
African School on Electronic Structure
Methods

Density Functional Theory Basics

July 2010



2

Contents

Density Functional Theory 3
1.1 Introduction 3
1.2 Density Functional Theory 6

1.2.1 Introduction to Density Functionals 6
1.2.2 One particle density functional theory 8
1.2.3 Basic Density Functional Theory 10

1.3 Generalizations 12
1.4 Constrained Minimisation 13

1.4.1 Kohn-Sham Non-Interacting System 15
1.4.2 Summary of Kohn-Sham Spin-Density Functional Theory 18
1.4.3 Exchange Energy and Correlation Energy 25
1.4.4 Coupling-Constant Integration 26

1.5 Formal Properties of Functionals 30
1.5.1 Uniform Coordinate Scaling 31
1.5.2 Local Lower Bounds 33
1.5.3 Spin Scaling Relations 33
1.5.4 Derivative Discontinuity 34

1.6 Uniform Electron Gas 35
1.6.1 Kinetic Energy 36
1.6.2 Exchange Energy 37
1.6.3 Correlation Energy 38

1.7 Local and Semi-Local Approximations 39
1.7.1 Local Spin Density Approximation 39
1.7.2 Gradient Expansion 42
1.7.3 Self-Interaction 45

1.8 Time Dependent Density Functional Theory 50
1.8.1 Basic Theorems 52
1.8.2 Excitation Energies 56
Exercises 59

A Wavefunction Variational Principle 62

B Hellmann-Feynman Theorem 63

C Optimised Effected Potential 64

D Orbital based Exchange Correlation Energies - Approximate treatment 67

E Van der Waals Density Functional 69

F Miscellaneous Extracts from Papers: Approximate Exchange-Correlation Functionals 72



Contents 3

Bibliography 72



Density Functional Theory

1.1 Introduction
One of the most basic problems in theoretical physics and chemistry is the description
of the structure and dynamics of a many atom system. At this level single atoms are
taken as the basic building blocks of matter which includes dimers, molecules, proteins,
polymers, mesoscopic systems such as clusters and quantum dots, solids, layered
structures, quasi-crystals and surfaces.

The electronic structure determines the stability of poly-atomic systems and shows up
in many properties of the system It determines the binding energy as re�ected in the
ionisation energy or work function and the atomization energy of molecules or cohesive
energy of solids, which is determined by the bonding energy between atoms. It is also
a key factor in determining the transport properties such aselectronic conductivity and
heat. Other properties that are determined by the electronic structure include magnetic
and electronic moments. The electronic structure also plays a major role in determining
the geometric structure of poly-atomic systems. That is, itdetermines bond lengths and
bond angles and the symmetry of the atomic arrangements. These structural properties
can be determined without knowledge of excitation energies.

Dynamic properties such as the optical excitation spectrum, on the other hand,
crucially depend on the electronic excitation spectrum. Inaddition to the excitation
spectrum, a complete description of excitation and ionisation processes require an
evaluation of transition probabilities. In poly-atomic systems excitation of the nucleonic
degrees of freedom are possible and the rotation-vibrationof molecules and lattice
vibrations (phonons) in solids have to be considered. A description of dynamic
processes require a knowledge of the stationary excitationspectrum or even time
dependent states.

Broadly speaking there are two basic approaches that can be used to develop a
description of the properties of a system of atoms.

� Use the true Hamiltonian of the system, which is well known. In this,ab
initio, approach the solution of the Schrödinger equation is very demanding.
Approximations are unavoidable, but all approximations are technical of nature.

� Use a model Hamiltonian from the outset. The model Hamiltonian must contain
suf�cient information to describe the degrees of freedom ofinterest. For example,
the Heisenberg Spin Hamiltonian can model some magnetic properties of a system,
but no other property.

We are interested in the �rst of these approaches. The starting point is the
non-relativistic Hamiltonian of the coupled electron-nucleus system

�� en � �� n � �� nn � �� e � �� ee � �� en �� �� ext_�eld� (1.1)
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Here �� n represents the kinetic energy of the nuclei,

�� n �
��

� ��
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� � �
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�
(1.2)

where� � represents the position of atom� with mass� � and� � � �
� � �

� The second
term in (1.1) is the interaction energy of the nuclei with charges� � � � �

�� nn �
��

��� �

� � � � � � �
�
� � � � � � �

�
� � (1.3)

The third to �fth terms in (1.1) are the electronic kinetic energy, the electron-electron
interaction energy and the electron-nuclei interaction energy operators:
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(1.4)

(� � � �
� � �

with � � denoting the position of electron
). Depending on the system
under investigation there may be an interaction with an external electric or magnetic
�eld:

�� n-�eld �
��

� ��

�
� � � �� �

ext � � � � 
 �
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� � � �
� � �

� ext � � � � 
 � �� � � � � �� ext � � � � 
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(1.5)

�� e-�eld �
��

� ��

�
� �� �

ext � � � � 
 �

� � 
� � � ext � � � � 
 � �� � � � � � � �� ext � � � � 
 �� (1.6)

Here� �
ext and� ext are the potentials corresponding to the electromagnetic �elds.

� ext� � � 
 � � � � � �
ext � � � 
 � �

�
�


� ext � � � 
 �

� ext � � � 
 � � � � � ext � � � 
 � (1.7)

� � represents the magnetic moment of the nucleus,� � � 	 �
� 
� is the Bohr magneton and

� � is the spin operator representing the spin of electron
, with � a � � � Pauli matrix
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Density Functional Theory

The Hamiltonian (1.1) is already an approximation. All particles are treated
non-relativistically and the nuclei are considered as point particles, characterised by
a charge and a mass. The latter is not of much relevance, but relativistic effect are
sometimes important. For heavy atoms relativistic effectsare evident in the molecular
bonds and have to be taken into account. Relativistic effects also have to be included
in the treatment of atomic hyper�ne structures and an accurate treatment of spin-orbit
coupling also requires a relativistic treatment.

The standard �rst step to solving (1.1) is a partial decoupling of the electronic and
nucleonic degrees of freedom, relying on the difference in mass and time scales of
motion of the electrons and nuclei. This is the Born-Oppenheimer approximation which
amounts to expressing the many-atom wavefunction as a product of the form

� � � � � � � � � � � � � �

� � n � � � � � � � e � � � � � � � � � � � � � (1.8)

If we consider time independent �elds only and� � represents the orientation of the
spin of the electrons with respect to some chosen axis. The electronic wavefunction
� e

��� � � � � � � � � � � � � � depends on the positions of the nuclei only parametrically and
satis�es

�� e� e � � � � � � � � � � � � �

�
�

�� e � �� ee � �� en � �� e-�eld

�
� e � � � � � � � � � � � � �

� � e � � � � � � � e � � � � � � � � � � � � � (1.9)

which is a stationery state eigenvalue problem for any �xed positions of the nuclei. The
eigenergy� e � � � � � � acts as a potential in which the nuclei move. Neglecting cross
terms, the effective Hamiltonian for the nuclei becomes

�� n� n � � � � � �

�
�

�� n � �� nn � � �� n-�eld � � e � � � � � �
�

� n � � � � � �

� � n� n � � � � � � (1.10)

Solution of equation (1.9) for �xed positions of the nuclei remains a formidable
task. The number of degrees of freedom of even a small many-atom system is large
and frequently there are many metastable con�gurations with complicated geometry
that must be investigated. An ef�cient method is therefore essential to deal with the
electronic problem, even when stationery nuclei are considered.

Over the years several methods have been developed to solve the electronic structure
Hamiltonian. The oldest and simplest is the Hartree-Fock approach in which the
electronic wavefunction is approximated by a Slater determinant

� e � � � � � � � �
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�
�
�

� � � � � � � � ���� � � � � � � � �
� �

� � � � � � � � ��� � � � � � � � �

�
�
�
�
�
�
� (1.11)
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Section 1.2 Density Functional Theory

A Slater determinant is anti-symmetric under the exchange of coordinates, thus
satisfying the basic requirement of a Fermion wavefunction. The associated basic
correlation between the electrons is called the Pauli correlation. The wavefunction
(1.11) does not include any correlation due to the mutual Coulomb repulsion between
the electrons. In order to incorporate Coulomb correlationthe electron eigenfunction
� e can be expanded in terms of a set of Slater determinants formed from a complete set
of single particle wavefunctions.

� k � � � � � � � � �
�

� � �


�� �

� �
� � �


�� �

	 � � �


�� � � � � � � � � � (1.12)

Several strategies exist to determine the coef�cients� �
� � �


�� �

. However, the numerical
effort required to determine all the matrix elements and thediagonalisation of the
Hamiltonian scales with the number,�� of atoms as

� � non-interacting particles
� � Hartree-Fock
� � � �� order Møller Plesset
� � � �� order Møller Plesset

Accurate calculations using wave functions thus quickly become intractable even for

systems consisting of a small number of atoms.
Fortunately there is a solution if we ask for less than a complete answer. If we are

only interested in the groundstate electronic properties it is possible to map the fully
interacting system onto a non-interacting system which is much simpler to work with.

1.2 Density Functional Theory
Density functional theory is based on the observation, madeby Hohenberg and Kohn in
1964 [?], that the groundstate charge density of a system of particles uniquely determines
the external potential that the particles move in. A consequence of this observation is
that the expectation value of all operators are functionalsof the groundstate charge
density. Kohn and Sham [?] showed that it is possible to use the functional dependence
of the groundstate energy on the ground state charge densityto map the many particle
system onto a non-interacting particle system.

1.2.1 Introduction to Density Functionals

Let �� denote the Hamiltonian of a many electron system. The statesof well-de�ned
energy are the eigenstates of�� :

�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � (1.13)

where� is a complete set of many-electron quantum numbers.
Because electrons are fermions, the only physical solutions of Eq. (1.13) are those
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Density Functional Theory

wave functions that are antisymmetric under exchange of twoelectron labels
 and� :

�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � (1.14)

There are� � distinct permutations of the labels
 � � � � � � � �� which by Eq. (1.14) all
have the same�� �� . Thus� ���� � � � � � � � � � � � � � � �� 
 � � � � � � 
 � � � is the probability to
�nd anyelectron with spin� � in volume element
 � � � , etc., and



� �

�

� � 


� �
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 � � � � � �

�

 � � � � ���� � � � � � � � � � � � � � � �� � 
 � �� � � 
 � (1.15)

We de�ne the electron spin density� � � � � so that� � � � �
 � � is the probability of
�nding an electron with spin� in volume element
 � � at � . We �nd � � � � � by integrating
over the coordinates and spins of the� � � 
� other electrons, i.e.,

� � � � � �
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 � � � � � �
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 � � � � ���� � �� � � � � � � � � � � � � � � ��

� �
�

� � 


� �

�

 � � � � � �

�

 � � � ��� � �� � � � � � � � � � � � � � � �� � (1.16)

Equations (1.15) and (1.16) yield

�

�

�

 � �� � � � � � � � (1.17)

Based on the probability interpretation of� � � � � , we might have expected the
right-hand side of Eq. (1.17) to be
 , but that is wrong� the sum of probabilities of
all mutually-exclusive events equals
 , but �nding an electron at� doesnot exclude
the possibility of �nding one at� � , except in a one-electron system. Eq. (1.17) shows
that � � � � �
 � � is the average number of electrons of spin� in volume element
 � � .
Moreover, the expectation value of a spin independent external potential is


 �� 	
� � � 
 � �
��

� ��

� � � � � �� � �
�


 � �� � � � � � � � � (1.18)

with the electron density� � � � given by

� � � � � � � � � � � � � � � � � (1.19)

The many-electron wavefunction�� � � � � � � � � � � � � � � contains a great deal of
information - all we could ever have, but more than we usuallywant. Because it is a
function of many variables, it is not easy to calculate, store, apply or even think about.
Often we want no more than the total energy� (and its changes), or perhaps also the
spin densities� � � � � and� � � � � , for the ground state. As we shall see, we can formally
replace� by the observables� � and� � as the basic variational objects.

While afunctionis a rule which assigns a number� � � � to a number� , a functional
is a rule which assigns a number� �� � to a function� . For example,� ��� � 
 � � �� �� �
is a functional of the trial wavefunction� , given the Hamiltonian�� . If � is an
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Section 1.2 Density Functional Theory

eigenfunction of ��� then� ��� � � is the coresponding eigenenergy. The Hartree
energy

� �� � �


�

�

 � � 
 � �

� � � � � � � � � �
�� � � � �

(1.20a)

is an explicit functional of the density� � � � , as is the local density approximation for the
exchange energy:

� �
�

 �� � � � 


�

 � �� � � � � � � � (1.21)

Thefunctional derivative�� �� � � � tells us how the functional� �� � changes to �rst
order under a small variation�� � � � :

�� �
�


 � �
�

��
�� � � �

	
�� � � � � (1.22)

The �rst order functional derivative ��
�� � � � is the coef�cient of�� � � � in the series

expansion of the functional with�� � � � as variable� For example, to �rst order in�� � � �

�� �
�

 � � 


� 

�� � � � � �� � � �� � � � � � � � � � � �

�

� � 


�

 � �

�
�

� � � � � � � �� � � � �

so

�� �
�



�� � � �
� � 


�
�

� � � � � � � � (1.23)

Similarly, for the Hartree energy�

�� �� �
�� � � �

� ! �� � �� � � �
�


 � �
� � � � � �
�� � � � �

� (1.24)

Before we look at the formal proof of the existence of a density functional theory, let
us investigate a one-particle system where it is possible totransform the wave-function
representation of quantum mechanics into a density functional representation of the
same system.

1.2.2 One particle density functional theory

The single particle Schrödinger equation is

�
�

� �

� 	
� � � � � � �

�
" � � � � �" � � � � (1.25)

with associated density

� � � � � �" � � � �� �
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Density Functional Theory

normalised to
�

� � � � #� � � 
 � (1.26)

For simplicity let us consider a non-degenerate eigenstatewhich implies that the
wavefunction is real. Then

" � � � �



� � � �

and Equation (1.25) can be re-written as a differential equation for � � � � �
�
�

� �

� 	
� � � � eff �� � � � � �

�
� � � � � � �� � � � (1.27)

(non-linear Schrödinger equation) where

� eff �� � � � � � � � � � � � �
� �

� 	

�



� � � � �
� � � � � �� � � � �

	
(1.28)

or

� � � � �
� �

� 	� � � �
� � � � � � �

� �

� 	

�



� � � � �
� � � � � �� � � � �

	
� � �� (1.29)

Equation (1.29) shows that if we know the charge density� � � � , we know the potential
� � � � to within a constant. The charge density is a physical, measurable quantity, it is
simply the probability of �nding the particle at position� � In contrast the wave function
in itself has no physical meaning. It contains all the information about the system in
a given state and we can exact this information by taking the expectation value of an
operator with respect to it. The charge density is a more appealing quantity to work with
as we shall see when we investigate many-body systems since it is a physical quantity
that depends on only three variables.

Equation (1.29) shows that it we know the charge density we know everything about
the system since the charge density determines the potential (to within a inconsequential
constant.) If we knew something about the asymptotic behaviour of the potential, for
example, we can determine the constant in Eq. (1.29). Once weknow the potential
� � � � we can in principle solve the Schrödinger equation (1.25). Equation (1.29) implies
that each wave function is a functional of the charge density, " � " �� � � This in turn
implies that if we know the charge density, we have an algorithm that tells us how to
�nd the wave functions.

� � � �� � � � �� � � � " �� � � � �� ��

All physical properties of the system can be expressed as expectation values of operators

� �� � �
�

" �� �
�
�
� ��

�
�
� " �� �

�
�

but since the wavefunctions are functionals of the charge density, the expectation values
are functionals of the charge density as well. One of the challenges of density functional
theory is to bypass the wavefunctions and �nd the functionals � �� � of all interesting
quantities.
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Section 1.2 Density Functional Theory

1.2.3 Basic Density Functional Theory

DFT in its modern form originated from the observation by Hohenberg and Kohn
[?] that, for an interacting� -electron system in a general external potential� � � � , a
knowledge of the groundstate density� � � � uniquely determines� � � � (to within a
physically irrelevant additive constant):

� � � � � � � � � (1.30)

This is true whether the ground state is non-degenerate or degenerate (In the latter case
any of the possible ground state densities uniquely determines the potential� � � � ).

Because of the key importance of this observation, it is informative to look at the
simple proof, for non-degenerate ground states, originally given by Hohenberg and
Kohn:

1.2.3.1 Existence Theorem

Let � � � � be the external potential of the system, with associated ground state density
� � � � , total number of particles� �

�
� � � � #� , Hamiltonian �� and ground state and

energy,� and� ,

� � �� �� � � � � � � � � (1.31)

�

�
��

� ��

�
� �

� 	
� �

� �
��

���

� �

�� � � � � �
�

��

� ��

� � � � �

�

� � � � � � ���� � � �

� � � � � � � ���� � � � (1.32)

� � 
 � �� � � �

�
�

� �
� �� #� � � � � � � � � ���� � � �

�

�
��

� ��

�
� �

� 	
� �

� �
��

���

� �

�� � � � � �

�

� � � � � � ���� � � �

�
�

� � � � �� � � � � #� (1.33)

Similarly consider a second system of� particles with

� � � � � � � � � � � � �� � � � � � � (1.34)

where� � 
� � � � , and hence� � 
�� . Then, by the Rayleigh Ritz variational principle

� � 
 � �� � � � $ 
 � � �� � � � � � 
 � � �� � � � � � �
�

� � � � � � � � � � �� � � � � � #� � (1.35)

or

� $ � � �
�

� � � � � � � � � � �� � � � � � #� (1.36)
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Density Functional Theory

The inequality,$ , follows from the fact that� � 
�� . Similarly,

� � $ � �
�

� � � � � � � � � � �� � � � � #� (1.37)

Adding the inequalities (1.36) and (1.37) gives

� � � � � � $ � � � � � � �
�

� � � � � � � � � � ��� � � � � � � � � � �� #� (1.38)

The possibility� � � � � � � � � � is excluded since (1.38) would result in� $ � . Thus any
potential� � � � � except� � � � � � , leads to an� � � � � 
� � � � � . Q.E.D.

The simple observation (1.30) has far-reaching consequences. Since� � � � determines
� � � � and, trivially, also� , it determines� � hence, implicitly, also all properties
derivable from� such as the many electron ground state wave function�� � � � � � � � �
and energy� , excited state wave functions and energies, Green’s functions etc. The
argument therefore establishes the exsitence of a density functional formalism.

1.2.3.2 Minimal Property

The total ground state energy of a system can be written as

� �
�

�
�
�
� ��

�
�
� �

�
�

�
�

�
�
� �� � �� ee

�
�
� �

�
(1.39)

where the terms on the right hand side are the expectation values of the external
potential-, kinetic energy- and interaction energy operators. Clearly

�
�

�
�
� ��

�
�
� �

�
�

�
� � � � � � � � #�

while the quantity

� KS�� � �
�

�
�
�
� �� � �� ee

�
�
� �

�
(1.40)

is a functional of� � � � (through�� � �, de�ned for any physical� � � � corresponding to
some� � � � . (Such densities are called v-representable.) Thus,

� � � � �� � � �� �
�

� � � � � � � � #� � � �� � � �� (1.41)

Using the Rayleigh Ritz principle for the ground state energy leads rather simply to the
conclusion that, for a given� � � � , the expression (1.41) is aminimum for the correct
ground state density� � � � [?]:

Here is the original proof, given for a non-degenerate groundstate� with energy� � .
Let 	 � be a trial state. Then, by the conventional Rayleigh-Ritz principle,

� �	 � � � �
�

	 �
�
�
� � �� � �� � �� ee�

�
�
� 	 �

�
� � � (1.42)

or

� � �� � � � �� �
�

� � � � � � � � � #� � � KS�� � � � �� � � � (1.43)
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The equality sign holds only if	 � � � � or � � � � � � � � � � � . This is the Hohenberg-Kohn
energy variational principle. Note that, so far,� KS�� � � � �� is de�ned only abstractly
through Eq. (1.40) but not yet constructively.

1.3 Generalizations
(See Parr and Yang (1989) [?] and Dreizler and Gross (1990) [?]. )

The principle of DFT, considering the density� � � � as the basic variable and representing
many body effects in a density functional such as� �� �� � � �� , has been generalized in
many directions. Here is a list some of the important ones, with indications of the
relevant densities.

a) Degenerate Ground States.
b) Spin Density Functional Theory.

Separate spin up and spin down densities� � � � � � � � � � � are introduced.
Paramagnetism, cooperative magnetism.

c) Multicomponent Systems.
� � � � � � � � � � � � � � . Nuclei (� protons + neutrons)� electron-hole droplets in

semiconductors.
d) Free Energy for Finite Temperature.

� � � � � � . Plasmas
e) Excited States.

� � � � � � � � � �
� � � � � � , where� � � � � is the density of the� � the excited state

� � �
�

� �
� � � �

(See alsoi below.)
f) Orbital Magnetism.

� � � � (normal density) and�� � � � (superconducting density)
Diamagnetism, quantum Hall effect.

g) Superconductors.
� � � � (normal density) and�� � � � (superconducting density)

h) Relativistic Electrons.
i) Time-Dependent Phenomena.

� � � � 
 � � � � � � 
 �
Applications to �rst order response theory for given frequency %. Poles of

response function give excited state energies.
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Density Functional Theory

1.4 Constrained Minimisation
The original theorems by Hohenberg and Kohn established theexistence of a density
functional theory for non-degenerate ground states. The “constrained search” approach
of Levy [?], which is in some respects simpler and more constructive than the original
proof by Hohenberg and Kohn, it extends the formalism to degenerate ground states
and provides a logical approach to constructing spin and multi-component density
functionals.

Eq. (A.1) tells us that the ground state energy can be found byminimizing 
 � � �� �� �
over all normalized, antisymmetric� -particle wave functions:

� � ���
�


 � � �� �� � � (1.44)

We now separate the minimisation of Eq. (1.44) into two steps. First we consider all
wave functions� which yield a given density� � � � , and minimise over those wave
functions:

���
� � �


 � � �� �� � � ���
� � �


 � � �� � �� 		 �� � �
�


 � �� � � � � � � � � (1.45)

where we have exploited the fact that all wave functions thatyield the same� � � � also
yield the same
 � � �� 	
� �� � . The second step in minimising Eq. (1.44) is to look for the
� -particle density� that minimises Eq. (1.45):

� � ���
�


 � � �� �� �

� ���
�

�
���
� � �


 � � �� � �� 		 �� � �
�


 � �� � � � � � � �
�

� (1.46)

Now we de�ne the universal functional

� �� � � ���
� � �


 � � �� � �� 		 �� � � 
 � ���
� � �� � �� 		 �� ���

� � (1.47)

where� ���
� is that wavefunction which delivers the minimum for a given� . Hence to

�nd the groundstate energy we simply minimize over all� -electron densities� � � � :

� � ���
�

� � �� �

� ���
�

�
� �� � �

�

 � �� � � � � � � �

�
� (1.48)

where of course� � � � is held �xed during the minimization. The minimizing density is
then the ground-state density.

At the solution point�� �� � � � � or

�� �� � �
�


 � �
�

��
�� � � �

� � � � �
�

�� � � �

� � �
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If we work with a �xed number of particles, then
�


 � ��� � � � � �

and we can write

�� �� � �
�


 � �
�

��
�� � � �

� � � � � � �
�

�� � � �

� � �

or

��
�� � � �

� � � � � � �

If we de�ne � �� � for a variable number of particles (see section (1.5.4)), the constraint
of �xed � can be handled formally through the introduction of a Lagrange multiplier� :

�
�

� � �� � � �
� �


 � �� � � � � �
	�

� � (1.49)

�
�

� �� � �
�


 � �� � � � � � � � � �
� �


 � �� � � � � �
	�

� � � (1.50)

which again is equivalent to the Euler equation

��
�� � � �

� � � � � � �� (1.51)

Eq. (1.51) shows that the external potential� � � � is uniquely determined by the ground
state density (or by any one of them, if the ground state is degenerate).

The functional� �� � is de�ned via Eq. (1.47) for all densities� � � � which are
“ � -representable”, i.e., come from an antisymmetric� -electron wavefunction. The
functional derivative�� �� � � � is de�ned via Eq. (1.51) for all densities which are
“ � -representable”, i.e., come from antisymmetric� -electron ground-state wave
functions for some choice of external potential� � � � .

For each particle number� , (1.51) is satis�ed with a certain number� � � � � � �
Now consider the change in ground state energy when the particle number is changed
by a value&�

� � � � � � � � �
�
� � � �

�
� � �� � �

�
�

�� �� �
�� � � �

�
� � � � � � � � � � � � �

�

� � � � � & (1.52)

It follows that

� � � � �
�� �

��
(1.53)

and hence� is the chemical potential of the system. (See for example [?] for a further
discussion on how to extend the de�nition of� �� � to a variable number of particles).
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The formal development discussed here requires only the total density of Eq. (1.19),
and not the separate spin densities� � � � � and� � � � � . However, it is clear how to get to
a spin-density functional theory: just replace the constraint of �xed � in Eq. (1.45) and
subsequent equations by that of �xed� � and� � .

� �� � , � � �

� ���
� � , � �

�
���

� � � � , � �


 � � �� � �� 		 �� � �
�


 � �� � � � � � � � � � �
�


 � �� � � � � � � � � �
�

�(1.54)

��
�� � � � �

� � � � � � � � �

��
�� � � � �

� � � � � � � � �

There are two practical reasons to do so:

� This extension is required when the external potential is spin-dependent, i.e.,
� � � � � � � � � � , as when an external magnetic �eld couples to the' -component of
electron spin. (If this �eld also couples to the current density � � � � , then we must
resort to a current-density functional theory.)

� Even when� � � � is spin-independent, we may be interested in the physical spin
magnetization (e.g., in magnetic materials).

1.4.1 Kohn-Sham Non-Interacting System

Consider the Hamiltonian

�� � � �� � �� �
	
� � ( �� 		 � (1.55)

in which the interaction potential is scaled by a real positive number(� the coupling
constant. For( � 
 we have the fully interacting system and for( � � the interaction
potential is zero and we have a non-interacting system. We de�ne the external potential
�� �

	
� by demanding that for all values of(� the ground state density� � � � � is equal to the
fully interacting system ground state density� � � � �For all ( we get the Euler equations

�� �

�� � � �
� � �

ext� � � � � � � (1.56)

For ( � � the interaction potential is zero and we have a non-interacting system
described by:

�� � � �� � �� �
	
� � (1.57)

For the non-interacting electrons,� � �� � of Eq. (1.47) (� �� � � ��� � � � 
 � � �� �
( �� 		 �� � � reduces to

� � �� � � ���
� � �


 � � �� �� � � 
 	 ���
� � �� �	 ���

� � � (1.58)
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Although we can search over all antisymmetric� -electron wave functions in Eq. (1.58),
the minimizing wavefunction	 ���

� for the groundstate density will be a non-interacting
eigenfunction of�� � (a single Slater determinant or a linear combination of a few) for
the external potential�� � � �� �

	
� such that

�� �

�� � � �
� � � � � � � � � � � � (1.59)

as in Eq. (1.51). If there were any difference between� � and� � , the chemical potentials
for interacting and non-interacting systems of the same density, it could be absorbed
into � � � � � � In Eq. (1.59), the Kohn-Sham potential� � � � � � � � �� �

�� � � � is a functional of
� � � � . From Equations (1.56) and (1.59) it follows that

� � � � � �
��

�� � � �
�

�� �

�� � � �
� � ext� � � � (1.60)

We have assumed that� � � � is both interacting and non-interacting� -representable.
The single particle Hamiltonian

�� � � �� � �� �
	
� �

��

� � �

� � � � �

� � � � � �
� �

� 	
� � � � � � � � (1.61)

is the Kohn-Sham Hamiltonian[?]. Since�� commutes with�� � , the spin projection
operator on the the' -axis, we can choose the� � to be eigenstates of�� � , i.e., we
can choose� � � or � as a one-electron quantum number. The Kohn-Sham energy
eigenstates� � � � � � � and eigenvalues&� are the solutions of the time-independent
Kohn-Sham Schrödinger equation

� � � � � � � � � � � � &� � � � � � � � � (1.62)

Note that each eigenlevel is at least two-fold degenerate due to spin. If the groundstate
is non-degenerate, the groundstate eigenfunction of�� � becomes a single Slater
determinant

	 ���
� �
 � � � ���� � �

�



	
� �

�

�

� � 
� � � � �
� ) 
� � � �

� ) �� � � � � � �
� ) � � � (1.63)

constructed from the Kohn-Sham eigenfunctions corresponding the to lowest��
eigenvalues. Here
 stand for� � � � � and the quantum label* � includes the spin quantum
number� . ) is any permutation of the labels
 � � � � � � � �� and� � 
� � equals�
 for an
even permutation and� 
 for an odd permutation.

If the groundstate is degenerate, the groundstate wavefunction can be expressed as a
sum of Slater determinants	 �

	 ���
� �
 � � � ���� � � �

 �

� ��

#� 	 � �
 � � � ���� � � � (1.64)
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The	 � are constructed from the lowest lying Kohn-Sham single particle states. If
the occupation number of the orbital* in determinant	 � is +�� �� � or 
� the charge
density is given by

� � � � �
��

� ��

, � �� � � � � � � � �
� (1.65)

Here

, � � 
 � &� $ &�

, � �
�  

� �� #�
� +�� � &� � &�

, � � � � &� - & �

(1.66)

where&� is the highest eigenvalue of the occupied Kohn-Sham states.
The total groundstate Kohn-Sham energy is

� �!
��� �

��

� ��

, � &� (1.67)

Wede�ne the exchange-correlation energy� �

� �� � by

� � �� � � � � �� � � (� �� � � � �

� �� � � (1.68)

where� �� � is the Hartree energy given by Eq. (1.20a). The total energy of the
interacting system can now be written as

� � �� � � � � �� � �
�


 � �� � � � � � � � �

� � � �� � �
�


 � �� � � � � � � � � � (� �� � � � �

� �� � � (1.69)

The Euler equations (1.56) and (1.59) are consistent with one another if and only if the
Kohn-Sham potential.� � � � � satis�es

� � � � � � � � � � � � (
�� �� �
�� � � �

�
�� �


�

�� � � �

� � ext� � � �
�� �� �
�� � � �

�
�� �


�

�� � � �
(1.70)

The Kohn-Sham method treats� � �� � exactly, leaving only� �

� �� � to be approximated.

This makes good sense, since� � is typically a very large part of the energy, while� �

� is

a smaller part. The price to be paid for these bene�ts is the appearance of orbitals. If we
had a very accurate approximation for� � directly in terms of� , we could dispense with
the orbitals and solve the Euler equation (1.59) directly for � � � � .
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The total energy of Eq. (1.69) may also be expressed as

� � �� �

�
��

� ��

, � &� � (� �� � �
�


 � �� � � � � �

� �� � �� � � � � �


� �� � �

�
��

� ��

, � 
 � � � �


�

� � �� � � �
�


 � �� � � � � �

� �� � �� � � � (� �� � � � �


� �� � (1.71)

where the second and third terms on the right-hand-side of the second line simply
remove contributions to the �rst term which do not belong in the total energy.

In our notation,


 � �� � �. �� �� � �
�


 � �� �
�� � � � �.� �� � � � � (1.72)

Note that Eq. (1.70) shows us how to construct the external potential� � � � � that keeps
the charge density invariant for all values of(�

1.4.1.1 Meaning of the Kohn-Sham Eigenenergies

Only the highest occupied Kohn-Sham eigenvalues� has a physical meaning.
Speci�cally, the Kohn-Sham eigenenergies arenot the energies required to add or
remove electrons from the system. The asymptotic behaviourof the charge density of a
bound system is determined by the ionisation energy of the system. In the Kohn-Sham
representation the asymptotic form of the charge density isgoverned by the value of
the highest occupied Kohn-Sham eigenergy. Since the Kohn-Sham charge density is
assumed to be exact, it can be shown that the highest occupiedKohn-Sham eigenergy
for a bound system must be equal to the negative of the ionisation energy, -I. No
other Kohn-Sham eigenergy has a known physical meaning, they are �ctions of the
mathematical construction of the Kohn-Sham independent particle system.

1.4.2 Summary of Kohn-Sham Spin-Density Functional
Theory

We seek the ground-state total energy� and spin densities� � � � � , � � � � � for a collection
of � electrons interacting with one another and with an externalpotential� � � � (due to
the nuclei in most practical cases). These are found by the self-consistent solution of an
auxiliary (�ctitious) one-electron Schrödinger equation:

�
�



�

� � � � � � � � ! �� � �� � � � � �

� �� � � � � � �� � �

	
� �� � � �

� &�� � �� � � � � (1.73)

� � � � � �
�

�

+� � � &�� � �� �� � � � �� � (1.74)

Here� � � or � is the' -component of spin, and* stands for the set of remaining
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one-electron quantum numbers. The effective potential includes a classical Hartree
potential

! �� � �� � � �
�


 � � � � � � � �
�� � � � �

� (1.75)

� � � � � � � � � � � � � � � � � (1.76)

and a multiplicative exchange-correlation potential� �

� �� � � � � � �� � � , which is a functional

of the spin densities. The step function+� � � &�� � in Eq. (1.74) ensures that all
Kohn-Sham spin orbitals with&�� $ � are singly occupied, and those with&�� - � are
empty. The chemical potential� is chosen to satisfy

�

 � �� � � � � � � (1.77)

Because Eqs. (1.73) and (1.74) are interlinked, they can only be solved by iteration to
self-consistency.

The total energy is

� � � � �� � � � � � �
�


 � �� � � � � � � � � � �� � � � 
� �� � � � � � � (1.78)

where

� � �� � � � � � �
�

�

�

�

+� � � &�� � 
 � �� � �


�

� � �� �� � (1.79)

is the non-interacting kinetic energy, a functional of the spin densities because the
external potential� � � � and hence the Kohn-Sham orbitals are functionals of the spin
densities. The second term of Eq. (1.78) is the interaction of the electrons with the
external potential. The third term of Eq. (1.78) is the Hartree electrostatic self-repulsion
of the electron density

� �� � �


�

�

 � �

�

 � � � � � � � � � � � �

�� � � � �
� (1.80)

The last term of Eq. (1.78) is the exchange-correlation energy, whose functional
derivative yields the exchange-correlation potential

� �

� �� � � � � � �� � � �

�� 
�

�� � � � �
� (1.81)

Not displayed in Eq. (1.78), but needed for a system of electrons and nuclei, is the
electrostatic repulsion among the nuclei.� 
� is de�ned to include everything else
omitted from the �rst three terms of Eq. (1.78).

If the exact dependence of� 
� upon� � and� � were known, these equations would
predict the exact ground-state energy and spin-densities of a many-electron system. The
forces on the nuclei, and their equilibrium positions, could then be found from� �"

� � .
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1.4.2.1 Approximate Exchange-Correlation Functionals

Kohn-Sham spin-density functional theory reduces the many-electron ground-state
problem to a selfconsistent noninteracting electron form that is exact in principle for the
density and energy, requiring in practice an approximationfor the exchange-correlation
(xc) energy functional� 
� �� � � � � � . No other method achieves comparable accuracy at
the same cost. The exact functional is universal� its approximations should be usefully
accurate for both molecules and solids, and thus for intermediate cases (clusters,
biological molecules) or combinations (chemisorption andcatalysis on a solid surface).
The paradigm densities of quantum chemistry (hydrogen atomand electron pair bond)
and condensed matter physics (uniform electron gas) thus deserve special respect..
Functionals can be constructed semiempiriacally with a number of �tted parameters,
but semiempirical functionals can fail outside their �tting sets� for example those
�tted only to molecules can be unsuitable for solids. Alternatively, functionals can be
constructed to satisfy exact constraints on� 
� �� � � � � � � some of which we discussed
before�Nonempirical functionals are not �tted to actual or computer experiments for
real systems, but are validated by such data. John Perdew introduced the idea of a
"Jacobs ladder"[?] of approximations, rungs of increasing complexity that will lead to
the ultimate approximation. The �rst �ve rungs of “Jacob’s ladder” of approximations
can be summarised by the formula

� 
� �� � � � � �

�
�


 � �� � � � � � � � � � � � � � � � � � � � � � � � � � / � � / � � &� � &� � � (1.82)

/ � �
#���

�



�

�� � �� � � � �� (1.83)

&�� � � � �


�

�
#� � � �

�
� � � � � � �
�� � � � �

� �



� � � � � �

�
#� � � �

� #��
� � �

�� � � � � �� � � � � ��

�� � � � �
(1.84)

where the kinetic-energy,/ � � and exchange-energy,&�� � densities for the occupied
Kohn-Sham orbitals� �� � � � , are nonlocal functionals of the density� � � � � . The �rst
rung, found by dropping the�� � � � � � � � / � and&�� dependencies in Eq. (1.82), is
the local spin density (LSD) approximation, exact for the uniform electron gas and often
usefully accurate for solids. The second rung, found by dropping only the� � � � / � and
&�� dependence in Eq. (1.82), is the generalized gradient approximation (GGA) (useful
for molecules as well). The third rung of the ladder, the meta-GGA, found by dropping
&�� . This level of approximation can be correct to fourth order in � for a slowly varying
density. The �fth rung includes exact exchange in the enrgy functionals.

The �fth rung of Jacob’s ladder utilizes all of the Kohn–Shamorbitals, unoccupied
as well as occupied. Figure (1) shows Jacob’s ladder rising from the Hartree world
of unrealistically weak or missing bonding in �ve steps to chemical accuracy (energy
differences$ � ��� eV). Note that it is not only the higher rungs that have value.The
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Figure 1.1.From J. Chem. Phys.123062201 (2005)

lower rungs may be less accurate, but they are also simpler tounderstand and they
require less programming and computation time. LSD is inside the Perdew-

Burke-Ernzerhof GGA (PBE) [?] is inside the Tao-Perdew-Staroverov-Scuseria
meta-GGA (TPSS) [?] . From the nonempirical viewpoint, LSD and GGA are controlled
extrapolations from the slowly varying limit, while meta-GGA and hyper-GGA are
controlled interpolations between the limits of slowly varying and compact one or
two-electron densities, the paradigm densities for condensed matter physics and
quantum chemistry, respectively.

Hybrid functionals which combines exact exchange and approximate exchange-
correlation energies have also had some success. For example � PBE0

�� combines exact
exchange� � with the popular PBE exchange-correlation GGA� PBE

��

� PBE0
�� � *� � � �
 � * � � PBE

� � � PBE
� (1.85)

where* � �
� is a common choice. Semiempirical hyper-GGAs include the widely used

global hybrid functionals such as B3LYP[?], that mix a �xed fraction of exact exchange
with GGA exchange. Although the global hybrid functionals can be remarkably accurate
for molecules and strongly inhomogeneous solids, they are theoretically less than ideal
because they do not satisfy any exact constraints that GGAs do not satisfy. In screened
hybrid density functionals the exchange component of the electron-electron interaction
is separated into a short- sr and a long-range lr part. The complete electronic correlation
is represented by the standard correlation part of the density functional. For example
the screened Heyd-Scusiera-Ernzerhof hybrid functional HSE [?] combines a range
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dependent exact exchange part and the PBE exchange-correlation GGA:

� HSE03
�� � *

�
� $%�&

� � � '%�&
�

�
� �
 � * �

�
� � PBE,sr

� � � PBE,lr
�

�
� � PBE

� (1.86)

Here the Coulomb kernel is decomposed using the construction



�

�
�
 � erfc� �� ��

�
�

��� � �� �
�

� 0& � � � � 1& � � � � (1.87)

(� � � �� Å for optimal range separation) and anly the short range exact exchange
contribution is retained.

� HSE03
�� � *� $%�&

� � �
 � * � � PBE,sr
� � � PBE,lr

� � � PBE
� (1.88)

The equations presented here are really all that we need to doa practical calculation
for a many-electron system1. The many-body effects are in� �� � (trivially) and
� 
� �� � � � � � (less trivially)[?].

Property LSD GGA
� 
 5 % (not negative enough) 0.5 %
� � 100 % (too negative) 5 %
bond length 1 % (too short) 1 % (too long)
structure overly favors close packing more correct
energy barrier 100 % (too low) 30 % (too low)

1.Typical errors for atoms, molecules, and solids from self-consistent Kohn-Sham cal-
culations within the LSD and PBE-GGA approximations. Note that there is typically
some cancellation of errors between the exchange (� 
 ) and correlation (� � ) contribu-
tions to� 
� . The “energy barrier” is the barrier to a chemical reaction that arises at a
highly-bonded intermediate state. (From [?] )

While � 
� is often a relatively small fraction of the total energy of anatom, molecule,
or solid (minus the work needed to break up the system into separated electrons and
nuclei), the contribution from� 
� is typically about 100 % or more of the chemical
bonding or atomization energy (the work needed to break up the system into separated
neutral atoms).� 
� is a kind of “glue”, without which atoms would bond weakly if at
all. Thus, accurate approximations to� 
� are essential to the whole enterprise of density
functional theory. Table 1 shows the typical relative errors we �nd from self-consistent
calculations within the LSD or GGA approximations. Table 2 shows the mean absolute
errors in the atomization energies of 20 molecules when calculated by LSD, by GGA,
and in the Hartree-Fock approximation . Hartree-Fock treats exchange exactly, but
neglects correlation completely. While the Hartree-Fock total energy is an upper bound
to the true ground-state total energy, the LSD and GGA energies are not.

� Included in Quatum Expresso: Several exchange-correlation functionals: from LDA to
generalized-gradient corrections (PW91, PBE, B88-P86, BLYP) to meta-GGA TPSS, exact exchange (HF)
and hybrid functionals (PBE0, B3LYP, HSE)
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Approximation Mean absolute error (eV)
Unrestricted Hartree-Fock 3.1 (underbinding)
LSD 1.3 (overbinding)
GGA 0.3 (mostly overbinding)
Desired “chemical accuracy” 0.05

2.Mean absolute error of the atomization energies for 20 molecules, evaluated by various
approximations. (1 hartree = 27.21 eV) (From Ref. [?].)

Popular or standard generalized gradient expansion approximations for the exchange-
correlation energy of Kohn-Sham density-functional theory improve upon the local
density approximation LDA for atomization energies of molecules and enthalpies of
formation derived from atomization energies, but GGAs do not improve the calculated
lattice constants for typical nonmolecular solids. Phononfrequencies, ferromagnetism,
ferroelectricity, and many other properties are critically volume dependent, and thus
highly accurate lattice parameters are indispensable for these properties. Neither LDA
nor GGA is clearly to be preferred for solid state applications, both giving errors
of comparable magnitude. LDA systematically underestimates lattice constants and
coef�cients of thermal expansion, whereas GGA overestimates them. In contrast,
LDA/GGA overestimates/underestimates bulk moduli and phonon frequencies. LDA
underestimates the lattice constant on average by� � 
 % and GGA overestimates it on
average by� � %. Generally, the error in the bulk modulus, is much larger inmagnitude.
LDA average,- 
� %� GGA average,- � 
�� and is inversely related to the error in
the lattice constant. The inverse relation can be explainedby the volume dependence
of the total energy causing a monotonous decrease in the equilibrium bulk modulus B�
with increasing equilibrium volume.

In most cases we are only interested in small total-energy changes associated
with re-arrangements of the outer or valence electrons, to which the inner or core
electrons of the atoms do not contribute. In these cases, we can replace each core by a
pseudopotential, which mimics the presence of the tightly bound core electrons, for the
valence electrons, and then expand the valence-electron orbitals in an economical and
convenient basis of plane waves. Pseudopotentials are routinely combined with density
functionals. Although the most realistic pseudopotentials are nonlocal operators and
not simply local or multiplication operators, and althoughdensity functional theory in
principle requires a local external potential, this inconsistency does not seem to cause
any practical dif�culties.

1.4.2.2 Orbital dependent functionals

Note that if we minimise Eq. (1.69) with respect to the Kohn-Sham orbitals with the
constraint that the orbitals are orthonormal, we get the equations

�� �� �
�� �

� � � �
� � , �



�

� � � � � � � �
�

#� � � �� �� �
�� � � � �

�� � � � �
�� �

� � � �
�

�

��'

&�'

�
� �' �

�
#� �� �

� � � � � ' � � �
�

� , �

�
�



�

� � � � � � � �
�

� � � � � �
�

'

&�' � ' � � � � � � (1.89)
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The parameter, � can be incorporated into&�' and since the Kohn-Sham Hamiltonian
is Hermitian, the matrix&�' can be orthogonalised so that we end up with the usual
Kohn-Sham single particle equations Eq. (1.62).

If the exchange-correlation functionals are expressed in terms of the Kohn-Sham
orbitals as implicit functionals of the charge-density, their functional derivatives with
respect to the electron-density are not accessible in a straightforward manner since the
dependence of the Kohn-Sham orbitals on the density is not known. Evaluation of Eq.
(1.89) with resepct to the Kohn-Sham orbitals results in orbital dependent single particle
equations (similar to what we get in Hartree-Fock theory) incontrast to Eq. (1.62) where
the multiplicative Kohn-Sham potential� � � � � is the same for each orbital. Meta-GGA
functionals include terms of the form/ � �

� #��
�

�
� �� � �� � � � �� �which make them

implicit functionals of the charge density. Similarly the exchange energy, in terms of the
Kohn-Sham orbitals is an implicit functional of the charge density:

� � �� � � �


�

��

� ��

��

� ��

�
#� �# � � � �

�
� � � � � � � � � � �

� � � � � � � � � � �
�� � � � �

(1.90)

and

�� � �� �
�� �

� � � �
� �

��

� ��

�
#� �# � � � � � � � � � �

� � � � � � � � � � �
�� � � � �

� � nl
� �� � � � � � � � (1.91)

In order to �nd � � �� � � � � � � the optimised potential method (OPM)[?, ?] can be used.
We can write

�� � �� �
�� � � �

�
�

�

�
#� � �#� � �� �� � �� �

�� �
� � � � �

�� �
� � � � �

�� $ � � �� �
�� $ � � �� �
�� � � �

(1.92)

�� � � � �
�� $ � � � �

�
�

� �� �

� � � � �
� �

� � � � � � � � � � �

&� � &�
(1.93)

2 � � � � � � �
�� � � �

�� $ � � � �

� �
occ�

�

un-occ�

�

� �
� � � � � � � � � � �

� � � � � � � � � � �
&� � &�

(1.94)

�
#� � �2 � � � � � � � � � � � � � �

occ�

�

un-occ�

�

� �
� � � � � � � � �

�
#� %�

� �
� � � � � � nl

� �� � � � � � � � � � � � � �
&� � &�

�

(1.95)
Extracting the exchange potential from these equations is achallenging task. See
appendix C for a detailed discussion.

For practical reasons, the functional derivatives�" �� �
�( �

� � � � and consequent orbital
dependent expressions are used to determine independent particle wave functions. In
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deriving the Kohn-Sham equations we used the minimal property of the interacting
energy with respect to the charge density. There is no formalbasis for minimising the
total interacting energy with respect to the orbitals� � � � � which is effectively what is
done when we use�" �� �

�( �
� � � � with the intermediate functional chain rule term in �rst line

in Eq. (1.89). Numerical comparisons, for exchange only[?], suggest that the total
energy results of the proper Kohn-Sham treatment and the orbital dependent equations
will be similar. However, while energies are similar, proper Kohn-Sham orbitals and
eigenvalues, in particular, proper unoccupied KS orbitalsand their eigenvalues, strongly
differ from the corresponding orbitals and eigenvalues resulting from one-particle
equations derived by energy minimization with respect to orbitals. See appendix D for a
detailed discussion.

1.4.3 Exchange Energy and Correlation Energy

� �

� �� � can be decomposed as the sum of distinct exchange and correlation terms:

� �

� �� � � (� 
 �� � � � �

� �� � � (1.96)

where

� 
 �� � � 
 	 ���
� � �� 		 �	 ���

� � � � �� � � (1.97)

When	 ���
� is a single Slater determinant, Eq. (1.97) is just the usual Fock integral

applied to the Kohn-Sham orbitals, i.e., it differs from theHartree-Fock exchange energy
only to the extent that the Kohn-Sham orbitals differ from the Hartree-Fock orbitals for
a given system or density (in the same way that� $�� � differs from the Hartree-Fock
kinetic energy). We note that


 	 ���
� � �� � �� 		 �	 ���

� � � � � �� � � � �� � � � 
 �� � � (1.98)

and that, in the one-electron (�� 		 � � ) limit [ ?],

� 
 �� � � � � �� � � � � 
� � (1.99)

With the exchange energy de�ned by Eq. (1.97), the correlation energy is

� �
� �� �

� � � �� � � � � � �� � � (� �� � � (� 
 �� ��

� 
 � ��� ��
� � �� � ( �� 		 �� ��� ��

� � � 
 	 ���
� � �� � ( �� 		 �	 ���

� � � (1.100)

Since� ��� ��
� is that wavefunction which yields density� and minimizes
 �� � ( �� 		 � ,

Eq. (1.100) shows that

� �
� �� � � � � (1.101)

Since	 ���
� is that wavefunction which yields the density� and minimizes
 �� � ,

Eq. (1.100) shows that� �
� �� � is the sum of a positive kinetic energy piece and a negative

potential energy piece.
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1.4.4 Coupling-Constant Integration

The de�nitions (1.97) and (1.100) are formal ones, and do notprovide much intuitive
or physical insight into the exchange and correlation energies, or much guidance for
the approximation of their density functionals. Some insights are provided by the
coupling-constant integration [?, ?, ?, ?].

Let us de�ne� ��� ��
� as that normalized, antisymmetric wavefunction which yields

density� � � � and minimizes the expectation value of�� � ( �� 		 . When( � 
 , � ��� ��
�

is � ���
� , the interacting ground-state wavefunction for density� . When( � � , � ��� ��

�
is 	 ���

� , the non-interacting or Kohn-Sham wavefunction for density � . Varying ( at
�xed � � � � amounts to varying the external potential� � � � � : At ( � 
 , � � � � � is the
true external potential, while at( � � it is the Kohn-Sham effective potential� � � � � .
We normally assume a smooth, “adiabatic connection” between the interacting and
non-interacting ground states as( is reduced from 1 to 0.

Write Eqs. (1.96), (1.97) and (1.100) as

� 
� �� �

� 
 � ��� ��
� � �� � ( �� 		 �� ��� ��

� �
�
�
�
� ��

� 
 � ��� ��
� � �� � ( �� 		 �� ��� ��

� �
�
�
�
� ��

� � �� �

�
� �

�

 (




 (


 � ��� ��
� � �� � ( �� 		 �� ��� ��

� � � � �� � � (1.102)

The Hellmann-Feynman theorem of section B allows us to simplify Eq. (1.102) to

� 
� �� � �
� �

�

 ( 
 � ��� ��

� � �� 		 �� ��� ��
� � � � �� � � (1.103)

Eq. (1.103) “looks like” a potential energy� the kinetic energy contribution to� 
� has
been subsumed by the coupling-constant integration. We should remember, of course,
that only( � 
 is real or physical. The Kohn-Sham system at( � � , and all the
intermediate values of( , are convenient mathematical �ctions.

To make further progress, we need to know how to evaluate the� -electron expectation
value of a sum of one-body operators like�� , or a sum of two-body operators like�� 		 .
For this purpose, we introduce one-electron (3� ) and two-electron (3� ) reduced density
matrices:

3� � � ��� � � �

� �
�

� � 


� �

�

 � � � � � �

�

 � � � � � � � � �� � � � � � � � � � � � � � ��� � �� � � � � � � � � � � � � � � �(1.104)

3� � � � � � � � � � � � 
�
�

� � 


� �

�

 � � � � � �

�

 � � � ��� � � � � � � � � � � � � � � � � � � �� � (1.105)

From Eq. (1.16),

� � � � � � 3� � � �� � � � � (1.106)
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Clearly also
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� (1.107)


 �� 		 � �


�

�

 � �

�

 � � � 3� � � � � � �

�� � � � �
� (1.108)

We interpret the positive number3� � � � � � �
 � � � 
 � � as the joint probability of �nding
an electron in volume element
 � � � at � � , and an electron in
 � � at � . By standard
probability theory, this is the product of the probability of �nding an electron in
 � �
(� � � �
 � � ) and the conditional probability of �nding an electron in
 � � � , given that there
is one at� (� � � � � � � �
 � � �):

3� � � � � � � � � � � � � � � � � � � � � (1.109)

We interpret� � � � � � � � as the average density of electrons at� � , given that there is an
electron at� . Clearly then

�

 � � � � � � � � � � � � � � 
 � (1.110)

For the wavefunction� ��� ��
� , we write

� �
� � � � � � � � � � � � � � � �


� � � � � � � � (1.111)

an equation which de�nes� �

� � � � � � � , the density at� � of the exchange-correlation hole

[?] about an electron at� . Eqs. (1.17), (1.110) and (1.111) imply that
�


 � � � � �

� � � � � � � � � 
 � (1.112)

which says that, if an electron is de�nitely at� , it is missing from the rest of the system.
We can now rewrite Eq. (1.103) as [?]

� 
� �� � �


�

�

 � �

�

 � � � � � � ��� 
� � � � � � �

�� � � � �
� (1.113)

where

�� 
� � � � � � � �
� �

�

 (� �


� � � � � � � (1.114)

is the coupling-constant averaged hole density. The exchange-correlation energy is just
the electrostatic interaction between each electron and the coupling-constant averaged
exchange-correlation hole which surrounds it. The hole is created by three effects:

1. self-interaction correction, a classical effect which guarantees that an electron cannot
interact with itself,

2. the Pauli exclusion principle, which tends to keep two electrons with parallel spins
apart in space,

3. the Coulomb repulsion, which tends to keep any two electrons apart in space.
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Figure 1.2.Exchange-correlation hole in silicon about an electron located at (0, 0, 1.4
4� ). Phys. Rev. A 62, 062507 (2000): Cancio et al.

Effects (1) and (2) are responsible for the exchange energy,which is present even
at ( � � , while effect (3) is responsible for the correlation energy, and arises only for
( 
� � .

Exchange-correlation hole in silicon about an electron located at (1.44� , 0, 0). Phys.
Rev. A 62, 062507 (2000): Cancio et al.
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If � ��� �� ��
� is a single Slater determinant, then the one- and two-electron density

matrices at( � � can be constructed explicitly from the Kohn-Sham spin orbitals
� �� � � � :

3� ��
� � � � �� � � � �

�

�

+� � � &�� � � �
�� � � � � � �� � � � � (1.115)

3� ��
� � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � (1.116)

where
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�

�3� ��
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� � � �
(1.117)

is the exact exchange-hole density. Eq. (1.117) shows that

� 
 � � � � � � � � � (1.118)

so the exact exchange energy
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�� � � � �
(1.119)

is also negative, and can be written as the sum of up-spin and down-spin contributions:

� 
 � � �

 � � �


 $ � � (1.120)

Eq. (1.112) provides a sum rule for the exchange hole:
�


 � � � � 
 � � � � � � � � 
 � (1.121)

Eqs. (1.117) and (1.106) show that the “on-top” exchange hole density is

� 
 � � � � � � �
� �
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� � � �

� � � �
� (1.122)

which is determined by just the local spin densities at position � - suggesting a reason
why local spin density approximations work better than local density approximations.

The correlation hole density is de�ned by

�� 
� � � � � � � � � 
 � � � � � � � � � � � � � � � � � (1.123)

and satis�es the sum rule
�


 � � � �� � � � � � � � � � � (1.124)

which says that Coulomb repulsion changes the shape of the hole but not its integral.
In fact, this repulsion typically makes the hole deeper but more short-ranged, with a
negative on-top correlation hole density:

�� � � � � � � � � � (1.125)
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The positivity of Eq. (1.105) is equivalent via Eqs. (1.109)and (1.111) to the
inequality

�� 
� � � � � � � � � � � � � � � (1.126)

which asserts that the hole cannot take away electrons that weren’t there initially. By
the sum rule (1.124), the correlation hole density�� � � � � � � � must have positive as well
as negative contributions. Moreover, unlike the exchange hole density� � � � � � � � , the
exchange-correlation hole density�� �� � � � � � � can be positive.

To better understand� 
� , we can simplify Eq. (1.113) to
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� �� � �
�
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�

 ! � 5! � 
 �� 
� � ! � �

!
� (1.127)

where
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� 5
�� 
� � � � � � � � (1.128)

is the system- and spherical-average of the coupling-constant-averaged hole density.
The sum rule of Eq. (1.112) becomes

� �

�

 ! � 5! � 
 �� 
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 � (1.129)

The exchange-correlation energy depends only on the spherical average and not on the
detailed form of the of the exchange-correlation hole.

1.5 Formal Properties of Functionals
The more we know of the exact properties of the density functionals� �� �� � and� � �� �,
the better we shall understand and be able to approximate these functionals. To start
with, clearly for any one-electron system [?]

� � �� � � � � � � 
� � (1.130)

Eqs. (1.99) and (1.130) show that the exchange-correlationenergy of a one electron
system simply cancels the spurious self-interaction� �� �. In the same way, the
exchange-correlation potential cancels the spurious self-interaction in the Kohn-Sham
potential [?]
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� � (1.131)
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Thus
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� � (1.133)
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1.5.1 Uniform Coordinate Scaling

The behavior of the functionals under a uniform coordinate scaling of the density,
� � � � � , � � � , � � � � ) � � � can be deduced from the de�nitions. The Hartree
electrostatic self-repulsion of the electrons is known exactly (Eq. (1.80)), and has a
simple coordinate scaling:
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�
� � � � � � � � �

� �
�� � � � �

� �
� ,� �� � � (1.134)

where� � � , � and� �
� � , � � .

Next consider the non-interacting kinetic energy of Eq. (1.58). Scaling all the
wavefunctions� in the constrained search as

�� � � � � � � � � � � � ,
� �

� �� , � � � � � � � , � � �

will scale the density as

� � � � � , � � � , � �

and scale each kinetic energy expectation value as

� � �� ) � � , � � � �� �

Thus the constrained search for the unscaled density maps into the constrained search
for the scaled density.

We turn now to the exchange energy of Eq. (1.97):

� 
 �� � � 
 	 ���
� � �� 		 �	 ���

� � � � �� � � (1.135)

Let 	 ���
� �

is the scaled version of	 ���
� . Since

�� 		 � , � � � � � � � , � � � � , � � �� 		 � � � � � � � � � � � � (1.136)

and with the help of Eq. (1.134), we �nd

� 
 �� ) � � ,� 
 �� � � (1.137)

In the high-density (, � � ) limit, � $�� ) � dominates� �� ) � and� 
 �� ) �. An example
would be an ion with a �xed number of electrons� and a nuclear charge� which tends
to in�nity � in this limit, the density and energy become essentially hydrogenic, and the
effects of� and� 
 become relatively negligible. In the low-density (, � � ) limit,
� �� ) � and� 
 �� ) � dominate� � �� ) �.

We can use coordinate scaling relations to �x the form of a local density
approximation

� �� � �
�


 � �� � � � � �� � (1.138)
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If � �� ) � � , * � �� �, then

, � �
�


 � � , � � �
�
, � � � , � �

�
� , *

�

 � �� � � � � �� � (1.139)

or � � , � � � � , * �� � � � � . So in the local density approximation where� � � � is simply a
power of�� we must have

� � � � � � �� *� � � (1.140)

For the exchange energy of Eq. (1.137),6 � 
 so

� LDA
� �� � � � �

�

 � �� � � � � � � �

For the non-interacting kinetic energy,6 � � so Eqs. (1.138) and (1.140) imply the
Thomas-Fermi approximation

� � �� � � � $

�

 � �� � � � � � � � (1.141)

� �� � of Eq. (1.80) is too strongly nonlocal for any local approximation.
While � � �� �, � �� � and� 
 �� � have simple scalings,� � �� � of Eq. (1.100) does not.

This is because� ���
� �

, the wavefunction which via Eq. (1.47) yields the scaled density
� ) � � � and minimizes the expectation value of�� � �� 		 , is not the scaled wavefunction
, � �� � � ���

� � , � � � � � � � , � � � . The scaled wavefunction yields� ) � � � but minimises the
expectation value of�� � , �� 		 , and it is this latter expectation value which scales like, �

under wavefunction scaling. Thus

� � �� ) � � , � � � �)
� �� � � (1.142)

where� � �)
� �� � is the density functional for the correlation energy in a system for which

the electron-electron interaction is not�� 		 but , � � �� 		 .
To understand these results, let us assume that the Kohn-Sham non-interacting

Hamiltonian has a non-degenerate ground state. In the high-density limit (, � � ),
� ���

� �
minimizes just
 �� � and reduces to	 ���

� �
. Now we treat

 � �� 		 �
��

� ��

�
��

�� � � � �
�

�� �

�� � � � �

	
(1.143)

as a weak perturbation on the Kohn-Sham non-interacting Hamiltonian, and �nd

� � �
�

� ���

�
 � � �� �� �

� � � � �
� (1.144)

where the�� � are the eigenfunctions of the Kohn-Sham non-interacting Hamiltonian,
and�� � is its ground state. Both the numerator and the denominator of Eq. (1.144) scale
like ( � , so [?]

���
� ��

� � �� ) � � �7�8
4�
 � (1.145)
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In the low-density limit,� ���
� �

minimizes just
 �� 		 � , and Eq. (1.100) then shows that
[?]

� � �� ) � � ,9 �� � � , � �� � (1.146)

Generally, we have a scaling inequality [?]

� � �� ) � - ,� � �� � � , - 
� � (1.147)

� � �� ) � $ ,� � �� � � , $ 
� � (1.148)

If we choose a density� , we can plot� � �� ) � versus, , and compare the result to the
straight line,� � �� �. These two curves will drop away from zero as, increases from
zero (with different initial slopes), then cross at, � 
 . The convex� � �� ) � will then
approach a negative constant as( � � .

1.5.2 Local Lower Bounds

Because of the importance of local and semilocal approximations, bounds on the exact
functionals are especially useful when the bounds are themselves local functionals.

Lieb and Thirring have conjectured that� � �� � is bounded from below by the
Thomas-Fermi functional

� � �� � � � � �� � � (1.149)

where� � �� � is given by Eqs. (1.141) with

� � �
�

�

�� 5� � � � � � (1.150)

We have already established that

� 
 �� � � � 
� �� � � � � ��

� �� � � (1.151)

where the �nal term of Eq. (1.151) is the integrand� �

� �� � of the coupling-constant

integration of Eq. (1.103) ,

� �

� �� � � 
 � ��� ��

� � �� 		 �� ��� ��
� � � � �� � � (1.152)

evaluated at the upper limit( � 
 . Lieb and Oxford have proven that

� � ��

� �� � � � ��!� � �
�


 �� � � (1.153)

where� �
�

 �� � is the local density approximation for the exchange energy,Eq. (1.21),

with

� 
 � �
�

� 5
�� 5� � � � � � (1.154)
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1.5.3 Spin Scaling Relations

Spin scaling relations can be used to convert density functionals into spin-density
functionals. For example, the non-interacting kinetic energy is the sum of the separate
kinetic energies of the spin-up and spin-down electrons:

� � �� � � � � � �
�

���

+� � � &�� �
�

� ��

�
�
�
� �



�

� �
�
�
�
� � ��

�
�

� � �� � � � � � � � � �� � � �� � � � �� � � � � � (1.155)

The corresponding density functional, appropriate to a spin-unpolarized system, is

� � �� � � � � �� � � � �� � � � � �� � � �� � (1.156)

whence� � �� � � �� � �
� � � �� � and Eq. (1.155) becomes

� � �� � � � � � �


�

� � �� � � � �


�

� � �� � � � � (1.157)

Similarly, Eq. (1.120) implies
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 �� � � � � � �


�
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 �� � � � �


�
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 �� � � � � (1.158)

For example, we can start with the local density approximations (1.141) and (1.21),
then apply (1.157) and (1.158) to generate the corresponding local spin density
approximations.

Because two electrons of anti-parallel spin repel one another Coulombically, making
an important contribution to the correlation energy, thereis no simple spin scaling
relation for� � .

1.5.4 Derivative Discontinuity

The density functionals have been de�ned as constrained searches over wavefunctions.
Because all wavefunctions searched have the same electron number, there is no way to
make a number-nonconserving density variation�� � � � . The functional derivatives��

�� � � �
are de�ned only up to an arbitrary constant, which has no effect on

�� �
�


 � �
�

��
�� � � �

	
�� � � � � (1.159)

when
�

 � ��� � � � � � .

To complete the de�nition of the functional derivatives andof the chemical potential
� , we extend the constrained search from wavefunctions to ensembles. An ensemble or
mixed state is a set of wavefunctions or pure states and theirrespective probabilities.
By including wavefunctions with different electron numbers in the same ensemble, we
can develop a density functional theory for non-integer particle number[?] . Fractional
particle numbers can arise in an open system that shares electrons with its environment,
and in which the electron number �uctuates between integers.
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Density Functional Theory

The upshot is that the ground-state energy� � � � varies linearly between two adjacent
integers, and has a derivative discontinuity at each integer. This discontinuity arises in
part from the exchange-correlation energy (and entirely soin cases for which the integer
does not fall on the boundary of an electronic shell or subshell, e.g., for� � " in the
carbon atom but not for� � 
� in the neon atom).

By Janak’s theorem, the Kohn-Sham eigenenergies are given by the partial derivative
of the total energy with respect to the occupation number� � of state
 �

&� �
��
�� �

�
�

��
�� � � �

�� � � �
�� �

#� �

The highest partly-occupied Kohn-Sham eigenvalue&�� equals�� �� � � , and so
changes discontinuously [?] at an integer� :

&�� �
�

� : + � � � 
 $ � $ � �
� � + � � $ � $ � � 
�

� (1.160)

where: + is the �rst ionization energy of the� -electron system (i.e., the least energy
needed to remove an electron from this system), and� + is the electron af�nity of
the � -electron system (i.e.,� + � : + �� ). If � does not fall on the boundary of an
electronic shell or subshell, all of the difference between� : + and� � + must arise from
a discontinuous jump in the exchange-correlation potential �� 
�  �� � � � as the electron
number� crosses the integer� . The exchange-correlation potential for a� -electron
system may therefore differ by a constant form the exchange-correlation potential for
a � � 
 -electron. The difference in eigenvalue between the lowestunoccupied and
highest occupied exact Kohn-Sham eigenvalues will therefore in general not be equal to
the gap energy. This is known as thederivative discontinuity.

Since the asymptotic decay of the density of a �nite system with � electrons is
controlled by: + , we can show that the exchange-correlation potential tendsto zero as
�� � � � [?]:
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or more precisely
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 $ � $ � � � (1.162)

Simple continuum approximations to� 
� �� � � � � �, such as the LSD or the GGA,
miss much or all the derivative discontinuity, and can at best average over it. For
example, the highest occupied orbital energy for a neutral atom becomes approximately
� �

� � : + � � + � , the average of Eq. (1.160) from the electron-de�cient and electron-rich
sides of neutrality.

1.6 Uniform Electron Gas
The paradigm density for condensed matter physics is also one of the simplest possible
ones, the uniform density in which� � � � � and� � � � � are independent of position� . The
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Section 1.6 Uniform Electron Gas

periodic valence-electron density in a bulk solid, especially a
simple metal has some resemblance to this uniform density. The earliest and simplest

spin-density functional for the exchange-correlation energy was the local spin-density

� LSD
�� �

�
#� �� � � � &unif

�� � � � � � � � (1.163)

where&unif
�� � � � � � � � is the exchange-correlation energy per particle of an electron gas

with uniform spin densities� � and� � , known accurately from quantum Monte Carlo
and other many-electron methods By construction, Eq. (1.163) is exact in the one limit
in which it can be, namely, the limit of uniform spin densities. This limit is preserved
in all nonempirical density functionals, but lost in many semiempirical ones which as
a result can fail seriously for the bulk and surface properties of simple metals. An
example is one of the most widely used functional in quantum chemistry, B3LYP[?], a
hybrid functional, proposed by Becke in 1993 which underestimates the magnitude of
the correlation energy of the uniform gas by about 30%.

The correlation energy of the uniform electron gas is divergent to second or higher
�nite order in the electron-electron interaction, requiring an in�nite resummation as in
the random phase approximation or coupled cluster method. Thus density functionals
built upon �nite-order perturbation may not lead to simple improvements. The local
spin-density approximation is so accurate for solids that it is still widely used in
condensed matter physics. It is less useful for atoms and molecules, which bear less
resemblance to a uniform electron gas and are better described by the functionals on
higher rungs of Jacob’s ladder. But even a practical chemistshould respect the uniform
density limit, since he or she may someday have to deal with a molecule chemisorbed to
the surface of a simple metal.

1.6.1 Kinetic Energy

Simple systems play an important paradigmatic role in science. For example, the
hydrogen atom is a paradigm for all of atomic physics. In the same way, the uniform
electron gas is a paradigm for solid-state physics, and alsofor density functional theory.
In this system, the electron density� � � � is uniform or constant over space, and thus the
electron number is in�nite. The negative charge of the electrons is neutralized by a rigid
uniform positive background. We could imagine creating such a system by starting with
a simple metal, regarded as a perfect crystal of valence electrons and ions, and then
smearing out the ions to make the uniform background of positive charge. In fact, the
simple metal sodium is physically very much like a uniform electron gas.

We begin by evaluating the non-interacting kinetic energy and exchange energy per
electron for a spin-unpolarized electron gas of uniform density � . The corresponding
energies for the spin-polarized case can then be found from Eqs. (1.157) and (1.158).

By symmetry, the Kohn-Sham potential� $� � � must be uniform or constant, and we
take it to be zero. We impose boundary conditions within a cube of volume� � � ,
i.e., we require that the orbitals repeat from one face of thecube to its opposite
face. (Presumably any choice of boundary conditions would give the same answer as
� � � .) The Kohn-Sham orbitals are then plane waves�#$� 
 	 � � �  

	
� , with momenta

or wavevectors	 and energies� �  � . The number of orbitals of both spins in a volume

 � � of wavevector space is�� �  �� 5� � �
 � � , by an elementary geometrical argument.
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Let � � � � be the number of electrons in volume� . These electrons occupy the�
lowest Kohn-Sham spin orbitals, i.e., those with� $ � � :

� � �
�

�

+� � � � � � � �
�

�� 5� �

� � �

�

 � � 5� � � �

� �
�

� 5� � (1.164)

where� � is called the Fermi wavevector. The Fermi wavelength� 5 � � is the shortest
de Broglie wavelength for the non-interacting electrons. Clearly

� �
� �

�

� 5� �
�

� 5� �
�

� (1.165)

where we have introduced the Seitz radius� � - the radius of a sphere which on average
contains one electron.

The kinetic energy of an orbital is� �  � , and the average kinetic energy per electron
is
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or �  � of the Fermi energy. In other notation,
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� (1.167)

All of this kinetic energy follows from the Pauli exclusion principle, i.e., from the
fermion character of the electron.

1.6.2 Exchange Energy

To evaluate the exchange energy, we need the Kohn-Sham one-matrix for electrons of
spin� , as de�ned in Eq. (1.115):
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The exchange hole density at distance! from an electron is, by Eq. (1.117),

� 
 � ! � � � �
�3) ��
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�
� (1.169)
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which ranges from� � � at ! � � (where all other electrons of the same spin are
excluded by the Pauli principle) to� (like 
  ! � ) as! � � . The exchange energy per
electron is

� 
 � � � �
� �

�

 ! � 5!� 
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�
� 5

� � � (1.170)

In other notation,
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 � � � � �
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� 5
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� 5

�%5 �� � � �

� �
� (1.171)

Since the self-interaction correction vanishes for the diffuse orbitals of the uniform gas,
all of this exchange energy is due to the Pauli exclusion principle.

1.6.3 Correlation Energy

Exact analytic expressions for� � � � � , the correlation energy per electron of the uniform
gas, are known only in extreme limits. An expression which encompasses both the high
density and low density limits is [?]

� � � � �

� � � � � �
 � * � � � � ��

�
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�

�(1.172)

where
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� � �
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� � (1.174)

The coef�cients* � � � ��
�!� , � � � 
 �"�)� , and� � � � ��%�%� are found by �tting to
accurate Quantum Monte Carlo correlation energies for� � � 2, 5, 10, 20, 50, and 100.
� � � � ���
�%
 and� � � � ���""�� are determined from many-body perturbation.

The uniform electron gas is in equilibrium when the density� minimizes the total
energy per electron, i.e., when

�
��

�
 � � � � � � 
 � � � � � � � � �� � � � (1.175)

This condition is met at� � � � �
 , close to the observed valence electron density of
sodium. At any� � , we have
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Eq. (1.172) with parameters listed above provides a representation of� � � � � � � � � for
� � � � � � � � . We need� � � � � � � � � for arbitrary relative spin polarization� � � � � � � � �
for � � � � � � � � . We need� � � � � � � � � for arbitrary relative spin polarization

; �
� � � � � � �
� � � � � � �

� (1.178)

which ranges from� for an unpolarized system to� 
 for a fully-spin-polarized system.
A useful interpolation formula, based upon a study of the random phase approximation,
is [?]
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where

� � ; � �
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 � ; � � � � � �
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� (1.180)

In Eq. (1.179),* � � � � is the correlation contribution to the spin stiffness. Roughly
* � � � � � � � � �� �� � � � � � � , but more precisely� * � � � � can be parametrized in the form
of Eq. (1.172) (with� � � � ��
"))! , � � � � �����!� , * � � � �


�� , � � � � �))��" ,
� � � � ��%"!
 ).

For completeness, we note that the spin-scaling relations (1.157) and (1.158) imply
that
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1.7 Local and Semi-Local Approximations

1.7.1 Local Spin Density Approximation

The local spin density approximation (LSD) for the exchange-correlation energy, was
proposed in the original work of Kohn and Sham [?], and has proved to be remarkably
accurate, useful, and hard to improve upon. The generalizedgradient approximation
(GGA), a kind of simple extension of LSD, is now more widely used in quantum
chemistry, but LSD remains a popular way to do electronic-structure calculations
in solid state physics. Tables 1 and 2 provide a summary of typical errors for LSD
and GGA, while Tables 3 and 4 make this comparison for a few speci�c atoms and
molecules. The LSD is parametrized as in Sect. 1.6, while theGGA is the non-empirical
one of Perdew, Burke, and Ernzerhof .
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3.Exchange-correlation energies of atoms, in hartree.

Atom LSD GGA Exact
H -0.29 -0.31 -0.31
He -1.00 -1.06 -1.09
Li -1.69 -1.81 -1.83
Be -2.54 -2.72 -2.76
N -6.32 -6.73 -6.78
Ne -11.78 -12.42 -12.50

The LSD approximation to any energy component< is

< ��
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�
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where=� � � � � � � is that energy component per particle in an electron gas withuniform
spin densities� � and� � , and� � � �
 � � is the average number of electrons in volume
element
 � � . Sections 1.6.1-1.6.3 provide the ingredients for� ��


� � � � , � ��


 , and

� ��

� . The functional derivative of Eq. (1.183) is

�< ��


�� � � � �
�

�
�� �

�� � � � � � � =� � � � � � �� � (1.184)

By construction, LSD is exact for a uniform density, or more generally for a density
that varies slowly over space . More precisely, LSD should bevalid when the length
scale of the density variation is large in comparison with length scales set by the local
density, such as the Fermi wavelength� 5 � � . This condition is rarely satis�ed in real
electronic systems, so we must look elsewhere to understandwhy LSD works.

We need to understand why LSD works, for three reasons: to justify LSD calculations,
to understand the physics, and to develop improved density functional approximations.

LSD hasmanycorrect formal features. It is exact for uniform densities and
nearly-exact for slowly-varying ones, a feature that makesLSD well suited at least to
the description of the crystalline simple metals. It satis�es the inequalities� 
 $ �
(Eq. (1.120)) and� � $ � (Eq. (1.101)), the correct uniform coordinate scaling of� 


(Eq. (1.137)), the correct spin scaling of� 
 (Eq. (1.158)), the correct coordinate scaling
for � � (Eq. (1.142)), the correct low-density behavior of� � and the correct Lieb-Oxford
bound on� 
� . LSD provides a surprisingly good account of the linear response of the
spin-unpolarized uniform electron gas.

Powerful reasons for the success of LSD are provided by the coupling constant
integration of Sect. 1.4.4. The LSD approximations for the exchange and correlation
holes of an inhomogeneous system are

� ��


 � � � � � � � � ��� 


 � � � � � � � � � � � �� �� � � � �� � (1.185)

� ��

� � � � � � � � � ��� 

� � � � � � � � � � � � �� �� � � � �� � (1.186)
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4.Atomization energies of molecules, in eV. (1 hartree = 27.21 eV). From Ref. [?].

Molecule LSD GGA Exact
H� 4.9 4.6 4.7
CH� 20.0 18.2 18.2
NH� 14.6 13.1 12.9
H� O 11.6 10.1 10.1
CO 13.0 11.7 11.2
O� 7.6 6.2 5.2

where� ��� 

� � � � � � � � ! � is the hole in an electron gas with uniform spin densities� �

and� � . Since the uniform gas is a possible physical system, Eqs. (1.185) and (1.186)
obey the exact constraints of Eqs. (1.118) (negativity of� 
 ), (1.121) (sum rule on� 
 ),
(1.122), (1.124) (sum rule on�� � ), and (1.125) (negativity of� � � .

By Eq. (1.122), the LSD on-top exchange hole� ��


 � � � � � is exact, at least when

the Kohn-Sham wavefunction is a single Slater determinant.The LSD on-top
correlation hole�� ��


� � � � � � is not exact (except in the high-density, low-density, fully
spin-polarized, or slowly-varying limit), but it is often quite realistic

Because it satis�es all these constraints, the LSD model forthe system-, spherically-,
and coupling-constant-averaged hole of Eq. (1.128),


 �� ��


� � ! � � �



�

�

 � �� � � ��� ��� 


� � � � � � � � � � � � �� ! � � (1.187)

can be very physical. Moreover, the system average in Eq. (1.187) “unweights” regions
of space where LSD is expected to be least reliable, such as near a nucleus or in the
evanescent tail of the electron density [?].

Since correlation makes
 �� 
� � ! � �� � deeper, and thus by Eq. (1.129) makes
 �� 
� � ! � �
more short-ranged,� 
� can be “more local” than either� 
 or � � . In other words, LSD
often bene�ts from a cancellation of errors between exchange and correlation.

Mixed good and bad news about LSD is the fact that self-consistent LSD calculations
can break exact spin symmetries. As an example, consider “stretched H� ”, the hydrogen
molecule (� � � ) with a very large separation between the two nuclei. The exact
ground state is a spin singlet (0 � � ), with � � � � � � � � � � � � � � � �  � . But the LSD
ground state localizes all of the spin-up density on one of the nuclei, and all of the
spin-down density on the other. Although (or ratherbecause) the LSD spin densities
are wrong, the LSD total energy is correctly the sum of the energies of two isolated
hydrogen atoms, so this symmetry breaking is by no means entirely a bad thing [?]. The
self-consistent LSD on-top hole density
 �� 
� ��� � � �
 � � is also right.

Finally, the bad news about LSD:

1. LSD does not incorporate known inhomogeneity or gradientcorrections to the
exchange-correlation hole near the electron (Sect. 1.7.2)

2. LSD is not exact in the one-electron limit, i.e., does not satisfy Eqs. (1.99),
and (1.130)- (1.133). Although the “self-interaction error” is small for the
exchange-correlation energy, it is more substantial for the exchange-correlation
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potential and orbital eigenvalues.
3. As a “continuum approximation”, based as it is on the uniform electron gas

and its continuous one-electron energy spectrum, LSD misses the derivative
discontinuity of Sect. 1.5.4. Effectively, LSD averages over the discontinuity,
so its highest occupied orbital energy for a� -electron system is not Eq. (1.160)
but &�� � � � : + � � + �  � . A second consequence is that LSD predicts an
incorrect dissociation of a hetero-nuclear molecule or solid to fractionally charged
fragments. (In LSD calculations of atomization energies, the dissociation products
are constrained to be neutral atoms, and not these unphysical fragments.)

4. LSD does not guarantee satisfaction of Eq. (1.126), an inherently nonlocal
constraint.

The GGA to be outlined in the next section will preserve all the good or mixed features
of LSD listed above, while eliminating bad features (1) but not (2) - (4). Elimination
of (2) - (4) will probably require the construction of� 
� �� � � � � � from the Kohn-Sham
orbitals (which are themselves highly-nonlocal functionals of the density). For example,
the self-interaction correction [?] to LSD eliminates most of the bad features (2) and (3),
but not in an entirely satisfactory way.

1.7.2 Gradient Expansion

The natural �rst step of improvement on the LSD is the inclusion of the magnitude of
the gradient of the density�� � � at each point� Such a gradient expansion approximation
(GEA) was suggested in the original paper by Kohn and Sham, but unfortunately it does
not lead to consistent improvements to the LSD. It violates the sum rules satis�ed by
the LSD and other conditions. In real systems the gradient isoften very large so that the
GEA often leads to worse results than the LSD.

Ideally, an approximate density functional� 
� �� � � � � � should have all of the following
features:

1. a non-empirical derivation, since the principles of quantum mechanics are
well-known and suf�cient�

2. universality, since in principle one functional should work for diverse systems
(atoms, molecules, solids) with different bonding characters (covalent, ionic,
metallic, hydrogen, and van der Waals)�

3. simplicity, since this is our only hope for intuitive understanding and our best hope
for practical calculation� and

4. accuracy enough to be useful in calculations for real systems.

LSD is a controlled extrapolation because, even when applied to a density that
varies rapidly over space, it preserves many features of theexact� 
� , as discussed
in Sect. 1.7.1. LSD has worked well in solid state applications for thirty years.
There are a number of ways that can be used to construct an approximate exchange
correlation energy which depends on the density and the gradient of the density. The
termgeneralised gradient approximation(GGA) is used for functions that modify the
behaviour of the LSD at large gradients ins such a way as to preserve the desired qualities
of the LSD and improve on it. For example in the popular Perdew-Burke-Ernzerhof
(PBE) [?] 1996 construction of a GGA it was attempted to retain all thecorrect features
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of LSD, while adding other correct features. In particular,the correct uniform-gas limit
as retained, for two reasons: (1) This is the only limit in which the restricted GGA form
canbe exact. (2) Nature’s data set includes the crystalline simple metals like Na and Al.
The success of the stabilized jellium model suggests that the valence electrons in these
systems are correlated very much as in a uniform gas. Among the welter of possible
conditions which could be imposed to construct a GGA, the most natural and important
are those respected by LSD, and these are the conditions chosen in the PBE derivation
[?]. The resulting GGA is one in which all parameters (other than those in LSD) are
fundamental constants.

The GGA can usually be expressed as

� GGA
�� �� � � � � � �

�
#� �� � � � &��

�
� � � � � � �� � �� � �� � � � � ���

 

�
�

#� �� � � � &!��
� � � � � ��

�
� � � � � � �� � �� � �� � � � � ���

 
(1.188)

where&!��
� is the exchange energy per electron of a homogeneous unpolarised gas and

� �� is a dimensionless function.
As a �rst measure of inhomogeneity, it is natural to use the reduced density gradient

8 �
�� � �
� � � �

�
�� � �

��� 5� � � � � � � �
�

�
�

�
�

%5

	 � � �

�� � � � � (1.189)

which measures how fast and how much the density varies on thescale of the local
Fermi wavelength� 5 � � . For the energy of an atom, molecule, or solid, the range
� �� 8 �� 
 is very important. The range
 �� 8 �� � is somewhat important, more
so in atoms than in solids, while8 - � (as in the exponential tail of the density) is
unimportant. Note that8 is small not only for a slow density variation but also for a
density variation of small amplitude.

Because of the spin-scaling relation (1.158),

� 
 �� � � � � � �


�

� 
 �� � � � �


�

� 
 �� � � � �

it is only necessary to construct� ""�

 �� �, which must be of the form of Eq. (1.188).

Numerous enhancement factors� � have been proposed. In �gure (3) the widely used
approximations of Becke (B88) [?], Perdew Wang (PW91) [?] and the Perdew Burke
Ernzerhof [?] are shown.

Most other approximations lie somewhere between B88 and PBE. Note that� � � 

which implies that the GGA exchange energy is lower than the LSD exchange energy.
In atoms there tend to be more large gradient regions than in solids. This results in
the lowering of the binding energy which improves on the overbinding found in LSD.
The behaviour� � can be divided into two regions: small8� �� � 8 � �� , and large8�
�� � 8� . In the small8 region GGA approximations tend to be similar and lead to
similar improvements on LSD for systems with small gradients. In the large gradient
regions different approximations differ mainly because different conditions are imposed.
These differences re�ect the lack of knowledge of the exact behaviour of� � as well
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Figure 1.3.Exchange enhancement factor� � as a function of8. (From: R M Martin,
Electronic Structure: Basic Theroy and Practical Methods)
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as the dif�culty for gradient expansions to mimic the exact form in regions where the
charge changes rapidly.

The correlation energy is much more dif�cult to cast in a simple functional form.
Fortunately the correlation energy is often only a fractionof the exchange energy.
The lowest order gradient expansion at high density has beendetermined by Ma and
Brueckner:

� � �
&LDA

� � � �
&LDA

� � � �

�

 � � ��
%8� � ���

�

For large gradients the magnitude of the correlation decreases and the correlation
energy goes to zero as8 � � � This can be understood since large gradients re�ect
rapidly changing density associated with strong con�ning potentials that lead to
increased level spacing and smaller interactions comparedto single particle terms.

An example the correlation enhancement factor for the PBE approximation is given
Figure (4).

Figure 1.4.Correlation enhancement factor� � as a function of8. (From: R M Martin,
Electronic Structure: Basic Theroy and Practical Methods)

1.7.3 Self-Interaction

It is common to partition the total energy as was done in thesenotes

� � � $ � � � � �� �
�

�

�
#� � � � � � � � � � � �
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The Hartree term

� �� � �


�

�

 � � � �

�

 � � � � �

� � � � � � � � �
�� � � � �

is a mean interaction amongst all the electrons in the system. For each electron, however,
it includes an unphysical interaction with itself. The exact exchange-correlation density
functional will include a contribution that will cancel theself-interaction (SI) term in the
Hartree potential. Because� is a fully nonlocal functional of the density, SI is not
cancelled in the local and semi-local approximations, LDA,GGA and MGGA. Since
the error introduced is Coulombic, it can be signi�cant. TheSI tends to delocalise
electrons. The error introduced by the SI becomes importantwhen the electrons are
strongly interacting such as transition metal oxides and rare earth systems.

In 1981, Perdew and Zunger[?] PZ proposed to use densities of occupied orbitals in a
Self-Interaction Correction (SIC) expression for any approximate exchange-correlation
functional (DFA)

� SIC
xc � � DFA

xc �� � � � � � �
occ�

��

�
� �� �� � � � DFA

xc �� �� � ��
�

(1.190)

Although the PZ correction looks very simple, it is nontrivial to implement and
apply. It is an explicit orbital dependent approximation and Eq. (1.190) is not invariant
under a unitary transformation of occupied orbitals. Orbitals minimizing the PZ
self-interaction corrected energy are usually localized in shape. Reliable self-consistent
implementations of the PZ-SIC for molecules have become available only[?] recently,
which made it possible to carry out systematic studies of itsperformance It was found
that the Perdew-Zunger SIC improves the description of transition states of chemical
reactions and dissociation curves of odd-electron systems, but it fails badly on some
basic thermochemical tests[?] and predicts too short bonds in molecules Overall,
PZ-SIC often seems to overcorrect many-electron systems.

Recently it was proposed[?] by Perdew et al. to scale the PZ-SIC. They proposed a
dimensionless scaling factor evaluated for each� �� orbital density

> �
�� �

�
#� �

�
/ ,

�

/ �

	
� �� � � � (1.191)

where/ � is the noninteracting kinetic energy density of� -spin electrons,

/ � � � � �


�

occ�

�

�� � �� � � � �� � (1.192)

/ ,
� is the von Weizsäcker kinetic energy density,

/ ,
� � � � �

�� � � � � � ��

) � � � � �
� (1.193)

and k is a non-negative real number. It is known that/ � � � � � / ,
� � � � in regions

containing only one electron of spin� or more generally containing only orbitals of spin
� with the same shape, and that/ � � � � - / ,

� � � � otherwise. For a uniform density,
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Figure 1.5.From [?].

/ ,
� � � � � � � The scaling factor of Eq. 1.191 satis�es

� � > �
�� � 
 �

The scaled-down self-interaction correction is de�ned as

� SIC-DFA
xc � � DFA

xc �� � � � � � � � SIC (1.194)

� SIC � �
occ�

��

> �
��

�
� �� �� � � � DFA

xc �� �� � ��
�

� (1.195)

The Perdew-Zunger SIC can be considered a special case of Eq.1.195 with� � � . The
SIC of Eq. 1.195 properly vanishes when� DFA

xc is replaced by the exact xc functional
for any� � � . The scaling factor> �

�� with � � � ensures that the correction vanishes
for a uniform density, independent of the type of orbitals used.

The nonrelativistic total energies of all the atoms up to Ar are known accurately and
can be used for comparison.

Errors in the total energies of 16 atoms from Li to Ar we reported in[?] The error for
each atom was divided by the number of electrons� and averaged among the atoms in
the set. It is clear table (5 and 6) that scaling down the SIC reduces the errors in total
energies as compared to the original Perdew-Zunger SIC� � � . The most remarkable
improvement (table 6) is observed in the case of LSDA. The uncorrected LSDA
functional predicts total energies that are too high, and the deviation (calculated-exact)
increases with the atomic number. On the other hand, SIC-LSDA � � � energies are too
low with an increasingly negative deviation. With the scaled-down SIC, total energies
fall in between LSDA and SIC-LSDA� � � , and thus much closer to the accurate
values.
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Deviations are de�ned as “theory-experiment” and reportedas mean errors MEs ,
mean absolute errors MAEs , and root mean square errors RMSEs.

Over the past decade a large number of approximate density functionals have been
proposed with some 60 candidates now available.
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Figure 1.6.From [?].
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1.8 Time Dependent Density Functional
Theory

� The Hohenberg-Kohn theorem establishes that a density functional formalism exists:
A unique external potential is associated with given a charge density and interaction
potential. The charge density therefore determines the Hamiltonian and thence, in
principle, all the information about the system.

� The Kohn-Sham ansatz maps the interacting Hamiltonian ontoa single particle
Hamiltonian. The mapping is constructed to provide limitedinformation
about the fully interacting system: Only the total energy and charge density
are required to be exact. Information on the interacting system is contained
in the exchange-correlation energy and potential. The exact form of the
exchange-correlation energy functional is not known and inpractical applications it
has to be approximated. The Kohn-Sham ansatz has never been proven in general, it
applies the to the homogeneous electron gas and one or two electron systems. It
works very well in practice and we normally assume that it is valid.

The use of the density as the fundamental variable, and the construction of the
Kohn-Sham system form the basis of density functional theory (DFT) The original
formulation assumed an electronic system at zero temperature with a nondegenerate
ground state, but has been extended over the years to encompass systems at �nite
temperature, superconductors, relativity[?], time dependent DFT (TDDFT)[?], etc. The
foundation of modern TDDFT was laid in 1984 by Runge & Gross[?], who derived
a Hohenberg-Kohn like theorem for the time-dependent Schrödinger equation. The
scope of this generalization of DFT included the calculation of photoabsorption spectra
or, more generally, the interaction of electromagnetic �elds with matter, as well as the
time-dependent description of scattering experiments.

By construction the Kohn-Sham ansatz only demands that the groundstate charge
density of the time independent Schrödinger is given correctly. It is therefore not
reasonable to expect the Kohn-Sham equations to provide information on excitation
energies. The Kohn-Sham construction of a �ctional system is for convenience only.
Other constructions motivated by the Hohenberg-Kohn concept that all the information
of a system is contained in the charge density are possible.

One of the corollaries of the Hohenberg-Kohn theorem for theground state is that
all observables are functionals of the density.. From the knowledge of the density it
is possible to uniquely determine the external potential. With this potential we can,
in principle, solve the many-body Schrödinger equation, and from the many-body
energies and eigenfunctions determine all observables. Clearly, also the energies of the
excited states can be viewed in this way, i.e., they are functionals of the ground-state
density. Unfortunately, the Hohenberg-Kohn theorem is only an existence proof, and
does not teach us how to write the functionals explicitly. Ingeneral, and with few
exceptions, we have little or no information on how to express an observable as a
functional of the ground-state density. This is also the case for the excitation energies
of the system. To circumvent this problem, several approaches within the scope of DFT
have been proposed over the years. Some are more or less ad hoc, others rely on a
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solid theoretical basis. Moreover, the degree of success varies considerably among the
different techniques.

As a �rst approximation to the excitation energies one usually uses the differences
between the ground-state Kohn-Sham eigenvalues. It is wellknown that the Kohn-Sham
eigenvalues do not have any strict physical meaning [with the exception of the highest
occupied one], but, in cases where no other calculations areavailable, they are often
used to interpret experimental observations. More elaborate approaches include

� Restricting the variational principle to wave functions ofa speci�ed symmetry,
thereby obtaining the energy of the lowest state for every symmetry class

� The so-called generalized adiabatic connection Kohn-Shamformalism, where each
state of the many-body system is adiabatically connected toa Kohn-Sham state [?].

� Searching for local extrema of the ground-state energy functional[?].
� Another very interesting technique is ensemble DFT. In thismethod we are

concerned with “ensembles” of the ground state with some excited states. In the
simplest case, the ensemble is de�ned by the density matrix

�9 � �
 � %� �� � � 
 � � � � %�� � � 
 � � � (1.196)

where� � is the ground state and� � the lowest excited state, and%is some
given weight between� and
  � . Using the ensemble density it is then possible
to construct a DFT, and obtain the ensemble energy� �%� from solving a set of
Kohn-Sham-like equations. Knowing� �%� and the ground-state energy (which
can be obtained from ordinary DFT) it is trivial to determinethe energy of the
�rst excited state. The procedure can be extended to calculate all excited state
energies. The culprit of ensemble DFT (as in any other DFT) isthe existence of
good xc functionals. An ensemble LDA was developed for the equiensemble (i.e.,
an ensemble with%� 
  � ) by W. Kohn in 1986, but the results obtained with this
functional were not very encouraging. A more promising approach, involving orbital
functionals within an ensemble OEP method, has also been proposed recently[?].0.5
cm

Alternatively, the excitation energies can be obtained by knowing how the system
responds to a small time-dependent perturbation, and can therefore readily be extracted
from a TDDFT calculation. Time-dependent density functional theory (TDDFT) can
be viewed as an exact reformulation of time-dependent quantum mechanics, where the
fundamental variable is no longer the many-body-wave-function but the time dependent
density. This time-dependent density is determined by solving an auxiliary set of
noninteracting Schrödinger equations, the Kohn-Sham equations. The nontrivial part of
the many-body interaction is contained in the so-called exchange-correlation potential.

TDDFT is a simple generalization of the Kohn-Sham formulation. The formal theory
is due to Runge and Gross [?].and is, in principle, exact for a �nite system. The proof is
similar to the Hohenberg-Kohn theorems, with the addition that the initial state must be
speci�ed.

We are interested in the non-relativistic time dependent Schrödinger equation


 �
#� � � 
 �

#

� �� � 
 � � � � 
 � (1.197)
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with

�� � 
 � � �� � �� ee � �� ext� 
 � (1.198)

The external potential

�� ext� � � � � 
 � �
��

� ��

� ext � � � 
 � (1.199)

is often the Coulomb potential of the nuclei,

� ext � � � 
 � � �
� ��

� ��

� �

�� � � � � 
 � �

where� � and� � � 
 � are the charge and instantaneous position of the nuclei and� �

the number of nuclei in the system. If we allow the� � � 
 � to be functions of time, we
can study chemical reactions and scattering experiments. Another very interesting
class of problems is the interaction of electrons with external time dependent �elds.
For example, for a system illuminated by a laser beam we can write, in the dipole
approximation,

� ext � � � 
 � � �� � 
 � &�� � %
� � ��

where� , %, and� are the polarization, the frequency, and the amplitude of the laser,
respectively. The function� � 
 � is an envelope that describes the temporal shape of the
laser pulse.

The quantity

� � � � 
 � � �
�

#� � � ���#� � � �� � � � � � � ���� � � � 
 � ��

gives� times the probability of �nding an electron at time
 and position� . With this
de�nition, the density� � �� 
 � is normalized at all times to the total number of electrons,
� . This quantity, the electronic density� � �� 
 � , is the basic variable in terms of which
TDDFT is formulated.

1.8.1 Basic Theorems

The central theorem of TDDFT ( the Runge-Gross theorem) proves that there is a
one-to-one correspondence between the external (time-dependent) potential,� ext � � � 
 � ,
and the electronic density,� � �� 
 � , for many-body systems evolving from a �xed initial
state[?] . This is a nontrivial statement with profound consequences. It implies that, if
the only information we have about the system is its density,we can obtain the external
potential that produced this density. With the external potential the Schrödinger equation
can be solved, and all properties of the system obtained. From this we conclude that
the electronic density determines all other properties of the quantum system. Note that
this statement is true for a �xed initial state, i.e, besidesthe knowledge of� � �� 
 � we
also need to know the initial many-body state. The situationis somewhat different if
the system departs from its ground state: By virtue of the ordinary Hohenberg-Kohn
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theorem, the many-body ground state is uniquely determinedby the initial density,
� � �� 
 � 
 � � . If, however, the system at
 � 
 � is in a arbitrary state, the knowledge of
the initial state is essential.

The proof of the Runge-Gross theorem is considerably more involved than the proof
of the ordinary Hohenberg-Kohn theorem. The statement actually proved is that no two
potentials,� � �� 
 � and� � � �� 
 � , differing by more than a purely time-dependent function
� � 
 � , can produce the same time-dependent spin-density,� � � �� 
 � . The proof is divided
into parts: First, one proves, using the equation of motion for the current density, that
if � � �� 
 � 
� � � � 
 � then the current densities,� and� � , generated by� and� � , are
also different. In a second step, it is demonstrated that if two systems have different
current densities, then they must also possess different time-dependent densities,
i.e, � 
� � � � � 
� � � . This proof is accomplished with the help of the continuity
equation. In possession of the Runge-Gross theorem, it is fairly straightforward to
construct a time-dependent Kohn-Sham scheme. We introducean auxiliary system of
noninteracting electrons subject to an external local potential � KS. This potential is
unique, by virtue of the Runge-Gross theorem applied to the noninteracting system, and
is chosen such that the density of the Kohn-Sham electrons isthe same as the density of
the original interacting system. These Kohn-Sham electrons obey the time-dependent
Schrödinger equation


 �
#� � � 
 �

#

� �� KS � 
 � � � � 
 � (1.200)

with

�� KS � 
 � � �


�

� � � � ext � 
 � �
�

� � � �
 �
�� � � � �

#� � � � � �� �� � � � � �
 � � (1.201)

� �� �� � � � � �
 � is a function of� and
 and a functional of� � � �
 � � By construction, the
density of the interacting system can then be calculated from the Kohn-Sham orbitals

� � � � � �
�

�

+� � � &�� � �� �� � � �
 � �� �

The xc potential, includes all nontrivial many-body effects, and has an extremely
complex (and essentially unknown) functional dependence on the density. This
dependence is clearly nonlocal, both in space and in time, i.e., the potential at time
 and
positionr can depend on the density at all other positions and all previous times (due to
causality). Note that the way of writing (1.201) is largely amatter of convention. We
separate out two large terms that are well known, the external and Hartree potentials,
and write the rest as the “mysterious” xc term that we expect to approximate using
clever physical and mathematical arguments. The quality ofthe results obviously
depends on the quality of the approximation to the xc potential used. It is important to
stress that, like in ground-state density functional theory, this is the only fundamental
approximation in TDDFT. Formally,� �� is a functional not only of the density, but it
also depends on the initial Kohn-Sham determinant and on theinitial many-body wave
function. For practical reasons the latter dependence is always neglected, so that explicit
density functionals, like the adiabatic LDA, only retain the density dependence. Orbital
functionals, on the other hand, are functionals of both the time-dependent density and of
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the initial Kohn-Sham determinant. At the heart of the Kohn-Sham construction lies the
assumption that there exists a noninteracting system that possesses the same density as
the interacting system that we are interested in.

In quantum mechanics, the ground state of a system can be determined through the
minimization of the total energy. In time-dependent systems there can be no variational
principle on the basis of the total energy, simply because the total energy is not a
conserved quantity. There exists, however, a quantity analogous to the energy, the
quantum mechanical action

� �
� �

� �

#

�

� � 
 �
�
�
�
�


#
#


� �� � 
 �
�
�
�
� � � 
 �

�
� (1.202)

where� � 
 � is an� -body function de�ned in some convenient space. It is clearly
seen that �-

� 
 �� � � 	 yields the time-dependent Schrödinger equation.
In their original paper, Runge & Gross offered a derivation of the Kohn-Sham

equations starting from the action (1.202). The exchange correlation potential
� �� �� � � � � �
 � is a function of� and
 and a functional of� � � �
 � �

� �� �� � � � � �
 � �
�� ��

�� � � �
 �
(1.203)

where� �� includes all nontrivial many-body parts of the action. The xc potential is then
simply the functional derivative of this quantity in terms of the density. However, it was
later discovered that this formulation encompasses two fundamental problems:

(a) Response functions like� �� � � 
� � � 
 � � �� �	 �� � �� � �� �
�� � � � �� � � must be causal, i.e., must be

zero for
 $ 
 � , but Equation (1.202) leads to an� �� which is a symmetric function of
its time (and space) arguments, and therefore not causal

(b) To derive the time-dependent Schrödinger equation from(1.202) we must impose
two boundary conditions on the variation,� � � 
 � � � � � � 
 � � � � . However, these
two variations are not independent within TDDFT, as the value of � � � 
 � � is fully
determined by� � � 
 � � � � . These two problems were solved by van Leeuwen in 1998.
The causality problem is circumvented by the use of the Keldysh formalism , while
the second problem is resolved by introducing a new action functional that does not
explicitly contain �

�� :

� �� � � � 
?� 
 � � 
 � � � � � / . � / � � �� � 
 � � � �
� / �

/ �

#/ 
 � � / �
�

#� �� � � � 
 � � �� �� � � � � �
 �

(1.204)
where/ stands for the Keldysh pseudo-time,
 �� / � is a shorthand for#
 #/ , and� is

the evolution operator of the system.

� � / . � / � � � �� 0 �#$
�
� 


� / �

/ �

#/
 � � / � �� � / �
�

In the last expression,�� 0 denotes ordering in/ . Using the action functional (1.204) it
is possible to construct a system of noninteracting (Kohn-Sham) electrons that yields the
same time-dependent density as the interacting system. Theaction of the Kohn-Sham
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system,� �! is de�ned similarly as in (1.204) but with�� replaced by�� �! . The��
part of the action functional can then be de�ned through the relation

� �� � � � �! �� � � � �� �� � �
� / �

/ �

#/ 
 � � / �
�

#� �
�

#� � � � � � � 
 � � � � � � 
 �
�� � � � �

(1.205)

Unfortunately, and in contrast to stationary-state DFT, approximations to the time
dependent�� potential are still in their infancy. The simplest approximation is the
so-called adiabatic approximation

� adiabatic
��� �� � � � � � � � � ��� �� � � � � ��� 
 � � 
 � � �� � (1.206)

where�� ��� �� � � � � � is some given ground-state�� functional. This adiabatic
functional is clearly local in time. As�� ��� �� � � � � � is a ground-state property, we expect
that the adiabatic approximation works best for time-dependent systems that only
slightly deviate from their ground state. By inserting the LDA potential in (1.206) we
obtain the adiabatic local density approximation (ALDA), which is perhaps the most
widely used functional in TDDFT. Naturally, the ALDA retains all the problems already
present in the LDA. One of those problems, particularly important in time-dependent
systems where the electrons are pushed to regions far away from the nuclei, is the
incorrect asymptotic behavior of the LDA potential. For neutral �nite systems, the
exact xc potential decays as -1/r while the LDA potential goes to zero exponentially.
Unfortunately, this problem is not corrected by most of the GGAs nor by the more
modern meta-GGAs.

A functional that does exhibit the correct asymptotic behavior is the EXX.(exchange
only approximation) The EXX action is obtained by expanding� �� to �rst order in � �

(where� denotes the electron charge). It is given by the Fock integral

� EXX
��

� �


�

�

�

#���

��

�
#/ 
 � � / �

�
#� �

�
�

#� � � �
�
�� � � � � / � � �� � � � � / � � �� � � � / � � �

�� � � � / �

�� � � � �

As this action is not an explicit density functional, one hasto go through a series of
chain rules in order to obtain� "11 . The procedure is known, for historical reasons, as
the optimized effective potential (OEP) or the optimized potential method (OPM). The
EXX potential is then determined by solving the integral

� �
�

�

�
#
 �

�
#� � � �

� EXX
�� � � � � 
 � � � ! �� � � � � 
 � �

�

� � �� � � � 
 � � �
�� � � � � 
 � � < 2� � � 
� � � 
 � � � ���� (1.207)

where we have de�ned the retarded Green’s function by

< 2� � � 
� � � 
 � � � +� 
 � 
 � �
��

� ��

� �� � � � 
 � � �
�� � � � � 
 � �
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The function! ��� is essentially the functional derivative of the action functional in
terms of the Kohn-Sham orbital�

! ��� � � � 
 � �



� �
�� � � � 
 �

�� EXX
�

�
� ��

�

�� �� � � � / �

�
�
�
�
�
( �
 � ( �
 � � �� �

Note that the xc potential is still a local potential, even though it is obtained through
the solution of an extremely nonlocal and nonlinear integral equation. It is possible to
obtain a semianalytic solution of (1.207) by generalizing to the time-dependent case an
approximation �rst proposed by Krieger, Lee & Iafrate (KLI)[?]. The KLI potential
retains the correct asymptotic behavior of� EXX

� , but its dependence on the Kohn-Sham
orbitals becomes local in the time coordinate. There have been few attempts to derive a
functional which is nonlocal in time. Unfortunately, no applications of this functional
exist to date.

1.8.2 Excitation Energies

The function2, the so-called linear density response function of the system, measures
the change of the density, when the system is perturbed by a small (in�nitesimal) change
of the external potential�� ext� � � �%� �

�� � � �� %� �
�

� �

�
#� �2 �� � � � � � � � %� �� ext� � � � � �%� � (1.208)

We can calculate the same change in density using the Kohn-Sham system

�� � � �� %� �
�

� �

�
#� � �2

KS

 � � � � � � � %� �� KS� � � � � �%� � (1.209)

The response function that enters (1.209) is the density response function of the
noninteracting Kohn-Sham electrons. In terms of the unperturbed stationary Kohn-Sham
orbitals it reads

2
KS

 � � � � � � � %� � � �� �

��

���

� � �� � � �� �
� �� � � � � �

�� � � � � � �� � � � � � �� � � �
%� �&�� � &�� � � 
@

(1.210)

where� �� and&�� are the ground-state Kohn-Sham orbitals and eigenvalues,� �� is
the occupation number of the j�� orbital, and@is a positive in�nitesimal. Using the
de�nition of the Kohn-Sham potential we can obtain the linear change of the Kohn-Sham
potential,

�� KS� � � � �%� � �� 	��� � �� %� �
�

#� �
�� � � � � %�
�� � � � �

�
�

� �

�
#� � � � ���� � � � � � � � %� �� � � � � � %� � (1.211)
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where we have introduced the time Fourier transform of the xckernel
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 � 
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� (1.212)

Combining the previous results we obtain
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(1.213)

Using (1.208) we arrive at a Dyson-like equation for the response function
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 � � 
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Equation (1.214) gives a formally exact representation of the density response of the
interacting system. In fact, if we were knew what the exact functional� ���� � �� � � � � � ��
were, a self-consistent solution of (1.214) would yield theresponse function,2, of the
interacting system. The key ingredient of (1.214) is the xc kernel,� �� . This is, as
expected, a very complicated functional of the density thatencompasses all nontrivial
many-body effects of the system. The simplest approximation to � �� is the ALDA
kernel

� ALDA
���� � � � 
� � � 
 � � � � � 
 � 
 � � � � � � � � � � HEG

���� � � � � � � � � � 
 � � 
 � � �� � (1.215)

where

� HEG
���� � � � � � � � � �

#
#� �

� HEG
�� � � � � � � � � (1.216)

is just the derivative of the xc potential of the homogeneouselectron gas. This kernel
is trivially derived by using the ALDA xc potential in the de�nition (1.212). Note that
the ALDA kernel is local both in space and in time (and hence, obviously causal).
Despite being a very crude approximation, it is found that the ALDA yields very good
results for a large variety of molecules and clusters.
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From M.A.L. Marques and E.K.U. Gross, Annu. Rev. Phys. Chem.55427 (2004)
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Exercises

1. Consider an exchange only approximation and assume that all unknown functionals
are local density functionals of the form

< �� � �
�

#� � � � � � � �

(a) Use coordinate scaling arguments to show that the kinetic and exchange
energies have the forms

� � � �� � � A�

�
#� � � �� � �� � � �

� x �� � � A�

�
#� � � �� � �� � � � �

Recall that the exchange energy has the form (in terms of Kohn-Sham orbitals)

� �
�
3� �3�

�
� �



�

�
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� 
�

� ��

�
#� �# � � � �

�
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�� � � � � � �� � � � �
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(1.217)

(b) Use the variation of the total energy functional to derive the Thomas Fermi
equation

�
�

A� � �� � �� � � � �
�
�

A� � �� � �� � � � �
�

#� � � � � � � �
�� � � � �
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where� ext is the external potential and� is a Lagrange multiplier.

Single Particle Density Functional Theory

The Hamiltonian for a single particle in one dimension has the form
�
�

� �

� 	
#�

#� � � � � � �
�

" � � � � � � � " � � � � (1.218)

where� � � � is the potential. The probability density for the ground state is

3� � � � � �" � � � � �� �

The wavefunction" � � � � is normalised, hence:
�

3� � � � #� � 


1. Discuss what is meant by the ’ground state’.
2. Prove the Hohenberg-Kohn theorems for a one dimensional single particle system.
3. As an example of the explicit construction of a potential determined by the density,

�nd the one dimensional potential� � � � that gives the density�� � �� �
� The

normalisation constant� ensures that the density corresponds to one electron.
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4. For a non-degenerate groundstate" � � � � is real and

� � �
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� �
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3� � � � #� (1.219)

Discuss Eq. (1.219). What are the potential problems with the expression?

(a) We de�ne the energy functional� �3� for general3 where
�

3 � � � #� � 
 and
3� � � satis�es the same boundary conditions as3� � � � �

� �3� � � �3� �
�

3 � � � � � � � #� (220)
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i. Prove the last line in Eq. (1.221).
ii. What conditions not mentioned must the density satisfy for Eq. (1.220) to

be a reasonable energy functional?
(b) Use the Hohenberg-Kohn theorems to show that

�
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�
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�� 3 � � �
	 �
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and
�
�

� �

� 	
#�

#� � � � eff �� 3� � � �
�

3 � � � � � ,3 � � � (1.223)

where
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� �
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(1.224)

and, is a constant. What does, correspond to?
Hint:

(c) Consider wave functions

" � � � � � � � 3� � � � �

(� � for normalisation). Show that (for� � � � � � � 
 � � � � � ) � ��� � �these wave
functions are solutions of the Schrödinger equations with external potentials
� eff�� � � �

� � � � � � � �� � � � � �� � � 
� �
� �
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	 �

Show that the corresponding groundstate energies are equalto

� � � � �� � �
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Hint: Write potentials as a linear difference equation of the form

' � �� � � ' � �
�
� � �� � �

� � � �

' � � � � � � � �

� � � � �
� �

� 	

�



3� � � �
#

#�
3� � � �

	 �

Consider the potentials:

� � � for �� � $
1
�

� otherwise

� � � � �


�

	% � � �

Find the analytical expression for� � 3� � � � and� � � � � for each potential for
� � 
 � � � Sketch the potentials and the wavefunctions in each case.
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Appendix A
Wavefunction Variational Princi-

ple
The Schrödinger equation

�� �� � � � �� �

is equivalent to a wavefunction variational principle: If we extremise
 � � �� �� � subject
to the constraint
 � �� � � 
 , we recover the Schrödinger equation. This means we set
the following �rst variation to zero:

�




 � � �� �� �  
 � �� �
�

� � � (A.1)

or more explicitly we consider the change in
 � � �� �� � to �rst order in � � when we
change� by an in�nitesimal amount� � � � � � � � � �

�
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�
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 � �� �

� (A.2)

and we keep only the terms that are �rst order in� � � We can write (A.2) as

$ � � � � �� � � � - �
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 � �� �
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� $ � � � � � �� �� � � � - �

 � � �� �� �


 � �� �
$ � � � � �� � � � -

� $ � � � �� � , �� - � $ � � �� � , �� � - � $ � � � �� �� � - � $ � � � �� � , �� � -(A.3)

where, � 
 � 	 #3 	� �

 � 	� � . Since �� is Hermitian and� � an arbitrary variation, we notice

that the vectors�� - � �� � -� which make�




 � � �� �� �  
 � �� �
�

� � to �rst order in

�� � -� must satisfy

�� �� � - � , � �� � - � (A.4)

In other words, any vector� which causes the variation of$ �� - to vanish to �rst order
in � � is an eigenvector of��� Conversely, every eigenvector of�� makes the variation of

 � � �� �� � zero to �rst order in� � . The groundstate wavefunction and energy a can be
found from (A.1) by searching for the wave function that minimises
 � � �� �� �  
 � �� � �
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Appendix B
Hellmann-Feynman Theorem
Often the Hamiltonian�� ) depends upon a parameter, , and we want to know how the energy� ) depends
upon this parameter. For any normalized variational solution � ) (including in particular any eigenstate of
�� ) ), we de�ne

� ) � 
 � ) � �� ) �� ) � � (B.1)

Then
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�,
�� ) � � (B.2)

The �rst term of Eq. (B.2) vanishes by the variational principle, and we �nd the Hellmann-Feynman
theorem
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Eq. (B.3) will be useful later for our understanding of� 
� . For now, we shall use Eq. (B.3) to derive the
electrostatic force theorem. Let� � be the position of the
-th electron, and� 4 the position of the (static)
nucleus: with atomic number� 4. The Hamiltonian (in atomic units� � 
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depends parametrically upon the position� 4, so the force on nucleus: is
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� (B.5)

just as classical electrostatics would predict. Eq. (B.5) can be used to �nd the equilibrium geometries of
a molecule or solid by varying all the� 4 until the energy is a minimum and� �� � � 4 � � . Eq. (B.5)
also forms the basis for a possible density functional molecular dynamics, in which the nuclei move under
these forces by Newton’s second law. In principle, all we need for either application is an accurate electron
density for each set of nuclear positions.
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Appendix C
Optimised Effected Potential
Imposing the condition of a multiplicative potential for the single particle Hamiltonian when the
exchange-correlation energy is expressed in terms of KS orbitals, leads to the Optimised Effected Potential
method[?, ?, ?]. In order to calculate the exchange-correlation potential, we use the chain-rule for
functional derivatives

� OEP
��� � � � �

�� ��

�� � � � �

�
�
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�
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� c.c. (C.1)

and applying the chain rule once more
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�� � � � �

(C.2)

The last term on the right hand side is the inverse2 � �
�� � � � � � � of the density response function of the

independent particle system

2 �� � � � � � � �
�� � � � �
�� $� � � � �
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�� �� � � � �� (C.3)

Standard �rst order perturbation theory yields
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The standard OEP integral equation can be expressed as
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where
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De�ne

" �
�� � � � ��

�
#� � � � �

�� � � � � � � ��� � � � � � ! ���� � � � �� < �� � � � � � � (C.8)

then the OEP equation can be written as

� 
�

� ��

" �
�� � � � � �� � � � � c.c. � � � (C.9)
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Solving the OEP equation (C.5) is not a trivial task. Due to its complexity, relatively few direct solutions
of the OEP integral have been implemented.

Kümmel and Perdew[?] proposed a method for solving the OEP equation that holds much promise.
Equation (C.9) says that the optimum (i.e., yielding the lowest Kohn-Sham energy) potential� OEP

��� � � � � to
replace the orbital dependent potential,

! ���� � � � �
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�� �� �� � � �
�� �� � � �

is the one that makes the change in the density vanish to �rst order in the perturbation,

 � �� � � � � � ��� � � � � ! ���� � � � (C.10)

when this perturbation is applied to the Kohn-Sham system. The� �� � � � in Eq. (C.9) are the Kohn-Sham
orbitals,

�
�� KS� � &��

 
� �� � � � � � (C.11)

" �� � � � is the �rst-order perturbation-theory shift that results if � �� � � � is subjected to the perturbation of
Eq. � C.10� ,
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For the sake of simplicity, we here assume nondegenerate orbitals (the extension to degenerate
orbitals is not complicated[?]). Note that if the exact exchange energy� � �� � � � � � is substituted for
the exchange-correlation energy� �� �� � � � � � � ! ���� � � � just yields the orbital dependent Hartree-Fock
potential
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The fact that the OEP can be expressed solely in terms of the occupied Kohn-Sham orbitals and their
�rst-order shifts leads to a simple scheme for its construction. As a straightforward result from �rst-order
perturbation theory, the partial differential equations
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where
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and

�! ���� �
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�� � � � � � ���� � � � � � �� � � � � #� � � � (C.16)

Solving Eq. (C.14) for� ��� � � � " �� � � � and using Eq.(C.9) twice[?, ?], yields
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Since the potential� ��� � � � of Eq. �C.17� is �xed only up to an additive constant, one is at liberty to
choose one of the constants�� ���� � �! ���� freely. The usual choice is

�� ��� 
 � � �! ��� 
 � � � � (C.18)

to make the potential vanish at in�nity. Together with the orthogonality condition
�

#� �" �
�� � � � � �� � � � � �

that follows from Eq.(C.12), Eq. (C.14) uniquely determines the orbital shifts. The" �� can easily be
calculated from Eq. (C.14) and used to construct the OEP. Thebasic idea is to combine the Kohn-Sham
equations with the orbital shift equations (C.12) in a self-consistent iteration. This can be done in different
ways. The �rst and obvious one consists of the following steps: Solve the Kohn-Sham equations with an
approximation to the OEP. Use the resulting� �� and� ��� to construct the right-hand side of Eq. (C.12).
Solve, e.g., by conjugate gradient iteration, for the orbital shifts. Insert the" �� into Eq. (C.17) to obtain an
improved approximation for� ��� . Then self-consistently solve the Kohn-Sham equations again for �xed
� ��� to obtain a new total energy and new eigenvalues. Repeat these steps until convergence is achieved.
This simple procedure only involves the occupied orbitals and their shifts. Instead of an integral equation,
it only requires solving partial differential equations, which can easily be done.
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Appendix D
Orbital based Exchange Correlation
Energies - Approximate treatment
Meta- and Hyper-GGA include occupied Kohn-Sham orbitals intheir construction.
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In the Kohn-Sham formulation the exchange-correlation potential is the functional derivative of the
exchange-correlation energy

� ��� �� � � � � � �
�� HGGA

��

�� � � � �
�

The Kohn-Sham orbitals are implicit functionals of the density and it is not possible to evaluate
� ��� explicitly. Most selfconsistent implementations of orbital based approximations resort to a non
Kohn-Sham approach. Consider the nonrelativistic total energy Lagrangian
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(D.1)

� is the kinetic-energy operator,� 	�� denotes the external nuclear potential, and� is the Coulomb or
Hartree energy and� HF

� is the exchange energy functional, scaled by a hybrid mixingcoef�cient � � . Thus,
� � � � corresponds to a nonhybrid “pure” MGGA functional, while� � � 
 , � �� recovers the Hartree-Fock
approximation.1 is required to be stationary with respect to the vector of occupied Kohn-Sham orbitals
and the Lagrange multiplier matrixB��� which enforces orthonormality of the orbitals. This leads to a set of
nonlinear effective one-particle equations,
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The Hartree and xc potentials result from the functional derivative of the Hartree and xc energy functionals
with respect to the orbitals� they are functionals of� � and/ �
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where( �� � � � � � � � � �� � � � � � � and� 
� � � denotes the opposite spin of� . Due to the dependence
of � �� �� �, the xc potential has terms proportional� and � �� � � ��� � � � therefore a local but
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nonmultiplicative operator. The HF exchange potential is fully nonlocal,

� HF
� � � � � � � � �

� 
�

� ��
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�� � � � �

Together with the orbital expansions of� � and/ � , Eqs. �D.2� represent a self-consistent scheme to
determine the ground-state energy. Since� is Hermitian, we may choose it to be diagonal,B��� � � ��� .
This “canonical” choice of the orbitals has no in�uence on the energy, because1 is invariant under unitary
transformations of occupied orbitals of either spin.

The above scheme was �rst used by Neumann, Nobes,and Handy[?] (NNH) in a straightforward
approach to selfconsistent MGGA calculations and has become a standard since then. It is not properly a
KS method, because the variation of1 is taken with respect to the orbitals or, equivalently, the KS density
matrix , not with respect to the density, as originally required by Kohn and Sham. The variation of1 with
respect to the density is equivalent to the additional constraint that the KS orbitals come from a local
multiplicative one-particle potential. The NNH scheme therefore leads to total energies which are lower
than or equal to the corresponding KS ground-state energy.

For GGA functionals, the NNH and the proper KS methods are thesame. In the case of MGGA
functionals,� ��� has additional terms proportional� to and� � , which result from the dependence of the
xc energy functional. On the other hand, in the exact-exchange-only case� �� � � , � � � 
 , the NNH
method is equivalent to the HF approximation. In view of the small differences between exact exchange
KS and HF total energies, it appears plausible that the NNH approach yields accurate total energies when
applied to MGGA functionals.
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Appendix E
Van der Waals Density Functional

Density functional theory for molecules and materials is widely applied with approximate local and
semilocal density functionals for the interaction effects. For largely homogeneous systems, for example,
simple metals and semiconductors, the local-density approximation for these effects is appropriate. For
inhomogeneous systems, for example, transition metals, ionic crystals, compound metals, surfaces,
interfaces, and some chemical systems, semilocal-densityapproximations, such as members of the family
of generalized gradient approximations, work well. Today DFT describes cohesion, bonds, structures,
and other properties very well for dense molecules and materials. However, sparse systems including
soft matter, van der Waals complexes, and biomolecules, areat least as abundant. They have interparticle
separations, for which nonlocal, long-ranged interactions, such as van der Waals (vdW) forces, are
in�uential. Recently a van der Waals correlation energy functional (vdW-DF) was developed[?] that shows
much promise. The vdW-DF divides the correlation into a shorter ranged and a longer ranged part. The
�rst part is approximated by the local density approximation, while the latter� nl

� includes the important
dispersive interactions.� nl

� is nonlocal by construction and, consistent with the approximation for the
shorter ranged correlation, it is constructed to vanish fora homogeneous system. In the vdW-DF of [?], the
total exchange correlation energy reads

� vdW-DF
xc � � revPBE� � revPBE

� � � LDA
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�

The simplest form for the nonlocal correlation-energy partto such a functional can be expressed as
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with a density-density interaction kernel� � � � � � � derived from the many-body response of
the weakly inhomogeneous electron gas. The kernel� � � � � � � can be tabulated in terms of two
dimensionless parameters, a scaled separation9 � �� � � � � �C� � C

�

� �  � , and an asymmetry parameter
� � � C� � C

�

� �  �C� � C
�

� � , whereC� � � � is a local parameter that depends on the electron density andits
gradient at� .
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The calculated binding-energy curves[?] as functions of separation for Ar and Kr dimers, illustrating the
superior prediction of the vdW-DA calculation.

The interlayer spacing between graphene layers are not predicted well by local and semi-local
approximations, while the vdW-DF calculation does much better. (taken from Svetla D. Chakarova-Käck
et al., Phys. Rev. Lett96146107 (2006))
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From Svetla D. Chakarova-Käck et al., Phys. Rev. Lett96146107 (2006)
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Appendix F
Miscellaneous Extracts from Papers:
Approximate Exchange-Correlation
Functionals
Here is a list of the papers referred to in the lectures on validation of approximate exchange-correlation
functionals.

1. Ke Yang, Jingjing Zheng, Yan Zhao, and Donald G. Truhlar
Tests of the RPBE, revPBE,/ -HCTHhyb,%B97X-D, and MOHLYP density functional approximations
and 29 others against representative databases for diversebond energies and barrier heights in catalysis.
J. Chem. Phys., 2010, 132, 164117

2. Gábor I. Csonka, John P. Perdew, Adrienn Ruzsinszky, PierH. T. Philipsen, Sébastien Lebègue,
Joachim Paier, Oleg A. Vydrov, and János G. Ángyán
Assessing the performance of recent density functionals for bulk solids.
PHYS REV B 79, 155107 2009

3. J. Paier,a M. Marsman, K. Hummer, and G. Kresse, I. C. Gerber and J. G. Ángyán
Screened hybrid density functionals applied to solids
J. Chem. Phys. 124, 154709 2006

4. Judith Harl and Georg Kresse
Accurate Bulk Properties from Approximate Many-Body Techniques
PRL 103, 056401 (2009)
Many other articles on exchange-correlation functional validation are available in the leterature.
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