
Chapter 4

The Gibbs Sampler

4.1 Introduction

In section 3.3 we have seen that, using importance sampling,we can approximate an expectationEf (h(X)) without

having to sample directly fromf . However, finding an instrumental distribution which allows us toefficiently

estimateEf (h(X)) can be difficult, especially in large dimensions.

In this chapter and the following chapters we will use a somewhat different approach. We will discuss methods

that allow obtaining anapproximatesample fromf without having to sample fromf directly. More mathematically

speaking, we will discuss methods which generate a Markov chain whose stationary distribution is the distribution

of interestf . Such methods are often referred to as Markov Chain Monte Carlo (MCMC) methods.

Example 4.1 (Poisson change point model). Assume the following Poisson model of two regimes forn random

variablesY1, . . . , Yn.1

Yi ∼ Poi(λ1) for i = 1, . . . ,M

Yi ∼ Poi(λ2) for i = M + 1, . . . , n

A suitable (conjugate) prior distribution forλj is theGamma(αj , βj) distribution with density

f(λj) =
1

Γ (αj)
λ

αj−1
j β

αj

j exp(−βjλj).

The joint distribution ofY1, . . . , Yn, λ1, λ2, andM is

f(y1, . . . , yn, λ1, λ2,M) =

(
M∏
i=1

exp(−λ1)λ
yi

1

yi!

)
·
(

n∏
i=M+1

exp(−λ2)λ
yi

2

yi!

)

· 1
Γ (α1)

λα1−1
1 βα1

1 exp(−β1λ1) · 1
Γ (α2)

λα2−1
2 βα2

2 exp(−β2λ2).

If M is known, the posterior distribution ofλ1 has the density

f(λ1|Y1, . . . , Yn,M) ∝ λ
α1−1+

PM
i=1 yi

1 exp(−(β1 + M)λ1),

so

λ1|Y1, . . . Yn,M ∼ Gamma

(
α1 +

M∑
i=1

yi, β1 + M

)
(4.1)

λ2|Y1, . . . Yn,M ∼ Gamma

(
α2 +

n∑
i=M+1

yi, β2 + n−M

)
. (4.2)

1 The probability distribution function of thePoi(λ) distribution isp(y) = exp(−λ)λy

y!
.
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Now assume that we do not know the change pointM and that we assume a uniform prior on the set{1, . . . ,M −
1}. It is easy to compute the distribution ofM given the observationsY1, . . . Yn, andλ1 andλ2. It is a discrete

distribution with probability density function proportional to

p(M |Y1, . . . , Yn, λ1, λ2) ∝ λ
PM

i=1 yi

1 · λ
Pn

i=M+1 yi

2 · exp((λ2 − λ1) ·M) (4.3)

The conditional distributions in (4.1) to (4.3) are all easyto sample from. It is however rather difficult to sample

from the joint posterior of(λ1, λ2,M). ⊳

The example above suggests the strategy of alternately sampling from the (full) conditional distributions ((4.1)

to (4.3) in the example). This tentative strategy however raises some questions.

– Is the joint distribution uniquely specified by the conditional distributions?

– Sampling alternately from the conditional distributions yields a Markov chain: the newly proposed values only

depend on the present values, not the past values. Will this approach yield a Markov chain with the correct

invariant distribution? Will the Markov chain converge to the invariant distribution?

As we will see in sections 4.3 and 4.4, the answer to both questions is — under certain conditions — yes. The

next section will however first of all state the Gibbs sampling algorithm.

4.2 Algorithm

The Gibbs sampler was first proposed by Geman and Geman (1984)and further developed by Gelfand and Smith

(1990). Denote withx−i := (x1, . . . , xi−1, xi+1, . . . , xp).

Algorithm 4.1 ((Systematic sweep) Gibbs sampler). Starting with(X(0)
1 , . . . ,X

(0)
p ) iterate fort = 1, 2, . . .

1. DrawX
(t)
1 ∼ fX1|X−1(·|X(t−1)

2 , . . . ,X
(t−1)
p ).

. . .

j. Draw X
(t)
j ∼ fXj |X−j

(·|X(t)
1 , . . . ,X

(t)
j−1,X

(t−1)
j+1 , . . . ,X

(t−1)
p ).

. . .

p. DrawX
(t)
p ∼ fXp|X−p

(·|X(t)
1 , . . . ,X

(t)
p−1).

Figure 4.1 illustrates the Gibbs sampler. The conditional distributions as used in the Gibbs sampler are often

referred to asfull conditionals. Note that the Gibbs sampler isnot reversible. Liu et al. (1995) proposed the following

algorithm that yields a reversible chain.

Algorithm 4.2 (Random sweep Gibbs sampler). Starting with(X(0)
1 , . . . ,X

(0)
p ) iterate fort = 1, 2, . . .

1. Draw an indexj from a distribution on{1, . . . , p} (e.g. uniform)

2. DrawX
(t)
j ∼ fXj |X−j

(·|X(t−1)
1 , . . . ,X

(t−1)
j−1 ,X

(t−1)
j+1 , . . . ,X

(t−1)
p ), and setX(t)

ι := X
(t−1)
ι for all ι 6= j.

4.3 The Hammersley-Clifford Theorem

An interesting property of the full conditionals, which theGibbs sampler is based on, is that they fully specify the

joint distribution, as Hammersley and Clifford proved in 19702. Note that the set of marginal distributions doesnot

have this property.

2 Hammersley and Clifford actually never published this result, as they couldnot extend the theorem to the case of non-

positivity.
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Figure 4.1. Illustration of the Gibbs sampler for a two-dimensional distribution

Definition 4.1 (Positivity condition). A distribution with densityf(x1, . . . , xp) and marginal densitiesfXi
(xi) is

said to satisfy the positivity condition iffXi
(xi) > 0 for all x1, . . . , xp implies thatf(x1, . . . , xp) > 0.

The positivity condition thus implies that the support of the joint densityf is the Cartesian product of the support

of the marginalsfXi
.

Theorem 4.2 (Hammersley-Clifford). Let (X1, . . . ,Xp) satisfy the positivity condition and have joint density

f(x1, . . . , xp). Then for all(ξ1, . . . , ξp) ∈ supp(f)

f(x1, . . . , xp) ∝
p∏

j=1

fXj |X−j
(xj |x1, . . . , xj−1, ξj+1, . . . , ξp)

fXj |X−j
(ξj |x1, . . . , xj−1, ξj+1, . . . , ξp)

Proof. We have

f(x1, . . . , xp−1, xp) = fXp|X−p
(xp|x1, . . . , xp−1)f(x1, . . . , xp−1) (4.4)

and by complete analogy

f(x1, . . . , xp−1, ξp) = fXp|X−p
(ξp|x1, . . . , xp−1)f(x1, . . . , xp−1), (4.5)

thus

f(x1, . . . , xp)
(4.4)
= f(x1, . . . , xp−1)︸ ︷︷ ︸

(4.5)
= f(x1,...,,xp−1,ξp)/fXp|X−p

(ξp|x1,...,xp−1)

fXp|X−p
(xp|x1, . . . , xp−1)

= f(x1, . . . , xp−1, ξp)
fXp|X−p

(xp|x1, . . . , xp−1)
fXp|X−p

(ξp|x1, . . . , xp−1)
= . . .

= f(ξ1, . . . , ξp)
fX1|X−1(x1|ξ2, . . . , ξp)
fX1|X−1(ξ1|ξ2, . . . , ξp)

· · · fXp|X−p
(xp|x1, . . . , xp−1)

fXp|X−p
(ξp|x1, . . . , xp−1)

The positivity condition guarantees that the conditional densities are non-zero. �

Note that the Hammersley-Clifford theorem doesnot guarantee the existence of a joint probability distribution

for every choice of conditionals, as the following example shows. In Bayesian modeling such problems mostly arise

when using improper prior distributions.
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Example 4.2. Consider the following “model”

X1|X2 ∼ Expo(λX2)

X2|X1 ∼ Expo(λX1),

for which it would be easy to design a Gibbs sampler. Trying toapply the Hammersley-Clifford theorem, we obtain

f(x1, x2) ∝
fX1|X2(x1|ξ2) · fX2|X1(x2|x1)
fX1|X2(ξ1|ξ2) · fX2|X1(ξ2|x1)

=
λξ2 exp(−λx1ξ2) · λx1 exp(−λx1x2)
λξ2 exp(−λξ1ξ2) · λx1 exp(−λx1ξ2)

∝ exp(−λx1x2)

The integral
∫ ∫

exp(−λx1x2) dx1 dx2 however is not finite, thus there is no two-dimensional probability distri-

bution withf(x1, x2) as its density. ⊳

4.4 Convergence of the Gibbs sampler

First of all we have to analyse whether the joint distribution f(x1, . . . , xp) is indeed the stationary distribution

of the Markov chain generated by the Gibbs sampler3. For this we first have to determine the transition kernel

corresponding to the Gibbs sampler.

Lemma 4.3. The transition kernel of the Gibbs sampler is

K(x(t−1),x(t)) = fX1|X−1(x
(t)
1 |x(t−1)

2 , . . . , x(t−1)
p ) · fX2|X−2(x

(t)
2 |x(t)

1 , x
(t−1)
3 , . . . , x(t−1)

p ) · . . .
·fXp|X−p

(x(t)
p |x(t)

1 , . . . , x
(t)
p−1)

Proof. We have

P(X(t) ∈ X |X(t−1) = x(t−1)) =
∫
X

f(Xt|X(t−1))(x
(t)|x(t−1)) dx(t)

=
∫
X

fX1|X−1(x
(t)
1 |x(t−1)

2 , . . . , x(t−1)
p )︸ ︷︷ ︸

corresponds to step 1. of the algorithm

· fX2|X−2(x
(t)
2 |x(t)

1 , x
(t−1)
3 , . . . , x(t−1)

p )︸ ︷︷ ︸
corresponds to step 2. of the algorithm

· . . .

· fXp|X−p
(x(t)

p |x(t)
1 , . . . , x

(t)
p−1)︸ ︷︷ ︸

corresponds to step p. of the algorithm

dx(t) �

3 All the results in this section will be derived for the systematic scan Gibbs sampler (algorithm 4.1). Very similar results hold

for the random scan Gibbs sampler (algorithm 4.2).
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Proposition 4.4. The joint distributionf(x1, . . . , xp) is indeed the invariant distribution of the Markov chain(X(0),X(1), . . .) generated by the Gibbs sampler.

Proof. ∫
f(x(t−1))K(x(t−1),x(t)) dx(t−1)

=
∫
· · ·
∫

f(x(t−1)
1 , . . . , x(t−1)

p ) dx
(t−1)
1︸ ︷︷ ︸

=f(x
(t−1)
2 ,...,x

(t−1)
p )

fX1|X−1(x
(t)
1 |x(t−1)

2 , . . . , x(t−1)
p )

︸ ︷︷ ︸
=f(x

(t)
1 ,x

(t−1)
2 ,...,x

(t−1)
p )

· · · fXp|X−p
(x(t)

p |x(t)
1 , . . . , x

(t)
p−1)dx

(t−1)
2 . . . dx(t−1)

p

=
∫
· · ·
∫

f(x(t)
1 , x

(t−1)
2 , . . . , x(t−1)

p ) dx
(t−1)
2︸ ︷︷ ︸

=f(x
(t)
1 ,x

(t−1)
3 ,...,x

(t−1)
p )

fX2|X−2(x
(t)
2 |x(t)

1 , x
(t−1)
3 , . . . , x(t−1)

p )

︸ ︷︷ ︸
=f(x

(t)
1 ,x

(t)
2 ,x

(t−1)
3 ,...,x

(t−1)
p )

· · · fXp|X−p
(x(t)

p |x(t)
1 , . . . , x

(t)
p−1)dx

(t−1)
3 . . . dx(t−1)

p

= . . .

=
∫

f(x(t)
1 , . . . , x

(t)
p−1, x

(t−1)
p ) dx(t−1)

p︸ ︷︷ ︸
=f(x

(t)
1 ,...,x

(t)
p−1)

fXp|X−p
(x(t)

p |x(t)
1 , . . . , x

(t)
p−1)

︸ ︷︷ ︸
=f(x

(t)
1 ,...,x

(t)
p )

= f(x(t)
1 , . . . , x(t)

p )

Thus according to definition 1.27f is indeed the invariant distribution. �
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So far we have established thatf is indeed the invariant distribution of the Gibbs sampler. Next, we have to analyse

under which conditions the Markov chain generated by the Gibbs sampler will converge tof .

First of all we have to study under which conditions the resulting Markov chain is irreducible4. The following

example shows that this does not need to be the case.

Example 4.3 (Reducible Gibbs sampler). Consider Gibbs sampling from the uniform distribution onC1 ∪ C2 with

C1 := {(x1, x2) : ‖(x1, x2)− (1, 1)‖ ≤ 1} andC2 := {(x1, x2) : ‖(x1, x2)− (−1,−1)‖ ≤ 1}, i.e.

f(x1, x2) =
1
2π

IC1∪C2(x1, x2)

Figure 4.2 shows the density as well the first few samples obtained by starting a Gibbs sampler withX(0)
1 < 0 and

X
(0)
2 < 0. It is easy to that when the Gibbs sampler is started inC2 it will stay there and never reachC1. The reason

-2

-2

-1

-1

0

0

1

1

2

2

X
(t)
1

X
(t

)
2

Figure 4.2. Illustration of a Gibbs sampler failing to sample from a distribution with unconnected support (uniform distribution

on{(x1, x2) : ‖(x1, x2)− (1, 1)‖ ≤ 1|} ∪ {(x1, x2) : ‖(x1, x2)− (−1,−1)‖ ≤ 1|})

for this is that the conditional distributionX2|X1 (X1|X2) is for X1 < 0 (X2 < 0) entirely concentrated onC2. ⊳

The following proposition gives a sufficient condition for irreducibility (and thus the recurrence) of the Markov

chain generated by the Gibbs sampler. There are less strict conditions for the irreducibility and aperiodicity of the

Markov chain generated by the Gibbs sampler (see e.g. Robertand Casella, 2004, Lemma 10.11).

Proposition 4.5. If the joint distributionf(x1, . . . , xp) satisfies the positivity condition, the Gibbs sampler yields

an irreducible, recurrent Markov chain.

Proof. LetX ⊂ supp(f) be a set with
∫
X f(x(t)

1 , . . . , x
(t)
p )d(x(t)

1 , . . . , x
(t)
p ) > 0.∫

X
K(x(t−1),x(t))dx(t) =

∫
X

fX1|X−1(x
(t)
1 |x(t−1)

2 , . . . , x(t−1)
p )︸ ︷︷ ︸

>0 (on a set of non-zero measure)

· · · fXp|X−p
(x(t)

p |x(t)
1 , . . . , x

(t)
p−1)︸ ︷︷ ︸

>0 (on a set of non-zero measure)

dx(t) > 0,

where the conditional densities are non-zero by the positivity condition. Thus the Markov Chain(X(t))t is strongly

f -irreducible. Asf is the unique invariant distribution of the Markov chain, itis as well recurrent (proposition

1.28). �
4 Here and in the following we understand by “irreducibilty” irreducibility with respect to the target distributionf .
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If the transition kernel is absolutely continuous with respect to the dominating measure, then recurrence even

implies Harris recurrence (see e.g. Robert and Casella, 2004, Lemma 10.9).

Now we have established all the necessary ingredients to state an ergodic theorem for the Gibbs sampler, which

is a direct consequence of theorem 1.30.

Theorem 4.6. If the Markov chain generated by the Gibbs sampler is irreducible and recurrent (which is e.g. the

case when the positivity condition holds), then for any integrable functionh : E → R

lim
n→∞

1
n

n∑
t=1

h(X(t)) → Ef (h(X))

for almost every starting valueX(0). If the chain is Harris recurrent, then the above result holds for every starting

valueX(0).

Theorem 4.6 guarantees that we can approximate expectationsEf (h(X)) by their empirical counterparts using

a singleMarkov chain.

Example 4.4. Assume that we want to use a Gibbs sampler to estimate the probability P(X1 ≥ 0,X2 ≥ 0) for a

N2

((
µ1

µ2

)
,

(
σ2

1 σ12

σ12 σ2
2

))
distribution.5 The marginal distributions are

X1 ∼ N(µ1, σ
2
1) and X2 ∼ N(µ2, σ

2
2)

In order to construct a Gibbs sampler, we need the conditional distributionsX1|X2 = x2 andX2|X1 = x1. We

have6

f(x1, x2) ∝ exp

−1
2

((
x1

x2

)
−
(

µ1

µ2

))′(
σ2

1 σ12

σ12 σ2
2

)−1((
x1

x2

)
−
(

µ1

µ2

))
∝ exp

(
− (x1 − (µ1 + σ12/σ2

22(x2 − µ2)))2

2(σ2
1 − (σ12)2/σ2

2)

)
,

i.e.

X1|X2 = x2 ∼ N(µ1 + σ12/σ2
2(x2 − µ2), σ2

1 − (σ12)2/σ2
2)

Thus the Gibbs sampler for this problem consists of iterating for t = 1, 2, . . .

1. DrawX
(t)
1 ∼ N(µ1 + σ12/σ2

2(X(t−1)
2 − µ2), σ2

1 − (σ12)2/σ2
2)

5 A Gibbs sampler is of course not the optimal way to sample from aNp(µ,Σ) distribution. A more efficient way is: draw

Z1, . . . , Zp
i.i.d.∼ N(0, 1) and set(X1, . . . , Xp)′ = Σ1/2(Z1, . . . , Zp)

′ + µ
6 We make use of   

x1

x2

!
−
 

µ1

µ2

!!′ 
σ2

1 σ12

σ12 σ2
2

!−1  
x1

x2

!
−
 

µ1

µ2

!!

=
1

σ2
1σ

2
2 − (σ12)2

  
x1

x2

!
−
 

µ1

µ2

!!′ 
σ2

2 −σ12

−σ12 σ2
1

!  
x1

x2

!
−
 

µ1

µ2

!!

=
1

σ2
1σ

2
2 − (σ12)2

`
σ2

2(x1 − µ1)
2 − 2σ12(x1 − µ1)(x2 − µ2)

´
+ const

=
1

σ2
1σ

2
2 − (σ12)2

`
σ2

2x
2
1 − 2σ2

2x1µ1 − 2σ12x1(x2 − µ2)
´

+ const

=
1

σ2
1 − (σ12)2/σ2

2

`
x2

1 − 2x1(µ1 + σ12/σ
2
2(x2 − µ2))

´
+ const

=
1

σ2
1 − (σ12)2/σ2

2

`
x1 − (µ1 + σ12/σ

2
2(x2 − µ2)

´2
+ const
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2. DrawX
(t)
2 ∼ N(µ2 + σ12/σ2

1(X(t)
1 − µ1), σ2

2 − (σ12)2/σ2
1).

Now consider the special caseµ1 = µ2 = 0, σ2
1 = σ2

2 = 1 andσ12 = 0.3. Figure 4.4 shows the sample paths of

this Gibbs sampler.

Using theorem 4.6 we can estimateP(X1 ≥ 0,X2 ≥ 0) by the proportion of samples(X(t)
1 ,X

(t)
2 ) with X

(t)
1 ≥ 0

andX
(t)
2 ≥ 0. Figure 4.3 shows this estimate. ⊳
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Figure 4.3. Estimate of theP(X1 ≥ 0, X2 ≥ 0) obtained using a Gibbs sampler. The area shaded in grey correspondsto the

range of 100 replications.

Note that the realisations(X(0),X(1), . . .) form a Markov chain, and are thusnot independent, but typically

positively correlated. The correlation between theX(t) is larger if the Markov chain moves only slowly (the chain

is then said to beslowly mixing). For the Gibbs sampler this is typically the case if the variablesXj are strongly

(positively or negatively) correlated, as the following example shows.

Example 4.5 (Sampling from a highly correlated bivariate Gaussian). Figure 4.5 shows the results obtained when

sampling from a bivariate Normal distribution as in example4.4, however withσ12 = 0.99. This yields a correlation

of ρ(X1,X2) = 0.99. This Gibbs sampler is a lot slower mixing than the one considered in example 4.4 (and

displayed in figure 4.4): due to the strong correlation the Gibbs sampler can only perform very small movements.

This makes subsequent samplesX
(t−1)
j andX

(t)
j highly correlated and thus yields to a slower convergence, as the

plot of the estimated densities show (panels (b) and (c) of figures 4.4 and 4.5). ⊳
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Figure 4.4. Gibbs sampler for a bivariate standard normal distribution with correlationρ(X1, X2) = 0.3.
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