Chapter 4

The Gibbs Sampler

4.1 Introduction

In section 3.3 we have seen that, using importance sampligan approximate an expectatién(h(X)) without
having to sample directly fronf. However, finding an instrumental distribution which albws toefficiently
estimatel; (h(X)) can be difficult, especially in large dimensions.

In this chapter and the following chapters we will use a sohawlifferent approach. We will discuss methods
that allow obtaining ampproximatesample fromf without having to sample fronfi directly. More mathematically
speaking, we will discuss methods which generate a Markainalthose stationary distribution is the distribution
of interestf. Such methods are often referred to as Markov Chain Montl @dCMC) methods.

Example 4.1 (Poisson change point model). Assume the following Poisson model of two regimes forandom
variablesys, ..., Y,.!

Y; ~Poi(A\) for i=1,...,M

Y; ~Poi(Xg) for i=M+1,....n

A suitable (conjugate) prior distribution fov; is theGamma(«;, 3;) distribution with density
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The joint distribution ofY7, ..., Y,,, A1, A2, andM is
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If M is known, the posterior distribution of; has the density

f) =

Xfl_l/}fl exp(—f1A1) - A;’?‘lﬁgz exp(—f2A2).
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MYi,... Y, M ~ Gamma ((11+Zyia51+1\1> (4.1)
i=1
n
Xo|V1,... Y, M ~ Gamma (a2 + Z yi, Ba+n— M) . (4.2)
i=M+1

! The probability distribution function of thBoi(\) distribution isp(y) = *Dgi*“
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Now assume that we do not know the change pdinand that we assume a uniform prior on the{set .., M —
1}. It is easy to compute the distribution 8f given the observation¥;,...Y,, and\; and\,. It is a discrete
distribution with probability density function proportial to

POMIYa, . Y A he) o AT U AT (g — Ay) - M) @3)
The conditional distributions in (4.1) to (4.3) are all easysample from. It is however rather difficult to sample
from the joint posterior of Ay, Ao, M). 4

The example above suggests the strategy of alternatelylisanfiom the (full) conditional distributions ((4.1)
to (4.3) in the example). This tentative strategy howevisesasome questions.

— Is the joint distribution uniquely specified by the condita distributions?

— Sampling alternately from the conditional distributionslgis a Markov chain: the newly proposed values only
depend on the present values, not the past values. Will gpsoach yield a Markov chain with the correct
invariant distribution? Will the Markov chain converge teetinvariant distribution?

As we will see in sections 4.3 and 4.4, the answer to both guesis — under certain conditions — yes. The
next section will however first of all state the Gibbs samgplhgorithm.

4.2 Algorithm

The Gibbs sampler was first proposed by Geman and Geman (4884yrther developed by Gelfand and Smith
(1990). Denote withe _; := (x1,...,%i—1, Tiy1,. .., Tp).

Algorithm 4.1 ((Systematic sweep) Gibbs sampler). Starting With(Xf°)7 .. ,X,SU)) iterate fort = 1,2,...

1.0raw X ~ fr e, (IXSTD L x D),
jo Draw X ~ e x, (X X0 XY xY),

p. Draw X" ~ fxp‘xfp(»\X{“VH,X[(fjl).

Figure 4.1 illustrates the Gibbs sampler. The conditionstributions as used in the Gibbs sampler are often
referred to afull conditionals Note that the Gibbs samplemstreversible. Liu et al. (1995) proposed the following
algorithm that yields a reversible chain.

Algorithm 4.2 (Random sweep Gibbs sampler). Starting With(Xio)ﬁ . 7X,(,O)) iterate fort = 1,2,. ..

1. Draw an indey from a distribution on{1,...,p} (e.g. uniform)
2. DraWX]“) ~ fx i, CIXEY L ,X_I(‘_T),Xfflm, L xEY), and setx™ = x Y forall o # 5.

4.3 The Hammersley-Clifford Theorem

An interesting property of the full conditionals, which tB&bs sampler is based on, is that they fully specify the
joint distribution, as Hammersley and Clifford proved iri708. Note that the set of marginal distributions does
have this property.

2 Hammersley and Clifford actually never published this result, as they amti@xtend the theorem to the case of non-
positivity.
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Figure 4.1. lllustration of the Gibbs sampler for a two-dimensional distribution
Definition 4.1 (Positivity condition). A distribution with densityf (x4, ..., ;) and marginal densitiegx, (z;) is
said to satisfy the positivity condition ff, (z;) > 0 for all z1,...,z, implies thatf(x1,...,2;,) > 0.

The positivity condition thus implies that the support a fhint densityf is the Cartesian product of the support
of the marginalsfy, .

Theorem 4.2 (Hammersley-Clifford).  Let (Xy,...,X,,) satisfy the positivity condition and have joint density
f(z1,...,2p). Thenforall(¢y, ..., &,) € sup f)

Fn. o H Fxpixo (@l ai-1,841, 4, &)
Ixjix_; Elens i, Gy 0 6p)
Proof. We have
F@i, o mpo1,@p) = fxx_, (@plen, o zpo1) f(21, 0 2p1) (4.4)
and by complete analogy
f@, o @p-1,8) = fxix_, Gl - zp1) 2, 2po1), (4.5)
thus
(4.4)
flan,.. mp) = flar, . ap-1) Ixpx_, (@plan, . wpm1)
| S —
D f 1,y 160 Fxpix_y @1y 1)
Ixpix_, (@plo1, 1)
= fl@,..2p-1,§ e
( ? p)fxp\X,p(§p|I17»~,Zp—1)
- e ¢ )fxl\x J@l& 0 6)  Fxx, (@lT, )
U ik (Guléas 0 6p) fx,,|x_,,(§p|21,~~,l’p71)
The positivity condition guarantees that the conditiorelglties are non-zero. O

Note that the Hammersley-Clifford theorem does guarantee the existence of a joint probability distribatio
for every choice of conditionals, as the following examgiews. In Bayesian modeling such problems mostly arise
when using improper prior distributions.
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Example 4.2. Consider the following “model”

X1|X2 ~ Expo(AX3)
Xo| X1~ Expo(AX1),

for which it would be easy to design a Gibbs sampler. Tryinggply the Hammersley-Clifford theorem, we obtain

Ixaxa (@1182) - Fxaix, (@2]21) A& exp(—Az1&s) - Awy exp(—Awiaa)

flan,a) o« Fxiixa (611€2) - Fxopx, (Galwn) — Ao exp(—A&iéa) - Ay exp(—Ar1éa)

o exp(—Azy22)

The integralffexp(f)\zlzz) dzy dzo however is not finite, thus there is no two-dimensional philitg distri-
bution with f (21, 22) as its density. <

4.4 Convergence of the Gibbs sampler

First of all we have to analyse whether the joint distribati(z1, ..., x,) is indeed the stationary distribution
of the Markov chain generated by the Gibbs saniplEor this we first have to determine the transition kernel
corresponding to the Gibbs sampler.

Lemma 4.3. The transition kernel of the Gibbs sampler is
— t— — t—1 —
KaDxO) = e @ af ™0l D) e @8]0l 70 a7 ) -
fxp\x,,,( () |Z(t) ---71521)
Proof. We have

P(X" e XD =x(Y) = / Foxepxee-) (W x71) ax®
X

- /X Pt GRS, 28D) - e @ 2§, )

corresponds to step 1. of the algorithm corresponds to step 2. of the algorithm
(t) (t) t
frix s, @Vl e ) dx® 0

corresponds to step p. of the algorithm

3 All the results in this section will be derived for the systematic scan Gibbglsarfalgorithm 4.1). Very similar results hold

for the random scan Gibbs sampler (algorithm 4.2).



Proposition 4.4.  The joint distributionf (1, ..., ) is indeed the invariant distribution of the Markov ch&iK(®), X (1), .. .) generated by the Gibbs sampler.
Proof.
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Thus according to definition 1.2f7is indeed the invariant distribution.
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So far we have established thais indeed the invariant distribution of the Gibbs samplexxtywe have to analyse
under which conditions the Markov chain generated by thé&dampler will converge t.

First of all we have to study under which conditions the rissgIMarkov chain is irreducibfe The following
example shows that this does not need to be the case.

Example 4.3 (Reducible Gibbs sampler). Consider Gibbs sampling from the uniform distribution@nu C, with
Cy = {(x1,@2) : (w1, 22) — (1,1)|| < 1} andCy := {(z1,22) : [|(21,22) — (—=1,—-1)|| < 1}, i.e.

1
flar,xz) = %Hclucz (x1,22)

Figure 4.2 shows the density as well the first few samplesmdadaby starting a Gibbs sampler wiﬂﬁ[(’) < 0and
XZ(U) < 0. Itis easy to that when the Gibbs sampler is starte@iit will stay there and never react}. The reason
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Figure 4.2. lllustration of a Gibbs sampler failing to sample from a distribution with uncotetesupport (uniform distribution
on{(z1,m2) : [[(z1,22) = (L 1} U{(@r,22) : [[(21,22) = (=1, -1 < 1]})

for this is that the conditional distributioli;| X; (X7|X5) is for X; < 0 (X» < 0) entirely concentrated ofiz. <

The following proposition gives a sufficient condition foraducibility (and thus the recurrence) of the Markov
chain generated by the Gibbs sampler. There are less giriditons for the irreducibility and aperiodicity of the
Markov chain generated by the Gibbs sampler (see e.g. Rahéi€asella, 2004, Lemma 10.11).

Proposition 4.5.  If the joint distribution f (x4, ..., ,) satisfies the positivity condition, the Gibbs sampler yield
an irreducible, recurrent Markov chain.

Proof. Let X' C sup(f) be asetwithf, f(z\",....2{")d@", ... 2{) > 0.

/K(X“‘”,x(”)dxm =/ Frapx, @870, alm) s i (@, ) dx® > o,
X X

>0 (on a set of non-zero measure) >0 (on a set of non-zero measure)

where the conditional densities are non-zero by the pitgitiondition. Thus the Markov ChaifX (")), is strongly
f-irreducible. Asf is the unique invariant distribution of the Markov chainjstas well recurrent (proposition
1.28). O
m in the following we understand by “irreducibilty” irreducibility wittspect to the target distributioft
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If the transition kernel is absolutely continuous with resipto the dominating measure, then recurrence even
implies Harris recurrence (see e.g. Robert and Caselld, 2@0nma 10.9).

Now we have established all the necessary ingredientst®ataergodic theorem for the Gibbs sampler, which
is a direct consequence of theorem 1.30.

Theorem 4.6. If the Markov chain generated by the Gibbs sampler is irrdiolecand recurrent (which is e.g. the
case when the positivity condition holds), then for anygrable functionh : £ — R

Lo
im = (t) X
ggn;MX)emwm»
for almost every starting valui (€. If the chain is Harris recurrent, then the above result ofdr every starting

valueX(©),

Theorem 4.6 guarantees that we can approximate expectétiofh (X)) by their empirical counterparts using
a singleMarkov chain.

Example 4.4. Assume that we want to use a Gibbs sampler to estimate thalptiop P(X; > 0, X, > 0) for a

M1 o7 o1 T
No s . distribution? The marginal distributions are

H2 O12 03
Xy ~ N(p1,0%) and Xy ~ N(ua,09)

In order to construct a Gibbs sampler, we need the conditiis&ibutions X | Xs = z, and X»| X, = z;. We

havé
1 T 1 ' o? o B T1 M1
f(Il,I2> o exp 75(( 12>7<#2 >> (0‘12 a'g ) << 1‘2>7<u2 >>
(1= + o/ (22 — p2)))?
“e“< 207 = (012)2/73) »
i.e.

X1| Xz = @9 ~ N(p1 + 012/03 (w2 — p2), 07 — (012)*/03)
Thus the Gibbs sampler for this problem consists of itegafim ¢ = 1,2, ...
1. DraWXl(‘) ~ N(m +0‘12/0'§(X2(t71) — o), 0% — (012)%/03)

5 A Gibbs sampler is of course not the optimal way to sample froN @, X) distribution. A more efficient way is: draw

iid.

Zy,.. . Zy R N(0,1) and sel Xy, ..., X,) = ZV2( 71, Z,) +

5 We make use of
() ) ()= ()
T2 2 o12 U% T2 M2
_ 1 x1 _ 1251 ' a% —012 T _ M1
ofos — (012)? T2 s —012 o} e 2

1
— m (og(zl - ;11)2 —2012(z1 — p1)(z2 — /,LQ)) + const
1¥2

2 2 2
= - x] — 205z 1 — 201221 (T2 — pu const
U?”% - <012)2 ((72 ! T2 7 1( : lu)) M

- W (zf — 21 (1 + 012/05(12 - ,uz))) + const
1 2

2
1 — (1 + (712/0%(/1:2 — /12)) + const
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2. Dranz(t) ~ N(u2 + UlZ/O’%(Xl(t) —1),0% — (012)%/0?).

Now consider the special cagg = y» = 0, 07 = 05 = 1 andoy, = 0.3. Figure 4.4 shows the sample paths of

this Gibbs sampler.
Using theorem 4.6 we can estim@éX, > 0, X, > 0) by the proportion of samplest'”, x{9) with X > 0
andXz(” > 0. Figure 4.3 shows this estimate. <
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Figure 4.3. Estimate of thdP(X; > 0, X, > 0) obtained using a Gibbs sampler. The area shaded in grey correspahés
range of 100 replications.

Note that the realisation&X(?), X(1)| .. .) form a Markov chain, and are thumt independent, but typically
positively correlated. The correlation between X&) is larger if the Markov chain moves only slowly (the chain
is then said to bslowly mixing. For the Gibbs sampler this is typically the case if thealslesX; are strongly
(positively or negatively) correlated, as the followingaexple shows.

Example 4.5 (Sampling from a highly correlated bivariate Gaussian). Figure 4.5 shows the results obtained when
sampling from a bivariate Normal distribution as in exampk however withr 1, = 0.99. This yields a correlation

of p(X1,X2) = 0.99. This Gibbs sampler is a lot slower mixing than the one carsid in example 4.4 (and
displayed in figure 4.4): due to the strong correlation thiebSisampler can only perform very small movements.
This makes subsequent sampréﬁ’” andX;”) highly correlated and thus yields to a slower convergerséie
plot of the estimated densities show (panels (b) and (c) aféig4.4 and 4.5). <
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Figure 4.4. Gibbs sampler for a bivariate standard normal distribution with correlaiiéh , X») = 0.3.
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Figure 4.5. Gibbs sampler for a bivariate normal distribution with correlai¢i ;, X2) = 0.99.
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