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1. Overview

We've spent a lot of time looking at dice and coins. If we have 3 dice,
each can show one of 6 faces. The number of possible outcomes are
given by n; x na x n3 = 63. We would say each outcome can occur with
probability 6%,

But more generally, what about an experiment with equally likely
outcomes, the problem of finding the probability of an event reduces
to counting the number of outcomes in the event and in the sample
space. But with realistic numbers this can get quite tedious. Consider
the manager of a small plant wishes to determine the number of ways
which he can assign staff to the first shift. There are 15 staff who can
serve as operators of the production equipment, 8 who can serve as
maintenance personnel and 4 who can be supervisors.

If a shift requires one operator, one maintenance person and one
supervisor, how many different ways can the shift the staffed? The answer
is 480, which is rather tedious if one had to draw the tree diagram.
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1.1. N-tuple

Definition 1 An N-tuple is a finite ordered set with an unspecified num-
ber of members

For example, a b-tuple is an ordered set with 5 members.

Suppose that each outcome (i.e., element) of A takes the form of an
n-dimensional vector (or n-tuple) such as (a1, as,...a,). If there are Ny
objects that can be used for a;, and Ny for as then:

n(A) = N\N,...N, (1)

assuming that sets Ay, As, ... A have respectively nqi,no, ..., n; differ-
ent ways in which one can first take an element of A;, then an element
of A5 and so on.

So for our factory problem, we have N; = 15, No = 8 and N3 = 4,
with 15 x 8 x 4 = 480. This is rather an intuitive result, but it seems too
convenient to be true that we needed exactly one maintenance person,
one production person and one supervisor.
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We consider two scenarios:
e Permutations (the order of the elements is important)

e Combinations (the order of the elements is not important)
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1.2. Permutation

Given a population of n distinct elements, how many ordered samples of
size  can be drawn:

(i) with replacement: n"

(ii) without replacement n(n — 1)(n — 2)...(n — r — 1), calculation

1
reduces to: —%~;
(n—mr)!
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For a 6 digit telephone number,

1. how many different telephone numbers can be made if each digit can
be 0,1,2,3,4,5,6,7,8,9:

2. by how much is this reduced if the first digit cannot be 0:

Points:

Click on the box to get the correct answer; + to

get the solution.
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1.3. Combinations

Two sets are regarded as disjoint if and only if the properties of the
membership are mutually exclusive. A partition is defined as a set of
disjoint and exhaustive subclasses of a given class that is divided in such
a way that each member of the given class is a member of exactly one
such subclass.

The number of ways a set of n objects can be partitioned into 2
distinct subsets of size  and n — r is given by:

()= @
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1. The UK National Lottery requires that you correctly choose 6 num-
bers out of possible 49. How many ways re there is selecting these
numbers;

2. In a communications channel, messages are transmitted in the form of
a sequence of 8 binary digits. How many distinct messages are there
containing 5 zeros and 3 ones?

Points:

Click on the box to get the correct answer; + to

get the solution.
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1.4. Partitioning into k-subsets

The number of ways a set of n objects can be partitioned into & distinct
subsets, where set 1 has r; elements, set 2 has ry elements, ..., set k
has ; elements is:

n!

(3)

T1!7“2! . .rk!

1. Consider sampling from 6 Midwestern states, 2 =(lowa, lllinois, Wis-
consin, Michigan, Indiana and Ohio). For the purposes of a study, we
need a sample of 4 states. How many samples of size 4 are possible.

2. How many samples of size 4 contain the state of lllinois.

Points:
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2. Pascal’s Triangle

It's not worth losing sleep over, but it's impossible at this stage not to
mention Pascal’s! triangle:

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1

Note that each number in the triangle is the sum of the two numbers
either side of it in the row above. Now consider you have a pool of 7
objects, and wish to know how many different ways there are of arranging
them into sets of 3. We used above (') = (E) = ﬁls)' = 35. However,
if we number the rows of Pascal’s triangle from 0 (at the top) to 7, take
row 7 and count along to the 4th entry, we have 35. Isn’t that cute?

Lapparently discovered by Jia Xian in 1050, published by Zhu Shije in 1303, dis-
cussed by Cardano in 1570
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3. A fun exercise
This really is worth doing!

Quiz Birthdays How many students must there be in a class in order for
there to be a 50% chance that two will share the same birthday

(a) 22 (b) 37 (c) 183 (d) 365

Maybe you should check this out. Can you get the dates of birth
for all your fellow students (or is this a silly question)? If so, how many
coincidences are there?
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Calculating the paradox.

Note that there are 365™ possible birthdays in a set of n students
(we ignore leap years and assume birthdays are independently distributed
throughout the year).

We have @%Eln)! possible permutations.

The probability of 2 coincident birthdays is therefore given by

365!
(365 — n)!365"
This can be rather a difficult computation (365! is rather large and
we need to use logarithms).

There is an inbuilt R function, we can use this to plot the probabilities
for a range of class sizes:
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## create a storage vector for the results

pb <- vector("numeric",60)

## loop and calculate probability of coincidence
## for different class sizes

for (i in 1:60){

pbl[i] <- pbirthday(i)

}

## plot

plot(c(1:60), pb, type = "1", xlab = "Class size",
ylab = "Prob of coincidence", main = "Birthdays")

What do you notice about the curve? Do you get a different curve
if you calculate this for yourself (in either R or Python) using a function
with:

1 — exp{log(factorial(365)) — log(factorial (365 — 7)) — i x log(365)}

Checking the R helpfile (?pbirthday) may be informative. What happens
if you look for the probability that three or more people share a birthday
pbirthday(i,coincident=3)
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Solutions to Quizzes

Solution to Quiz: The answer is given by the first definition (we are
sampling with replacement, as all the digits can be used in any position)
hence we want 106

Click on that green button to return to the quiz — |
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Solution to Quiz: For five positions we have simply 10°, but there are
only 9 possibilities for the first digit hence the total number available is
10° x 9 = 900, 000. This is 100,000 less than the previous answer.

Click on that green button to return to the quiz — |



Solutions to Quizzes

Solution to Quiz: We need to calculate 6!(4497%6)!

Click on that green button to return to the quiz —
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Solutions to Quizzes

Solution to Quiz: We need to calculate ﬁis)l

Click on that green button to return to the quiz —
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Solutions to Quizzes

Solution to Quiz: We want (7)

(

6
2

)

6!

= (-4l

=15
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Solutions to Quizzes

Solution to Quiz: Correct answer is 10.
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