We start with

N-1 2
E [(Z fow(tis B(t:) [(B(tia) = B(t:))® = (tis1 — tz‘)]) ]

1=

N-1

= 3" E [t B®) [(Bltin) = Bt)? = (i~ )]
=0
N-1

E (2, (ti B E [[(B(tiar) = B:))® = (tir — 1:)]]

1=

IN
o
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Since f/ is bounded, say by C, this can be estimates as

N—
O Y E[[(Bltin) = B#t) = (ti — 1))’

IA
Z -
L el

E [(B(tit1) — B(t:)* = 2(B(tiy1) — B(t:))* (tig1 — t;) + (tig1 — t:)?]

Il
Q
D Ng

™

2 1

C [S(ti+1 — )% = 2ty — )%+ (tig1 — ti)2]

K2

M

1 2 2
20T
20 (tig1 — C’g < ) C —0 as N — oo.

i=0
Next, we take a general term of the form

N-1

> m} ! S (4, B#)) (bipr — 1) (B(tigr) — B(t:))"
1=0

and investigate when this will converge to 0 in L?. We have

N-—1 2
E| Y (A2 0 B) b — 1) (Bltin) = B(t:)") ]
e
<C Z Z (tiv1 — )™ (B(tix1) — B(t:))"(tj41 — t;)"™(B(tj+1) — B(t;))"]
=0 5=0
= Ot — )" (tar — )" 5 S E[(Bltin) — Bt)) (Bltyar) — B(t;)"
i=0 j=0

If n is even, this gives

o =Ctigr — )" (tj41 — ;)™

(Z E [(B(tit1) — B(t:)*"] +2 Z Z E[(B(tit1) — B(t:))"| E[(B(tj+1) — B(tj))"])

N—-1 N—-1 N-1

< C'(tigr — )™ (tj1 — 1) (Z i =) 2> Y (i — )P (i — tj)nﬂ)

i=0 i=0 §
= C'(tig1 —t)" (tjp1 — t;)" (tigr — )" (N + N(N — 1))

() () e (B ()
'

:W_)O as N — oo
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if 2m +n — 2 > 0, which is satisfied for all m > 0 and all even n > 0 except for
m =0,n=2and m = 1,n = 0. On the other hand, if n is odd, then the above
expression can be written as

.=C Z E [(tit1 — t:)*™(B(tiz1) — B(t:))*"]

- z+1 2m Z E H»l B(tz))2n]
=0
N-1

—C/ H—l_t 2m Z H—l_t
=0

_ o Z 2m Nz—l Z n

B N = N

C/T2m+n
= W —0 as N — >

if 2m +n — 1 > 0, which is satisfied for all m > 0 and all odd n > 0 except for
m = 0,n = 1. This shows that only the terms (3.6), (3.7), (3.8) give non-zero
contribution in the limit. m

3.4 Itd Processes

We can see that the Ité formula (3.5) produces random processes which are of
the form:

constant + integral with respect to dt + integral with respect to dB(t)
This motivates the following definition.

Definition 36 We call a random process X (¢) and Itd process if it can be
expressed in the form

X(T) = X(0) + /O ' a(t)dt + /0 ' b(t)dB(T),

where a(t),b(t) are adapted processes such that

/ E[la(t)]] dt < oo, / ?] dt < .

Example 37 B(t) and t are obviously It6 processes. We know that

d [B(t)?] = 2B(t)dB(t) + dt,
d[tB(t)] = tdB(t) + B(t)dt,
d [B(t)’] = 3B(t)*dB(t) + 3B(t)dt,

do that B(t)%,tB(t), B(t)® are also Itd processes.
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Example 38 We shall show that the stock price
S(t) = S(0)er o BM

in the Black-Scholes model is an 1td process. Taking f(t,z) = S(0)e*t % we
have S(t) = f(t, B(t)). Since

ft/(ux) :,uf(t,x), fal:(tam) ZO'f(t,JJ), fa/cla:(tvx) :O'Zf(t,l‘),
by the It6 formula we have

ds(t) = (u(t) + ;ﬁ) S(t)dt + aS(t)dB(t).

This shows that S(¢) is an It process.
The last equation is an example of a stochastic differential equation (SDE).
We can say that stock price S(t) in the Black-Scholes model satisfies this SDE.

Definition 39 We say that a random process Y (t) is It6 integrable with respect
to an It process

if
e Y(t) is adapted,
o [TE[Y(t)a(t)]]dt < oo,
e IE [|Y(t)b(t)|2} dt < .

Then the It6 integral of Y () with respect to X () is defined by

/O Y (£)dX (1) = /0 Y(H)a(t)dt + / Y (0)b(t)dB(1).

Remark 40 Because S(¢) is an It6 process, see Example 38, we can now go
back to the problem of defining a self financing strategy (x(t), y(¢)) in the Black-
Scholes model by means of condition (3.2), that is,

T T
V(T):V(0)+r/0 x(t)dt+/0 y(t)dS(t).

The integral fOT y(t)dS(t) now makes sense in view of Definition 39.

Finally, we state the It6 formula in its general form, with Brownian motion
B(t) in f(t, B(t)) replaced by a general Itd process X (t).
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Theorem 41 (It6 formula) Let

T T
X(t) = X(0) +/ a(t)dt +/ b(t)dB(t)
0 0
be an Ito process and let f(t,x) be a function with continuous partial derivatives

filt, @), fo (), £, (¢, )
and such that b(t) f1(t, X (t)) is It6 integrable. Then

f(T, X(T))

= (0, X(0 +AT< )+ M)f ,X@ﬂ%ﬁ+ATﬁ@Xﬁ»mww

r !/ 1 2 pll
o)+ [ (A0 X0) + a0 XO) + J0 L0 X(0))

/ bt (1)dB(1).

Remark 42 In the shorthand differential notation this formula looks like this:
1
a8, X(0) = (16 X(0) + GH0PFL( X () ) i+ (6, X(0)ax(0)

= (f{(t, X(1) +a(t) fo(t, X (1)) + §b<t>2f;;<t,X<t>>) dt
+b(t) fL(t, X (t))dB(t).

The proof of this theorem will be omitted. It is similar to that of Theorem 31,
though somewhat more complicated.

36





