Chapter 7

State-space models and the Kalman filter

algorithm

7.1 Motivation

In many real-world applications, observations arrive sedjally in time, and interest lies in performing on-line
inference about unknown quantities from the given obsemat If prior knowledge about these quantities is avail-
able, then it is possible to formulate a Bayesian model thedrporates this knowledge in the form of a prior
distribution on the unknown quantities, and relates thesté¢ observations via a likelihood function. Inference
on the unknown quantities is then based on the posteriaifiiibn obtained from Bayes’ theorem. Examples
include tracking an aircraft using radar measurementgcpeecognition using noisy measurements of voice sig-
nals, or estimating the volatility of financial instrumentsing stock market data. In these examples, the unknown
quantities of interest might be the location and velocitytta# aircraft, the words in the speech signal, and the
variance-covariance structure, respectively. In allefeeamples, the data is modelled dynamically in the sense tha
the underlying distribution evolves in time; these modetsknown asdynamic modelsSequential Monte Carlo
(SMC) methods are a non-iterative, alternative class afrittyms to MCMC, designed specifically for inference
in dynamic models. A comprehensive introduction to thesthous is the book by Doucet et al. (2001). We point
out that SMC methods are applicable in settings beyond dimaradels, such as non-sequential Bayesian infer-
ence, rare events simulation, and global optimizationviges that it is possible to define an evolving sequence of
artificial distributions from which the distribution of ietest is obtained via marginalisation.

Let p,(x,) denote the distribution at time> 1, wherex, = (x1,..., ;) typically increases in dimension with
t, but it is possible that the dimension xf be constant't > 1, or thatx; have one dimension less thap ;. The
particular feature of dynamic models is the evolving nanfréhe underlying distribution, wherg, (x;) changes
in time ¢ as new observations are generated. Note thare the quantities of interest, not the observations; the
observations up to timedetermine the form of the distribution, and this is impligdtbe subscript in p;(-). This
is in contrast to non-dynamic models where the distribuisoronstant as new observations are generated, denoted
by p(x). In the latter case, MCMC methods have proven highly effedti generating approximate samples from
low-dimensional distributiong(x), when exact simulation is not possible. In the dynamic catseach time step
a different MCMC sampler with stationary distributipp(x; ) is required, so the overall computational cost would
increase witht. Moreover, for large, designing the sampler and assessing its convergence Wwelfttreasingly
difficult.

SMC methods are a non-iterative alternative to MCMC alboni, based on the key idea thapif 1 (x;—1)
does not differ much from, (x,), then it is possible to reuse the samples frgm, (x;_1) to obtain samples from
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pe(x¢). In most applications of interest, it is not possible to @b&xact samples from these evolving distributions,
so the goal is to reuse an approximate sample, representdtjy _; (x,_1), to obtain a good representation of
pi(x¢). Moreover, since inference is to be performed in real timees observations arrive, it is necessary that
the computational cost be fixed inWe will see in the sequel that SMC methods are highly flexiaiel widely
applicable; we restrict our attention to a particular claissynamic models called thetate-space modéESM).

7.2 State-space models

SSMs are a class of dynamic models that consist of an undgryiarkov process, usually called thiate process
X, that is hidden, i.e., unobserved, and an observed proggsally called thebservation procesd’;. Consider
the following notation for a state-space model:

observation: y; = a(zy, ui) ~ g(-|ze, )

hidden state: @; = b(zi—1,v¢) ~ f(-|xi—1,0),

wherey, andx, are generated by functiors-) andb(-) of the state and noise disturbances, denoted bgnd
vy, respectively. Assume and@ to be known. Lep(z,) denote the distribution of the initial statg. The state
process is a Markov chain, i.eo(z|z1,...,x-1) = p(xi|wi—1) = f(zi|@—1,0), and the distribution of the
observationy,, conditional onz;, is independent of previous values of the state and obsenvatocesses, i.e.,
p(yelzre, yii—1) = p(yelze) = g(yi|ze, ). See Figure 7.1 for illustration.
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yelze ~ g(yelze, 9)

Figure 7.1. The conditional independence structure of the first few states andvakises in a hidden Markov Model.

Note that we use the notation., to denotery, . .., 2, and similarly fory, .. For simplicity, we drop the explicit
dependence of the state transition and observation dessit) and¢, and writef (-|a;—1), andg(-|z¢).

The literature sometimes distinguishes between stateespadels where the state process is given by a discrete
Markov chain, callechidden Markov model$HMM), as opposed to a continuous Markov chain. An extensive
monograph on inference for state-space models is the bodkapyt et al. (2005), and a more recent overview
is Cappe et al. (2007). In the present chapter and the following, nduce several algorithms for inference in
state-space models, and point out that the algorithms ipteh& apply more generally to dynamic models.

7.2.1 Inference problems in SSMs

Under the notation introduced above, we have the joint densi

t t

P@re i) = p(a)gwilzn) [ | @ vl yiio) = pl)gunlen) [ [ f@ilzizi)g(yile:).
i =2

and, by Bayes’ theorem, the density of the distribution tériest

P(I1:1,|y1:t) X P(Il:f,\yl:f,—l)g(yf,\ff,) = P(Il:r,—l|yu—1)f(If,\$t—1)g(yf,\$z)- (7-1)
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To connect this with the notation introduced for dynamic eledwe can writep;(z1.:) = p(21.|y1.¢), but we
believe that stating the dependence on the observatiotisitiypeads to less confusion.

There exist several inference problems in state-space Ist involve computing the posterior distribution
of a collection of state variables conditional on a batchlufeyvations:

— filtering: p(x¢|y1.1)

— fixed lag smoothingy(z;—|y1.¢), for0 <1<t —1

— fixed interval smoothingy (. [y1:¢), for1 <l <k <t
— prediction: p(z.x|y1.¢), fork > tandl <1 < k.

The first three inference problems reduce to marginalisatiothe full smoothing distributiom(z1.|y1..), i.e.,
integrating over the state variables that are not of intevésereas the fourth reduces to marginalisation of

.
plavlyie) = plaralyr) ] f@ilzi).

i=t+1
So far we assumed that the state transition and observatisitis are completely characterised, i.e., that the
parameter$ and¢ are known. If they are unknown, then Bayesian inference icemed with the joint posterior
distribution of the hidden states and the parameters:

t

p(e16, 0, 9ly1e) o p(yrelz1e, 0, )p(rel6, 9)p(6, @) = p(0, d)p(w1)g(yr |21, ) [ [ f(wilwio1, 0)g(yili, ).

i=2
If interest lies in the posterior distribution of the paraars, then the inference problem is called:
— static parameter estimatiomi(d, ¢|y1..),

which reduces to integrating over the state variables ifjdine posterior distribution(z1.¢, 6, ¢|y1.1).

It is evident, then, that these inference problems dependhentractability of the posterior distribution
p(z1:4|y1.1), if the parameters are known, pfz1., 0, ¢|y1..), otherwise. Notice that equation (7.1) gives the pos-
terior distribution up to a normalising constaﬁp(wl:t\yl:t,l)g(yt\xt)d;cl:t, and it is oftentimes the case that the
posterior distribution is known only up to a constant. Irtféltese posterior distributions can be computed in closed
form only in a few specific cases, such as the hidden Markovemod., when the state process is a discrete Markov
chain, and the linear Gaussian model, i.e., when the fumgti) andb() are linear, and the noise disturbaneags
andv; are Gaussian.

For HMMs with discrete state transition and observationritlistions, the tutorial of Rabiner (1989) presents
recursive algorithms for the smoothing and static paranestiémation problems. The Viterbi algorithm returns the
optimal sequence of hidden states, i.e., the sequence éxithises the smoothing distribution, and the Expectation-
Maximization (EM) algorithm returns parameter values faiieh the likelihood function of the observations attains
a local maximum. If the observation distribution is contiog, then it can be approximated by a finite mixture
of Gaussian distributions to insure that the EM algorithmlis to the problem of parameter estimation. These
recursive algorithms involve summations over all statethémodel, so they are impractical when the state space
is large.

For the linear Gaussian model, the normalising constant i) can be computed analytically, and thus the
posterior distribution of interest is known in closed forim;fact, it is the Gaussian distribution. Ti&@lman fil-
ter algorithm (Kalman, 1960) gives recursive expressions lfiermean and variance of the filtering distribution
p(2¢|y1:¢), under the assumption that all parameters in the model amerkrKalman (1960) obtains recursive ex-
pressions for the optimal values of the mean and variana@ngeters via a least-squares approach. The algorithm
alternates between two steps: a prediction step (i.e.jqiribe state at time conditional ony;.;—1), and an update
step (i.e., observg,;, and update the prediction in light of the new observati@gction 7.3 presents a Bayesian
formulation of the Kalman filter algorithm following Meinkband Singpurwalla (1983).
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When an analytic solution is intractable, exact inferenaepdaced by inference based on an approximation to
the posterior distribution of interest. Grid-based methesing discrete numerical approximations to these pasteri
distributions are severely limited by parameter dimensilternatively, sequential Monte Carlo methods are a
simulation-based approach that offer greater flexibilitg &cale better with increasing dimensionality. The key
idea of SMC methods is to represent the posterior distobuby a weighted set of samples, calleatticles that
arefiltered in time as new observations arrive, through a combinatiosaofipling and resampling steps. Hence
SMC sampling algorithms are oftentimes callgatticle filters (Carpenter et al., 1999). Chapter 8 presents SMC
methods for the problems of filtering and smoothing.

7.3 The Kalman filter algorithm

From (7.1), the posterior distribution of the state conditional on the observationg.; is proportional to
p(x¢|y1:4—1)g(ye|ze). The first term is the distribution of, conditional on the first — 1 observations; comput-
ing this distribution is known as theredictionstep. The second term is the distribution of the new observat
y; conditional on the hidden state at timeUpdatingp(z;|yi..—1) in light of the new observation involves taking
the product of these two terms, and normalising; this is kmew theupdatestep. The result is the distribution of
interest:

P(we|y1:0-1)9(ye| )
Tilyre) = T1t|yre)dry ... dry_ 1 = — .
P( f‘Jl f) /17( u\yl f) 1 t—1 jI’($t|y1:t—1)g(yt|$¢>d1t

We now show how the prediction and update stages can be perdagxactly for the linear Gaussian state-space
model, which is represented as follows:

observation: y, = Ay 4 uy ~ N(Agzy, D?) (7.2)
hidden state: @; = Byws—1 + ve ~ N(Bizy_1,02), (7.3)

whereu; ~ N(0,#?) andv, ~ N(0,0?) are independent noise sequences, and the paramigtels, $2, ando?

are known. It is also possible to let the noise variankgand©? vary with time; the derivation of the mean and
variance of the posterior distribution follows as detaitedlow. We assume that both states and observations are
vectors, in which case the parameters are matrices of apat®gizes.

The Kalman filter algorithm proceeds as follows. Start withiaitial Gaussian distribution om: z; ~
N(u1, X1). Attimet — 1, let ;-1 and X, be the mean and variance of the Gaussian distribution_of condi-
tional ony; ;1. Looking forward to timet, we begin by predicting the distribution of conditional ony;.;_.

Prediction step: From equation (7.3)y; = Byxy—1 + vy, Wwherez,—|y14—1 ~ N(p—1,Xi—1), andv, ~
N(0,©?) independently. By results in multivariate statisticallgas (Anderson, 2003), we have that

Ty|yra—1 ~ N(Bypy—1, By X1 Bf + 607, (7.4)

where the superscrigt indicates matrix transpose. This can be thought of as tlee gistribution onz;.
Update step:Upon observing;, we are interested in

p(welyr:e) o p(yelze, yre—1)p(ee]yie—1)-

Following equation (7.2) and the result in (7.4), considedictingy, by ¢, = A¢Bui—1, whereB,u;_; is the
prior mean onr;. The prediction error is; = y; — §: = y+ — A+ B:ut—1, Which is equivalent to observing. So
it follows thatp(x:|yi.+) o plet|ze, yr.e—1)p(ze|yr:.4—1). Finally, from (7.2),e; = Ai(xr — Byp—1) + us, where
ug ~ N(0,9?), soei|zs, y1..—1 ~ N(A¢(zp — Bep—1), P2).

We now use the following results from Anderson (2003). Ketan X, have a bivariate normal distribution:
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X Yn X
Y N H1 7 11 12 ) (7.5)
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If equation (7.5) holds, then the conditional distribut@nX; given X, = x5 is given by

X1|X2 = 22 ~ N (11 + Z1255, (w2 — pi2), D11 — L1255, T ) - (7.6)

Conversely, if (7.6) holds, andl; ~ N(u2, Xs2), then (7.5) is true.
Sincee; |z, y1.0—1 ~ N(Ay (@, — Bipe—1), @) anday|yi.y—1 ~ N(Bypuy—1, B X1 B} + 6?), it follows that

(z:i> ((BWH) < B.X, BT + 6?2 (B: %1 BT + ©2)AT ))
Yre-1 ~ N ,
€t

0 AL(BLEL,lBZ‘ + (—)2) AL(BLEL,lB;“ + (—)2)A¥' + @2
Using the result above, the filtering distributiorpie:|y1.+) = p(x¢let, y1:.—1) = N(ue, X¢), since observing, is

equivalent to observing;, where
w = B+ (B 1Bl + 02 AT (A((B X, B + %) AT + &%) e,
Y = B, Bl +0?— (BY B + 0 AT (A(B, %, _1BF + ©*)AT + 0*) 71 A(B: ¥, Bf +6?).

Algorithm 1 The Kalman filter algorithm.
1: Input: 1 andXy.
. Sett = 2.
: Compute mean and variance of predictipn:= B;ju;—1, X = B.Z;—1 Bff + 6>
: Observey;, and compute error in prediction; = y. — A¢fi;.
: Compute variance of prediction errdt; = A, 3, AT + &2,
: Update the mean and variance of the posterior distribution:

o g s wN

e fie + S AT R e
X o= S-S ATR7TAL,.

7: Sett =t + 1. Goto step 3.

Example 7.1 (First-order, linear autoregressive (AR(1)) model observed with noise). Consider the following AR(1)
model:

T = ¢ri1+opus ~ N(dzp_y,02)

Yo = Tyt ovue~ N(xt',a%/)7

whereu; ~ N(0,1) andv; ~ N(0, 1) are independent, Gaussian white noise processes. The Wtamn{ X, },>1
is a Gaussian random walk with transition kerk&lc; 1, z;) corresponding to th¥ (¢a;_1, aﬁv) distribution.

A normal distributionN(p, 0?) is stationary for{X;},>1 if X;—1 ~ N(p,0?) and X;|X;—1 = 241 ~
N(pzi—1,02) imply that X; ~ N(u,o?). We require thale(X;) = ¢p = p andVar(X;) = ¢?0? + 0 = o2,
which are satisfied by = 0 ando? = o7, /(1 — ¢?), provided|¢| < 1. In fact, theN (0,07 /(1 — ¢?)) distribution
is the unique stationary distribution of the chain.

Start the Kalman filter algorithm with, = 0 and.2, = o7, /(1 — ¢?). Attimet — 1,¢ > 2, lety,_; andX;_;
denote the posterior mean and variance, respectively. ffteemean and variance of the prediction at tihee:
fit = ¢pe—1 and L, = ¢* I,y + of,. The prediction error is;, = y; — /i, with varianceS; + o%. Finally, update
the mean and variance of the posterior distribution:

R o 1 R 5, . 2,
= t i — ) = |1 = = + = 5!
e H > + 0% (b = ) ( X +o“2/> e D "

Sos(—2 Vs on(i-s (-2
X+ 0% X +od

D)
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The Kalman filter algorithm (see Figure 1 for pseudo-codepisrobust to outlying observations, i.e., when
the prediction erroe, is large, because the mean is an unbounded function ef;, and the variance’; does
not depend on the observed dgtaMeinhold and Singpurwalla (1989) let the distributionsthoé error termsu,
andv; be Student; and show that the posterior distributionaaf giveny;., converges to the prior distribution of
p(z¢|y1—1) Whene, is large. In this case, the posterior distribution is no kmigrown exactly, but is approximated.

The underlying assumptions of the Kalman filter algorithra trat the state transition and observation equa-
tions are linear, and that the error terms are normally ibigtied. If the linearity assumption is violated, but the
state transition and observation equations are diffablgifunctions, then thextended Kalman filtealgorithm
propagates the mean and covariance via the Kalman filtetieqady linearizing the underlying non-linear model.
If this model is highly non-linear, then this approach wikult in very poor estimates of the mean and covariance.
An alternative is theinscented Kalman filtexhich takes a deterministic sampling approach, repraesgiite state
transition distribution by a set of sample points that appgated through the non-linear model. This approach
improves the accuracy of the posterior mean and covaridocdetails, see Wan and van der Merwe (2000).



