Chapter 5

The Metropolis-Hastings Algorithm

5.1 Algorithm

In the previous chapter we have studied the Gibbs samplpeaas case of a Monte Carlo Markov Chain (MCMC)
method: the target distribution is the invariant distribaotof the Markov chain generated by the algorithm, to which
it (hopefully) converges.

This chapter will introduce another MCMC method: the MetiigHastings algorithm, which goes back to
Metropolis et al. (1953) and Hastings (1970). Like the regecsampling algorithm 3.1, the Metropolis-Hastings
algorithm is based on proposing values sampled from aruimgntal distribution, which are then accepted with a
certain probability that reflects how likely it is that theyedrom the target distributioff.

The main drawback of the rejection sampling algorithm 3.that it is often very difficult to come up with
a suitable proposal distribution that leads to an efficiégo@thm. One way around this problem is to allow for
“local updates”, i.e. let the proposed value depend on teedecepted value. This makes it easier to come up
with a suitable (conditional) proposal, however at the @€ yielding a Markov chain instead of a sequence of
independent realisations.

Algorithm 5.1 (Metropolis-Hastings). ~ Starting withX () := (Xfo)7 RO X,(,O)) iterate fort = 1,2,. ..

1. DrawX ~ g(-[X(=1),
2. Compute

X)) g(XXED)
3. With probabilitya(X|X*~1) setX® = X, otherwise seK*) = X (-1,

w(XXD) = min {1, f(f(X) g(XCIX) } _ 5

Figure 5.1 illustrates the Metropolis-Hasting algorithxute that if the algorithm rejects the newly proposed
value (open disks joined by dotted lines in figure 5.1) it stayits current valu& (*~1). The probability that the
Metropolis-Hastings algorithm accepts the newly propagateX given that it currently is in stat&(*~1) is

) = [l gl . 52)
Just like the Gibbs sampler, the Metropolis-Hastings dtlgar generates a Markov chain, whose properties will be
discussed in the next section.
Remark 5.1. The probability of acceptance (5.1) does not depend on theaisation constant, i.e. if (x) =
C' - 7(x), then
f(x) - a(x""Vx) Cr(x) - g(x""V|x) m(x) - g(x"Vx)

FO0) - G 1) = Cr(x 1) - gxfx=D) ~ w(x1) - g{xxD)
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X

Figure 5.1. lllustration of the Metropolis-Hastings algorithm. Filled dots denote accepételss open circles rejected values.

Thusf only needs to be known up to normalisation constant.

5.2 Convergence results

Lemma 5.2. The transition kernel of the Metropolis-Hastings algonitlis
K(x07D,x0) = a(x @ xED)g(xOx0) 4 (1 - a(x))b 00 (xO), (5.3)
whered, -1 (-) denotes Dirac-mass ofx(~1}.
Note that the transition kernel (5.3)ni®t continuous with respect to the Lebesgue measure.
Proof. We have
P(X® e x[XD = xt=1) = P(X® e X, new value acceptéd (' ~1) = x(t~1))
+P(X® e x,new value rejectg®X ‘1) = x(t1))
- / a(xO[xt=D)g(x O [xt=D) dx®
X

+  Ix(x®Y)  P(new value rejectd® '~ = x (1))

——
=[x 8 1—1) (dx() =l—a(x(t-1)

= (1=a(x(=D))5 (o1 (dx)
= [ e D) x4 [ (1o D) (ax) O
Proposition 5.3.  The Metropolis-Hastings kernel (5.3) satisfies the deddilalance condition
K(x(t‘l),x(t))f(x(t‘l)) - K(X(t),x(t_l))f(x(t))

and thusf(x) is the invariant distribution of the Markov chaifX(?), X(1) ...} generated by the Metropolis-
Hastings sampler. Furthermore the Markov chain is revdesib

1 On a similar note, it is enough to knay¢x*~)|x) up to a multiplicative constant independentf—") andx.
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Proof. We have that

a(xO[xE D )g(xOx D) £(xE D) = min {1‘ f(x(”)fl(x“'71>|x(”)) } g(x W x D) fx D)

gl
= min {/(x*D)g(x V), £xD)g(xVIx0) |

[ FxED)g(x D x-D) - X - -
“{ J(f<?<t>>q)4(>(m'>W))-rl g x0) £ () = 1) ) g (o1 () £ (x(1)

and thus
K0, xO)(x0) = alx@ T D)gxx D) f(x D)
=a(x(t=D|x))g(xt=D|x(®)) f(x(1)
+ (1 =a(x*) Gaen (X))
N———

=0if x(® % x(t=1

(1—a(x())5_ (4 (x(t=1)

= K x70)f(x)
The other conclusions follow by theorem 1.22, which alsdiappn the continuous case (see page 21). ]

Next we need to examine whether the Metropolis-Hastingsrign yields an irreducible chain. As with the
Gibbs sampler, this does not need to be the case, as the ifujjl@xample shows.

Example 5.1 (Reducible Metropolis-Hastings). Consider using a Metropolis-Hastings algorithm for sangpfrom
a uniform distribution orf0, 1]U[2, 3] and aU (‘=1 —¢, (!=1) 4-5) distribution as proposal distributiayf-|z*—1)).
Figure 5.2 illustrates this example. It is easy to see thardisulting Markov chain isotirreducible if6 < 1:in

this case the chain either staysiin1] or [2, 3]. q
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Figure 5.2. lllustration of example 5.1

Under mild assumptions on the propogalx*~1)) one can however establish the irreducibility of the reaglti
Markov chain:

— If ¢(x®]x*~1) is positive for allx*~1, x(*) e supgf), then it is easy to see that we can reach any set of
non-zero probability undef within a single step. The resulting Markov chain is thusrsgiy irreducible. Even
though this condition seems rather restrictive, many papehoices ofy(-|x (1)) like multivariate Gaussians or
t-distributions fulfil this condition.

— Roberts and Tweedie (1996) give a more general conditiothioirreducibility of the resulting Markov chain:
they only require that

Vedd: qx®xED) > eif [x¢D —xB|| < §

together with the boundedness fobn any compact subset of its support.

The Markov chaiX(®, X(1) .y is further aperiodic, if there is positive probability thiae chain remains in
the current state, i.@ (X = X(*~1) > 0, which is the case if
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P (FXED)gXX D) > £(X)g(X X)) > 0.
Note that this condition isot met if we use a “perfect” proposal which hss invariant distribution: in this case

we accept every proposed value with probability

Proposition 5.4. The Markov chain generated by the Metropolis-Hastings @ilgm is Harris-recurrent if it is
irreducible.

Proof. Recurrence follows from the irreducibility and the facttthfais the unique invariant distribution (using
proposition 1.28). For a proof of Harris recurrence seer(iEig, 1994). O

As we have now established (Harris-)recurrence, we are padyrto state an ergodic theorem (using theorem
1.30).

Theorem 5.5. If the Markov chain generated by the Metropolis-Hastinggoaithm is irreducible, then for any
integrable functiom : E — R

L
lim — Y a(X®) - By (h(X
nHIionZ;L( ) = By (h(X))
for every starting valu& (©).

As with the Gibbs sampler the above ergodic theorem allowmference using a single Markov chain.

5.3 The random walk Metropolis algorithm

In this section we will focus on an important special casehefetropolis-Hastings algorithm: the random walk
Metropolis-Hastings algorithm. Assume that we generagendwly proposed stal€ not using the fairly general

X~ g(-[XED), (5.4)

from algorithm 5.1, but rather
X =Xt 4 g, e~g, (5.5)

with ¢ being asymmetricdistribution. It is easy to see that (5.5) is a special casg @ usingg(x[x(~V) =
g(x —x(*=1). When using (5.5) the probability of acceptance simplifies to

min {1, J(X)- {I(X(t_l)‘x) } = min {17 ﬂ} s
K ) #(

XD) . (XX D FX1)

asg(X|X01) = g(X — X1 = (X1 — X) = ¢(X(~1|X) using the symmetry of. This yields the
following algorithm which is a special case of algorithm Sahich is actually the original algorithm proposed by
Metropolis et al. (1953).

Algorithm 5.2 (Random walk Metropolis).  Starting withX(©) := (Xf”), o X}.O)) and using a symmetric dis-
tributong, iterate fort = 1,2, ...

1. Drawe ~ g and sefX = X(~1) ¢,

2. Compute

(XX = min {1., %} . (5.6)

3. With probabilitya(X|X 1) setX® = X, otherwise seK*) = X (-1,
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Example 5.2 (Bayesian probit model). In a medical study on infections resulting from birth by Gesa section
(taken from Fahrmeir and Tutz, 2001) three influence fadtax® been studied: an indicator whether the Cesarian "’

2 n
was planned or notf; ), an indicator of whether additional risk factors were presat the time of birth4;2), and E =7
S o
an indicator of whether antibiotics were given as a propliglé;;). The respons&; is the number of infections R L7
= 5 =< o |
that were observed amongst patients having the same influence factors (covariate®).dBa is given in table LR °
; o
5 3
51 o T T T T T T T T T T T T
0 10000 20000 30000 40000 50000 0 10000 20000 30000 40000 50000
Number of births planned | risk factors | antibiotics !
with infection | total %’ X
Yi nq Zi1 Zi2 2i3 - |
0 | S
11| 98 1 1 1 7 .
1] 18 0 1 1 = o < <]
0 2 0 0 1 ol "
23| 26 1 1 0 ° L ‘ ‘ ‘ ‘ A ‘ ‘ ‘ ‘ ‘
28 58 0 1 0 0 10000 20000 30000 40000 50000 0 10000 20000 30000 40000 50000
0 9 1 0 0
at)
8 40 0 0 0 (a) Sample paths of the;
Table 5.1. Data used in example 5.2 B
T B0 PO
i g ]
il . e
The data can be modeled by assuming that R S
b TS
LS
Yi ~Bin(ni,m),  w=P(z8), 1 Rl
N
wherez; = (1, 21, zi2, 2i3) and®(-) being the CDF of th&l(0, 1) distribution. Note tha®(t) € [0,1] forallt € R. 0 10000 20000 30000 40000 50000 0 10000 20000 30000 40000 50000
A suitable prior distribution for the parameter of intergss 3 ~ N(0,1/)). The posterior density g8 is sample sample
Pyl S BTt
n 3 i
: -1 A ‘ > R
FBlyn,- - yn) <H@(z§6>y' (1 — d(zB)" > rexp | =5 ) B E .
i=1 =0 ] 2
We can sample from the above posterior distribution usieddHowing random walk Metropolis algorithm. Start- ] AR
ing with any3") iterate fort = 1,2, .. .: ! : : : : Jog4 : : : : :
0 10000 20000 30000 40000 50000 0 10000 20000 30000 40000 50000
1. Drawe ~ N (0, X) and sef3 = 8~V 4 e. sample sample
2. Compute (b) Cumulative averages’ _, ﬂﬁ”/t
a(BB") = min{ 1,— 5"
3. With probabilitya (8|8~ Y) set3® = 3, otherwise seB") = g(=1). - o
Z o z =
To keep things simple, we choose the covariaBtef the proposal to b8.08 - 1. g 0 g @ |
Figure 5.3 and table 5.2 show the results obtained usingdBGample& Note that the convergence of thfé”) < ‘ ‘ ‘ : o
20 15 1.0 05 e i i T 1
0.0 0.5 1.0 15
Posterior mead 95% credible interval
intercept S -1.0952 | -1.4646 -0.7333 . ? o *
planned B 0.6201| 0.2029 1.0413 - -
risk factors 32 1.2000| 0.7783 1.6296 > 2 > 3
antibiotics 33 -1.8993 | -2.3636 -1.471 g . g |
Table 5.2. Parameter estimates obtained for the Bayesian probit model from é&xar@p ° °
ER ; ; ‘ N ‘ ; ‘ i
05 1.0 15 20 -3.0 -25 -20 -1.5 -1.0

is to a distribution, whereas the cumulative averagﬁszl Gj“/t converge, as the ergodic theorem implies, to a
value. For figure 5.3 and table 5.2 the first 10,000 samples begn discarded (“burn-in”). <

(c) Posterior distributions of thé;

[ Figure 5.3. Results obtained for the Bayesian probit model from example 5.2
2 You might want to consider a longer chain in practise.
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5.4 Choosing the proposal distribution

The efficiency of a Metropolis-Hastings sampler dependshenchoice of the proposal distributiayt-|x(*~1).
An ideal choice of proposal would lead to a small correlatiérsubsequent realisatios*—1) and X*). This
correlation has two sources:

— the correlation between the current stté ) and the newly proposed valdé ~ ¢(-|X 1)), and
— the correlation introduced by retaining a valié") = X(~1) because the newly generated vaKichas been
rejected.

Thus we would ideally want a proposal distribution that balibws for fast changes in tH&(*) and yields a high
probability of acceptance. Unfortunately these are twometng goals. If we choose a proposal distribution with
a small variance, the probability of acceptance will be higbwever the resulting Markov chain will be highly
correlated, as th& (*) change only very slowly. If, on the other hand, we choose pgsal distribution with a large
variance, theX (*) can potentially move very fast, however the probability af@ptance will be rather low.

Example 5.3. Assume we want to sample fromM(0, 1) distribution using a random walk Metropolis-Hastings
algorithm withe ~ N(0,02). At first sight, we might think that setting? = 1 is the optimal choice, this is
however not the case. In this example we examine the chaides: 0.1, 02 = 1, 02 = 2.38%, ando? = 10%.
Figure 5.4 shows the sample paths of a single run of the qmneking random walk Metropolis-Hastings algorithm.
Rejected values are drawn as grey open circles. Table 5\gssitie average correlatignf X =9, X)) as well

as the average probability of acceptandeX | X *~1)) averaged over 100 runs of the algorithm. ChoosiAgoo
small yields a very high probability of acceptance, howetehe price of a chain that is hardly moving. Choosing
o2 too large allows the chain to make large jumps, however midsteoproposed values are rejected, so the chain
remains for a long time at each accepted value. The resujgestitha? = 2.382 is the optimal choice. This
corresponds to the theoretical results of Gelman et al.5199 <

Autocorrelationp(X =1, X®)) | Probability of acceptance(X, X ¢~ 1)

Mean 95% ClI Mean 95% ClI
02 =0.17 | 09901 (0.9891,0.9910) 0.9694 (0.9677,0.9710)
o?=1 0.7733  (0.7676,0.7791) 0.7038  (0.7014,0.7061)
0% =238 | 0.6225 (0.6162,0.6289) 0.4426  (0.4401,0.4452)
o? =10% 0.8360 (0.8303,0.8418) 0.1255 (0.1237,0.1274)

Table 5.3. Average correlatiop(X =1, X(V) and average probability of acceptaneeX |X =) found in example 5.3 for
different choices of the proposal variant®

Finding the ideal proposal distributigrt-|x(*~1)) is an art® This is the price we have to pay for the generality
of the Metropolis-Hastings algorithm. Popular choicesramdom walk proposals are multivariate Gaussians or
t-distributions. The latter have heavier tails, makingnthe safer choice. The covariance structure of the proposal
distribution should ideally reflect the expected covarentthe (X, ..., X,). Gelman et al. (1997) propose to
adjust the proposal such that the acceptance rate is aigarfdr one- or two dimensional target distributions, and
aroundl1 /4 for larger dimensions, which is in line with the results weadbed in the above simple example and the
guidelines which motivate them. Note however that thesguataough guidelines.

Example 5.4 (Bayesian probit model (continued)). In the Bayesian probit model we studied in example 5.2 we drew

3 The optimal proposal would be sampling directly from the target distribuliba very reason for using a Metropolis-Hastings
algorithm is however that we cannot sample directly from the target!
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Figure 5.4. Sample paths for example 5.3 for different choices of the prop@sinces>. Open grey discs represent rejected
values.
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N(0, %)

with 3 = 0.08 - I, i.e. we modeled the componentseofo be independent. The proportion of accepted values we

obtained in example 5.2 was$.9%. Table 5.4 (a) shows the corresponding autocorrelatior.r€bulting Markov

chain can be made faster mixing by using a proposal distoibuhat represents the covariance structure of the

posterior distribution of3.

This can be done by resorting to the frequentist theory obgdised linear models (GLM): it suggests that the

asymptotic covariance of the maximum likelihood estinﬁie (Z'DZ)~!, whereZ is the matrix of the covariates,

andD is a suitable diagonal matrix. When usi&f= 2-(Z'DZ)~! in the algorithm presented in section 5.2 we can

obtain better mixing performance: the autocorrelatioreduced (see table 5.4 (b)), and the proportion of accepted

values obtained increases to 20.0%. Note that the detentnifid@oth choices o2 was chosen to be the same, so

the improvement of the mixing behaviour is entirely due taffecence in the structure of the the covariance.<

(@) ¥ =0.08-1

Bo B B2 Bs

Autocorrelationp(8Y" ", 517)

b =

0.9496 0.9503 0.9562 0.9532

2.(z2'DZ) "
!30 ﬁl 62 63

Autocorrelationp(8" ", 51)

0.8726 0.8765 0.8741 0.8792

Table 5.4. Autocorrelatiory)(ﬂ](””, ﬁ](.")) between subsequent samples for the two choices of the covatance
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