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1

An introduction to Bayesian Statistics

In classical (also called Frequentist) statistics we assume that our data
Z1,T2,...,%, follow a distribution f(x|0) determined by some fixed but
unknown parameter 6. The aim of inference is to make a statement about
this parameter.

In Bayesian statistics, we believe that the parameter is a random vari-
able. We aim to make statements about its distribution, conditional on
the observed data. Before performing the experiment, we summarise our
knowledge about the distribution of the random parameter 6 in a prior
density, denoted g(6).

Once we observe the data, we update our beliefs about the parameter using
Bayes’ rule, and describe our beliefs by means of a posterior distribtuion:
f(x10)9(0)
tO|z) = —7———+—
PostO) = Ty al0)g(0) a0
where g(6) denotes the prior and f(z|f) denotes the Likelihood L(6).

As when we work with the likelihood, the value under the function is not
so important, so we can often ignore many constants, and so can often
carry out inference using:

post(0lx) o f(x|0)g(0) (1)

This is often summarised as:

Posterior o« Likelihood x Prior




2 Inference for a proportion

Consider the binomial density:

f(z|m) = (n>7r’”(1 —m)" % forz=0,1,...,n
x

This is a function of z given .
Conveniently, the likelihood function can be given as:

Ln|z) = (Z) (1 — 7" for 0 < 7w < 1. 2)

This is a function of 7 given x.
Now we wish to apply Bayes theorem from (1). This gives:

post(m|r) = —
but we can work with the simpler:

post(r|z) o< L(rm|x)g(m).
If we apply a uniform prior,:

glm)=1for0<7 <1

we obtain an expression for the posterior as follows:
n _
post(r|z) = ( )ﬂ$(1 — )" (3)
x
Remember that this is a function of .

This is a Beta(a’,b’) density, where ¢’ = x+1and ¥ =n—z+1
(or our posterior is a Beta(z + 1,n — x + 1) density.

2.1 Sketching the functions

In order to explore the implications of Bayesian inference, we shall sketch these
functions (prior, posterior) using a computer.

First, note that although 0 < 7w < 1 construct a grid over that range exclud-
ing 0 and 1 but including a number values between):

Next write a short function that evaluate the posterior assuming a uniform
prior. In other words, you want to evaluate the function given in (3) for all
values of pi. Note that you can ignore constants and that you only need to
evaluate:

post(m|x) = 77(1 —m)" ™7

You should obtain a plot as below. I have superimposed a vertical line to

denote the maximum likelihood estimate.
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You should see for our simple example that the posterior mode is the same
as the maximum likelihood estimate. Let’s now consider another prior.

3 Beta Density

The Beta density is a convenient prior as it is a “conjugate prior” and hence
analytical results are available. The Beta density is given by:
I'(a+b)
b) = ————m* 1 -7 for0< 7 <1
g(m|a,b) F(a)F(b)ﬂ (I-m) or 0 <7 <
If we multiply together our Beta prior in 4 with our binomial likelihood in

(4)

2, and discard any constants not involving 7 we get:
b4+n—x—1

post(m|z) oc T (1 — )

This is a Beta(a',V’) density with ' = a4+ 2z and ¥’ =b+n —z, i.e. a

Beta(a + x,b+ n — ) density.
You should modify your earlier code to sketch this function.

It is also informative to plot these prior.



3.1 The Jeffreys Prior
Recall that if we transform the unknown parameter from 7 to ¥ (more formally
(), then:

dlog L(3|x)  Olog L(w|x) ‘dl
o N om dyp

If we square, and take expectations over values of x we find:
d
I(m) = 1(m)(| 377
Hence the prior:

p(m) o< /()

if used, will after transformation yield:

p(¥) o</ I(¢)

And so you should pay particular attention to this Jeffrey’s Prior. Here, this
is a Beta(0.5,0.5) distribution. Can you plot the posterior assuming a Jeffreys
prior, and compare your results with those from the other priors.
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We have plotted the “prior” (dashed) along with the posterior. It is clear
here that the posterior has a very different shape.



3.2 Self-assessed exercise

We are interested in examining the effect of prior on the posterior.
e Try the following priors: Beta(0.5, 0.5), Beta(1,1), Beta(2,2), Beta(5,5)
e Try the following data: (x=2,n=10), (x=20,n=100), (x=200,n=1000)

In total, there are twelve combinations of prior and data. Carefully examine
the posterior distribution.

e What is the effect of increasing the size of a and b in the prior in terms of
the posterior distribution for 7

e What is the effect of increasing n in the data in terms of the posterior
distribution for 7.

4 Summarising the Posterior

Whilst we need to note that the Posterior is a function, we need to summarise
it somehow. Here are a few summary measures.

4.1 Posterior mode

This is the value that maximises the posterior distribution. For our Beta con-
jugate prior, we need to differentiate the corresponding posterior and set the
solution to zero.

If we have:
post(x]) o« w(@+D=1(1  )rn—a)-1
then
aPOSt(7T|x) _ [(a+z)—2] [(b+n—z)—1)]
or {[(a+ff)—1]7r }{(1—@ }_

{ﬁ[<a+x>—11} {[(b tn—z)— 1)1 - w>[<b+n—w>—21}
Which, when set equal to zero and solved gives:

(a+z)—1
[(la+z)—1]+[b+n—2)—1]

Mode =

Recall that the Mode for the Beta(a,b) density is given by aiﬁ so we have
in fact the posterior Mode for the Binomial parameter 7 when using a Beta(a, b)

. . . /_
prior is given by a,‘j_ib,l_Q where d' =a+zand b =b+n—2x



4.2 Posterior median

We need to solve:

Median
/ g(m|z)dm = 0.5
0

Which I think in this case needs to be done numerically (or by simulation).
We can define other quantiles (and the inter-quartile range) in the same way.

4.3 Posterior mean

We need to find:

1
Mean, :/ wg(m|a)dr
0
This can be solved analytically:

(a+ 1)
(a+z2)+(b+n—=zx)

Mean, =
Again, recall that for the Beta(a,b) density the mean is given by 245 so we

have again the result that the posterior mean for the Binomial parameter m when
using a Beta(a,b) prior is given by 2 where o =a+zandb =b+n—x.

5 Posterior variance

Vary(rlx) = /0 (7 —my)?g(n|x)dmr

We can obtain the analytical expression for this:

(a+z)(b+n—ux)
((a—f—x)+(b—|—n—x))2((a+ac)+(b+n—x)+1)

Varz()ﬂx) =

As again, we know that the expression for the Variance of a Beta(a,b) vari-

able is WZ%H) so we see that the posterior variance for the Binomial pa-

rameter 7 when using a Beta(a, b) prior is T

Iy .
@Yy Where again a’ = a+x
and ¥ =b+n—2a

6 Credible interval

Denote our estimate of mean, by m, and our estimate of Var, by sf,. We will
use a Bayesian Central Limit Theorem (but do note that this is an asymptotic
statement and we have some fairly small sample sizes), and assume that the
posterior is approximately Normal with mean m, and variance 312).



Accordingly, we can use the formula

Credible Interval = my, & 21_4/28p

For example, for an approximation to the 95% credible interval we would
use 21_q/2 = 1.96. As mentioned in an earlier lecture, using +1.96 defines the
middle 95% of the probability density of a standard normal distribution. This
approximation works reasonably well for (a+x—1) > 10 and (b+n—=z—1) > 10.

Next week, we shall look at working this out exactly, rather than relying on
Normal approximations.

7 Notes on using the Beta Prior

Hopefully you have noticed that our choice of prior can alter the conclusions
we might draw. Here are some notes to consider when using a Beta prior.

e When a < b the density has more mass in the lower half. When a > b

the density has more mass in the upper half. When a = b the density
is symmetric. When a = 1 more weight is given to values near zero and

2
when b = % more mass is given to values near 1.

’ What value of a and b gives the Uniform density?

_a
a+b’

A/ WZH?H)' The prior also has an interpretation in terms of equivalent

sample size. Noting that a proportion 7 = £ has a variance @
can equate this variance at my the prior mean to get:

e The mean of the beta distribution is and the standard deviation is

we

mo(l —mo) ab
Neq ~(a+b)2(a+b+1)

So we can obtain the fact that

Neg=a+b+1

So we can, if we wish, choose our prior to take account of any data that
might already exist. Or we can select a Uniform prior if we don’t wish to make
such assertions.



