Chapter 3

Fundamental Concepts: Transformation, Re-

jection, and Reweighting

3.1 Transformation methods

In section 2.4 we have seen how to create (pseudo-)randorberarfrom the uniform distributiotl[0, 1]. One
of the simplest methods of generating random samples fromtabdition with cumulative distribution function
(c.d.f.)F(z) = P(X < x) is based on the inverse of the c.d.f..

Figure 3.1. lllustration of the definition of the generalised inveise of a c.d.f.F’

The c.d.f. is an increasing function, however it is not neaé/ continuous. Thus we define tigeneralised
inverse F~ (u) = inf{z : F(x) > u}. Figure 3.1 illustrates its definition. If' is continuous, therF~ (u) =
F~Y(u).

Theorem 3.1 (Inversion Method). LetU ~ U[0,1] and F be a c.d.f.. Thed~ (U) has the c.d.fF.

Proof. Itis easy to see (e.g. in figure 3.1) that (u) < x is equivalent ta: < F(z). Thus forU ~ U0, 1]
P(F~(U) <z)=P(U < F(z)) = F(z),

thusF is the c.d.f. ofX = '~ (U). O

Example 3.1 (Exponential Distribution). The exponential distribution with rate > 0 has the c.d.fFy(z) = 1 —
exp(—Az) for z > 0. ThusFy (u) = Fy *(u) = —log(1 — u)/A. Thus we can generate random samples from
Expo()\) by applying the transformation log(1 — U) /A to a uniformU|0, 1] random variablé/. As U and1 — U,
of course, have the same distribution we can-useg(U)/A as well. Q
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The Inversion Method is a very efficient tool for generatingdom numbers. However very few distributions
possess a c.d.f. whose (generalised) inverse can be edkféitiently. Take the example of the Gaussian distribu-
tion, whose c.d.f. is not even available in closed form.

Note however that the generalised inverse of the c.d.f.ssgoe possible transformation and that there might
be other transformations that yield the desired distrdyutAn example of such a method is the Box-Muller method
for generating Gaussian random variables.

Example 3.2 (Box-Muller Method for Sampling from Gaussians). When sampling from the normal distribution, one
faces the problem that neither the c.@f:), nor its inverse has a closed-form expression. Thus we tarsecthe
inversion method.

It turns out however, that if we consider a paii, X» RS N(0,1), as a point X, X5) in the plane, then its
polar coordinate$R, §) are again independent and have distributions we can easilpls from:9 ~ U[0, 2x], and
R? ~ Expo(1/2).

This can be shown as follows. Assume that U[0, 27] andR? ~ Expo(1/2). Then the joint density off), r?)
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To obtain the probability density function of
X1 =VR?-cos(h), X =V R?-sin(0)

we need to use the transformation of densities formula.
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Thus X, X5 ~ N(0,1). As their joint density factorisesy; and X, are independent, as required.
ii.d.

Thus we only need to generate~ U[0, 27], andR? ~ Expo(1/2). UsingUy, U, < U[0, 1] and example 3.1
we can generat® = v R? andd by

R = \V —210g(U1), 9:27TU2,

and thus
X1 =/ —2log(Uy) - cos(2nUs), Xo =/ —2log(Uy) - sin(2nUs)
are two independent realisations frorhl €0, 1) distribution. <

The idea of transformation methods like the Inversion Mdthvas to generate random samples from a distribu-
tion other than the target distribution and to transformrmilseich that they come from the desired target distribution.
In many situations, we cannot find such a transformationdsed form. In these cases we have to find other ways
of correcting for the fact that we sample from the “wrong”tdisution. The next two sections present two such
ideas: rejection sampling and importance sampling.
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3.2 Rejection sampling

The basic idea of rejection sampling is to sample fromirstrumental distributioh and reject samples that are
“unlikely” under the target distribution.

Assume that we want to sample from a target distribution whaensity f is known to us. The simple idea
underlying rejection sampling (and other Monte Carlo atpans) is the rather trivial identity

f(z) 1
f(z) = / 1du= / Locu<f(z) du
0 0 N———
=f(z,u)

Thus f(x) can be interpreted as the marginal density of a uniformibigion on the area under the densjtjr)

{(z,u) s 0 <u < flz)}

Figure 3.2 illustrates this idea. This suggests that we eaeigte a sample froghby sampling from the area under
the curve.

2.4 B o ° o

0 1

Figure 3.2. lllustration of example 3.3. Sampling from the area under the curvé @tay) corresponds to sampling from the
Beta(3,5) density. In example 3.3 we use a uniform distribution of the light grey ned¢aas proposal distribution. Empty
circles denote rejected values, filled circles denote accepted values.

Example 3.3 (Sampling from a Beta distribution). TheBeta(a, b) distribution @, b > 0) has the density

I'(a+1b)

a—1 1_ b—1 f 1
7F(a)1“(b)x (1—a)"", oro <z <1,

fz) =

wherel’(a) = f0+°° to~Lexp(—t) dt is the Gamma function. Far, b > 1 the Beta(a, b) density is unimodal with
mode(a — 1)/(a + b — 2). Figure 3.2 shows the density ofBeta(3,5) distribution. It attains its maximum of
1680,/729 ~ 2.305 atz = 1/3.

Using the above identity we can draw frd®ata(3, 5) by drawing from a uniform distribution on the area under the
density{(x,u) : 0 <u < f(x)} (the area shaded in dark gray in figure 3.2).

In order to sample from the area under the density, we willausinilar trick as in examples 2.1 and 2.2. We will
sample from the light grey rectangle and only keep the sasplat fall in the area under the curve. Figure 3.2
illustrates this idea.

Mathematically speaking, we sample independefily~ U[0, 1] andU ~ U[0, 2.4]. We keep the pai(X, U) if

U < f(X), otherwise we reject it.

The conditional probability that a paiX, U) is keptif X = z is

P(U < f(X)|X = 2) = P(U < f(x)) = f(x)/2.4

! The instrumental distribution is sometimes referred tpraposal distribution
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As X andU were drawn independently we can rewrite our algorithm aawDX from U0, 1] and accep with
probability f(X')/2.4, otherwise rejeck . <

The method proposed in example 3.3 is based on bounding tisétylef the Beta distribution by a box. Whilst
this is a powerful idea, it cannot be directly applied to ottistributions, as the density might be unbounded or
have infinite support. However we might be able to bound tmsideof f(x) by M - g(x), whereg(x) is a density
that we can easily sample from.

Algorithm 3.1 (Rejection sampling).  Given two densitied, g with f(x) < M - g(x) for all =, we can generate a
sample fromf as follows:

1. DrawX ~ g
2. AcceptX as a sample fronf with probability

f(X)
M- g(X)’
otherwise go back to step 1.
Proof. We have
. f(x) e @) da
P(X € X and is acceptgo= /Xg(x) M- g(2) dx = YR (3.1)
——
=P (X is acceptefiX =xz)
and thus
P(X is acceptefil= P(X € S and is accepted= %, (3.2)
yielding
. _ P(X € Xandis accepted Sy f(@) da/M
P(x € X|X is acceptefl= D (X is accepte]l 1/M / f(z) dx (3.3)
Thus the density of the values accepted by the algorithfif-is O

Remark 3.2. If we know f only up to a multiplicative constant, i.e. if we only know(x), wheref(z) = C - n(z),

we can carry out rejection sampling using
m(X)
M- g(X)

as probability of rejectind(, providedr(z) < M - g(z) for all . Then by analogy with (3.1) - (3.3) we have

P(X € X and is accepted:/ g(l.)MW(;C() | dr — Jx W](\/:[U) dr _ fxg(:j\)/[dx’
X . x .

P(X is acceptel=1/(C - M), and thus

) d M)
P(xz € X|X is acceptejl= Ja S I/ C / fa

/ (©
Example 3.4 (Rejection sampling from the N(0, 1) distribution using a Cauchy proposal). Assume we want to sam-
ple from theN(0, 1) distribution with density

using a Cauchy distribution with density
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Figure 3.3. lllustration of example 3.3. Sampling from the area under the defisity (dark grey) corresponds to sampling from
theN(0, 1) density. The proposal(z) is aCauchy(0, 1).

as instrumental distributiohThe smallesf\/ we can choose such thftr) < Mg(z) is M = /27 - exp(—1/2).
Figure 3.3 illustrates the results. As before, filled cisaterrespond to accepted values whereas open circles corre-
spond to rejected values.
Note that it is impossible to do rejection sampling from a €audistribution using &l(0, 1) distribution as
instrumental distribution: there is n@ € R such that
1 1 x?
<M e ()

the Cauchy distribution has heavier tails than the Gaushgnbution. <

3.3 Importance sampling

In rejection sampling we have compensated for the fact tleasampled from the instrumental distributigfr)
instead off(x) by rejecting some of the values proposedddy). Importance sampling is based on the idea of
using weights to correct for the fact that we sample from tigtrumental distributio (=) instead of the target
distribution f ().

Importance sampling is based on the identity

P(X e A = /Af(:c) dx = /Ag(x) = dx = /Ag(ac)w(a:) dx (3.4)

for all g(-), such thayg(z) > 0 for (almost) allz with f(x) > 0. We can generalise this identity by considering the
expectatiorE ;s (h (X)) of a measurable functiok:

By(h(X) = [ 1@hw)de = [ ge) TS 1wy an = [ geyutena) de = Bywx) 1)), @8
if g(x) > 0 for (almost) allz with f(x) - h(z) # 0.
Assume we have a samplg,, ..., X,, ~ g. Then, providedt,|w(X) - h(X)| exists,

S wXR(X) "= By (w(X) - A(X))
i=1

(by the Law of Large Numbers) and thus by (3.5)

a.s.

% D w(Xh(X:) "= By (h(X)).

2 We denote bys the set of all possible values can take, i.e.fq flx)de = 1.
3 There is not much point is using this method is practise. The Box-Mulleradéthmore efficient.
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In other words, we can estimagte= E;(h(X)) by

[L:

S|

Zw(Xi)h(Xz‘)

Note that whilstE, (w(X)) = [ %g(m) dr = [ f(x) = 1, the weightsw, (X), ..., w,(X) do not neces-
sarily sum up to, so one might want to consider teelf-normalisedrersion

i = ; . w(X; )
b= Sy & D).

This gives rise to the following algorithm:
Algorithm 3.2 (Importance Sampling).  Choosey such that supy) > supdf - h).

1. Fori=1,...,n:
i. GenerateX; ~ g.
ii. Setw(X;) = £
2. Return either
o Siy w(X)h(X)
Z{:l w(X;)

i = Z?:l w(X;)h(X;)

or

The following theorem gives the bias and the variance of igmze sampling.

Theorem 3.3 (Bias and Variance of Importance Sampling). (@) Ey(pn) = p
. Var, (w(X) - h(X
(b) Varg(,u) — g( ( ) ( ))

(©) Ey(ft) = pu+ +0(n™?)

(@) Var, (1) — V() - h(X) — 2uCovy (w(X), w(X) h(X)) +ptVary (X)) 0 o

iVary (w(X)) — Covy(w(X), w(X) - h(X))

Proof. (a) E, (1 3 w(&»)h()@)) = -3 By (w(X)h(X,) = Ey(h(X))

n -

n n

(b) Var, (; Zw(Xi)h(Xi)> - % 3 Var (w(X)h(X) =
(©) and (d) see (Liu, 2001, p.35) 0

Note that the theorem implies that in contrasiitihe self-normalised estimatgris biased. The self-normalised
estimator/; however might have a lower variance. In addition, it has la@oadvantage: we only need to know
the density up to a multiplicative constant, as it is oftea ttase in hierarchical Bayesian modelling. Assume
f(z) =C - 7(z), then

2o S wh(x) T Egh(xe) S ST X TR
> (X)) T 16 S Sy o

=1 g(Xy) 9(X4)

i.e. the self-normalised estimatprdoes not depend on the normalisation cons@AtOn the other hand, as we
have seen in the proof of theorem 3.3 it is a lot harder to @edllye theoretical properties of the self-normalised
estimatoryi.

Although the above equations (3.4) and (3.5) hold for eyewith supgg) O supfdf - k) and the importance
sampling algorithm converges for a large choice of sgchne typically only considers choices gthat lead to
finite variance estimatorsThe following two conditions are each sufficient (albeithex restrictive) for a finite
variance ofji:

4 By complete analogy one can show that is enough to kjoyw to a multiplicative constant.
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— f(z) < M - g(z) andVar;(h(X)) < +o0.
— Sis compact,f is bounded above ofi, andg is bounded below 01§
Note that under the first condition rejection sampling cao &le used to sample frof
So far we have only studied whether a distributipteads to a finite-variance estimator. This leads to the

question which instrumental distributionagtimal i.e. for which choicé/ar () is minimal. The following theorem
answers this question:

Theorem 3.4 (Optimal proposal).  The proposal distributio that minimises the variance @fis
oy h@)If (@)
SO = T h@If@ d
Proof. We have from theroem 3.3 (b) that
_ hX) f(X h(X) - f(X)\? hx) - FON
n-Vary(ft) = Varg (w(X) - h(X)) = Var, (( g)(Xf)( )> =E, <<( )/ )) ) <Eg <( g)()g)( )) ) .

=Eg(a)=p

: 2
%) ) When plugging iny* we obtain:

~( [ In@sc@ d:c)2

On the other hand, we can apply the Jensen inequrdiyE,, ((W)Q) yielding
h(X) - F(X)\* (X)) F(X) V) ’
T (( ) ) > (5 (")) = (e )

An important corollary of theorem 3.4 is that importance pling can besuper-efficienti.e. when using the

Thus we only have to minimisk, ((

O

optimal g* from theorem 3.4 the variance ffis less than the variance obtained when sampling direciiy ff:

h(X1) + ...+ h(X,)

-V ) = Esnx?) - 2

> <Ef|h<x>|>2—u2:( [ m@lre) dx) i = n- Vary. (i)

by Jensen’s inequality. Unlegg X ) is (almost surely) constant the inequality is strict. Thisran intuitive expla-
nation to the super-efficiency of importance sampling. ggihinstead off causes us to focus on regions of high
probability whergh| is large, which contribute most to the integgy (h(X)).

Theorem 3.4 is, however, a rather formal optimality resthen usingi we need to know the normalisation
constant ofy*, which is exactly the integral we are looking for. Furthermezd to be able to draw samples frgm
efficiently. The practically important corollary of theone3.4 is that we should choose an instrumental distribution
g whose shape is close to the onefof|h|.

Example 3.5 (Computing IE¢| X | for X ~ t3). Assume we want to compuie;|X | for X from at-distribution with
3 degrees of freedonty) using a Monte Carlo method. Three different schemes arsidered

®If X is real-valued random variable, agica convex function, theg(EE(X)) < E(y(X)).
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— SamplingXy, ..., X, directly fromt; and estimatind ;| X | by
1
n -
=1

— Alternatively we could use importance sampling using &vhich is nothing other than a Cauchy distribution)
as instrumental distribution. The idea behind this chaschat the density, («) of at; distribution is closer to
f(z)|z|, wheref(z) is the density of as distribution, as figure 3.4 shows.

— Third, we will consider importance sampling usinl&), 1) distribution as instrumental distribution.

S 1 — |z - f(z) (Target)
----  f(z) (direct sampling)
Ju1 (CL‘) (lS tl)
gno,1) (@) (ISN(0, 1))
('\’! —
o ’
N
o
-
o
o
o

\ \ \ \ \
-4 -2 0 2 4

Figure 3.4. lllustration of the different instrumental distributiohs in example 3.5.

Note that the third choice yields weights of infinite varianes the instrumental distributioN (0, 1)) has lighter
tails than the distribution we want to sample frorg)( The right-hand panel of figure 3.5 illustrates that thisich
yields a very poor estimate of the integifalz|f () dz.

Sampling directly from thes distribution can be seen as importance sampling with algtitsiv; = 1, this choice
clearly minimises the variance of the weights. This howed@es not imply that this yields an estimate of the
integral [ || f(x) dz of minimal variance. Indeed, after 1500 iterations the eiwgi standard deviation (over 100
realisations) of the direct estimate(i$345, which is larger than the empirical standard deviatiof @fhen using
at; distribution as instrumental distribution, which$182. So using a; distribution as instrumental distribution
is super-efficient (see figure 3.5).

Figure 3.6 somewhat explains why tke distribution is a far better choice than th&0, 1) distributon. As the
N(0, 1) distribution does not have heavy enough tails, the weigtdgeo infinity agxz| — +oo. Thus largdz| get
large weights, causing the jumps of the estimaghown in figure 3.5. The, distribution has heavy enough tails,
so the weights are small for large values|ef, explaining the small variance of the estimatevhen using &
distribution as instrumental distribution. <

Example 3.6 (Partially labelled data). Suppose that we are given count data from observations igtauwps, such
that

Y; ~ Poi(A1) if the i-th observation is from group 1
Y; ~ Poi(A2) if the i-th observation is from group 2
The data is given in the table 3.1. Note that only the first teseovations are labelled, the group label is missing

for the remaining ten observations.
We will use aGamma(a;, 3) distribution as (conjugate) prior distribution far, i.e. the prior density of; is
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Sampling directly from t3 IS using t; as instrumental distribution IS using N(0, 1) as instrumental distribution
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Figure 3.5. Estimates oft| X | for X ~ t3 obtained after 1 to 1500 iterations. The three panels correspond to thalifiezent
sampling schemes used. The areas shaded in grey correspondangbef 100 replications.

Sampling directly from t3 IS using t; as instrumental distribution 1S using N(0, 1) as instrumental distribution
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SampleX; from the instrumental distribution

Figure 3.6. WeightsI¥; obtained for20 realisationsX; from the different instrumental distributions.
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Group County; Group County; Group County; Group County;
1 3 2 14 * 15 * 21
1 6 2 12 * 4 * 11
1 3 2 11 * 1 *
1 5 2 19 * 6 * 7
1 9 2 18 * 11 * 18

Table 3.1. Data of example 3.6.

1

fA) = o)

)\?‘715;-“ exp(—pBA;).

Furthermore, we believe that a priori each observation usibyglikely to stem from group 1 or group 2.
We start with analysing the labelled data only, ignoringtBeaunlabelled observations. In this case, we can analyse
the two groups separately. In grolipve have that the joint distribution of;, . .., Y5, Ay is given by

5 <D (— Yi
P52 = S, AT () = (H R ) N esp(-)

N
i=1 Yi:

_ ; . L a+2f:1 Yi o . a+z.;;:1 s B

The posterior distribution of; given the data from group 1 is

f()‘llylv"’vyS): f é((:ZyJTJ:JUZ’))\\l))d)\ ch(ylv"'ay5v>\1)
A sec e I5y

oA TEE Y exp(— (4 5)A1)

Comparing this to the density of the Gamma distribution wiaiobthat

5
M|Y1,..., Y5 ~ Gamma (a+2yi,ﬁ+5> ;

=1

and similarly
10
A2|Ye, ..., Y19 ~ Gamma <a+Zyi,ﬁ+5> .

=6
Thus, when only using the labelled data, we do not have tatres®onte Carlo methods for finding the posterior
distribution.
This however is not the case any more once we also want todac¢he unlabelled data. The conditional density of
Y;|A1, A2 for an unlabelled observation ¢ 10) is

Lexp(=A)AT! N Lexp(=A2)A\Y’

A Ag) =
T (il A1, A2) 3 i 5 "

The posterior density for the entire sample (using bothllebend unlabelled data) is

F, X2lyn, - y20)< fF(AD) f(y, - ys A1) F(A2) f(Wes - - - y10lA2) - Fyins - - -5 Y20l A1, A2)

< f(Aly1,..,ys) o< f(Az2|y6,---,y10) =122, FlwilAi22)

20
X f(>\1‘il/1> DR ayS)f(A2|y63 e 7910) H f(y2|)\17)\2)
=11

This suggests using importance sampling with the produttte@listributions of\,|Y7, ..., Ys and2|Ys, ..., Yio
as instrumental distributions, i. e. use

g1, A2) = f(Alyr, - ys5) fF(A2ly6, - - -5 y10)-

The target distribution ig' (A1, A2|y1, . - ., y20), thus the weights are
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FA, A2y, - -5 Y20)
900, M) (3.6)

o FOulyn - ys) fQalys, - y10) T2y £ (ilAs, M)
Falyr, - ys) f(A2lyes - -+, y10)

20 20 : v
Texp(=A1)AY"  lexp(—A2)\Y
- T fwna = T1 (3 +3

.| N
i=11 i=11 yir Yi:

w()\l, )\2) =

Thus we can draw a weighted sample of sieom the distribution off (A1, A\2|y1, . . ., y20) by repeating the three
steps below: times:
1. Draw); ~ Gamma (a + Zle vi, B+ 5)

2. Draw\s; ~ Gamma (a + de Yi, B+ 5)
3. Compute the weight (A1, \2) using equation (3.6).

From a simulation witth, = 50, 000 | obtained4.4604 as posterior mean of; and14.5294 as posterior mean

of \2. The posterior densities are shown in figure 3.7. <
Posterior density of A; Posterior density of Ao
— All data o — All data
--- Labelled data ™ --- Labelled data
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Figure 3.7. Posterior distributions ok; and\ in example 3.6. The dashed line is the posterior density obtained only fem th
labelled data.
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