
Chapter 3

Fundamental Concepts: Transformation, Re-

jection, and Reweighting

3.1 Transformation methods

In section 2.4 we have seen how to create (pseudo-)random numbers from the uniform distributionU[0, 1]. One

of the simplest methods of generating random samples from a distribution with cumulative distribution function

(c.d.f.)F (x) = P(X ≤ x) is based on the inverse of the c.d.f..

F−(u) x

1

u

F (x)

Figure 3.1. Illustration of the definition of the generalised inverseF− of a c.d.f.F

The c.d.f. is an increasing function, however it is not necessarily continuous. Thus we define thegeneralised

inverseF−(u) = inf{x : F (x) ≥ u}. Figure 3.1 illustrates its definition. IfF is continuous, thenF−(u) =

F−1(u).

Theorem 3.1 (Inversion Method). LetU ∼ U[0, 1] andF be a c.d.f.. ThenF−(U) has the c.d.f.F .

Proof. It is easy to see (e.g. in figure 3.1) thatF−(u) ≤ x is equivalent tou ≤ F (x). Thus forU ∼ U[0, 1]

P(F−(U) ≤ x) = P(U ≤ F (x)) = F (x),

thusF is the c.d.f. ofX = F−(U). �

Example 3.1 (Exponential Distribution). The exponential distribution with rateλ > 0 has the c.d.f.Fλ(x) = 1 −
exp(−λx) for x ≥ 0. ThusF−

λ (u) = F−1
λ (u) = − log(1 − u)/λ. Thus we can generate random samples from

Expo(λ) by applying the transformation− log(1−U)/λ to a uniformU[0, 1] random variableU . As U and1−U ,

of course, have the same distribution we can use− log(U)/λ as well. ⊳
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The Inversion Method is a very efficient tool for generating random numbers. However very few distributions

possess a c.d.f. whose (generalised) inverse can be evaluated efficiently. Take the example of the Gaussian distribu-

tion, whose c.d.f. is not even available in closed form.

Note however that the generalised inverse of the c.d.f. is just one possible transformation and that there might

be other transformations that yield the desired distribution. An example of such a method is the Box-Muller method

for generating Gaussian random variables.

Example 3.2 (Box-Muller Method for Sampling from Gaussians). When sampling from the normal distribution, one

faces the problem that neither the c.d.f.Φ(·), nor its inverse has a closed-form expression. Thus we cannot use the

inversion method.

It turns out however, that if we consider a pairX1,X2
i.i.d.∼ N(0, 1), as a point(X1,X2) in the plane, then its

polar coordinates(R, θ) are again independent and have distributions we can easily sample from:θ ∼ U[0, 2π], and

R2 ∼ Expo(1/2).

This can be shown as follows. Assume thatθ ∼ U[0, 2π] andR2 ∼ Expo(1/2). Then the joint density of(θ, r2)

is
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To obtain the probability density function of
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we need to use the transformation of densities formula.
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ThusX1,X2 ∼ N(0, 1). As their joint density factorises,X1 andX2 are independent, as required.

Thus we only need to generateθ ∼ U[0, 2π], andR2 ∼ Expo(1/2). UsingU1, U2
i.i.d.∼ U[0, 1] and example 3.1

we can generateR =
√

R2 andθ by

R =
√
−2 log(U1), θ = 2πU2,

and thus

X1 =
√
−2 log(U1) · cos(2πU2), X2 =

√
−2 log(U1) · sin(2πU2)

are two independent realisations from aN(0, 1) distribution. ⊳

The idea of transformation methods like the Inversion Method was to generate random samples from a distribu-

tion other than the target distribution and to transform them such that they come from the desired target distribution.

In many situations, we cannot find such a transformation in closed form. In these cases we have to find other ways

of correcting for the fact that we sample from the “wrong” distribution. The next two sections present two such

ideas: rejection sampling and importance sampling.
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3.2 Rejection sampling

The basic idea of rejection sampling is to sample from aninstrumental distribution1 and reject samples that are

“unlikely” under the target distribution.

Assume that we want to sample from a target distribution whose densityf is known to us. The simple idea

underlying rejection sampling (and other Monte Carlo algorithms) is the rather trivial identity

f(x) =
∫ f(x)

0

1 du =
∫ 1

0

10<u<f(x)︸ ︷︷ ︸
=f(x,u)

du

Thusf(x) can be interpreted as the marginal density of a uniform distribution on the area under the densityf(x)

{(x, u) : 0 ≤ u ≤ f(x)}.

Figure 3.2 illustrates this idea. This suggests that we can generate a sample fromf by sampling from the area under

the curve.

10

2.4

u

x

Figure 3.2. Illustration of example 3.3. Sampling from the area under the curve (dark grey) corresponds to sampling from the

Beta(3, 5) density. In example 3.3 we use a uniform distribution of the light grey rectangle as proposal distribution. Empty

circles denote rejected values, filled circles denote accepted values.

Example 3.3 (Sampling from a Beta distribution). TheBeta(a, b) distribution (a, b ≥ 0) has the density

f(x) =
Γ (a + b)
Γ (a)Γ (b)

xa−1(1− x)b−1, for 0 < x < 1,

whereΓ (a) =
∫ +∞
0

ta−1 exp(−t) dt is the Gamma function. Fora, b > 1 theBeta(a, b) density is unimodal with

mode(a − 1)/(a + b − 2). Figure 3.2 shows the density of aBeta(3, 5) distribution. It attains its maximum of

1680/729 ≈ 2.305 atx = 1/3.

Using the above identity we can draw fromBeta(3, 5) by drawing from a uniform distribution on the area under the

density{(x, u) : 0 < u < f(x)} (the area shaded in dark gray in figure 3.2).

In order to sample from the area under the density, we will usea similar trick as in examples 2.1 and 2.2. We will

sample from the light grey rectangle and only keep the samples that fall in the area under the curve. Figure 3.2

illustrates this idea.

Mathematically speaking, we sample independentlyX ∼ U[0, 1] andU ∼ U[0, 2.4]. We keep the pair(X,U) if

U < f(X), otherwise we reject it.

The conditional probability that a pair(X,U) is kept ifX = x is

P(U < f(X)|X = x) = P(U < f(x)) = f(x)/2.4
1 The instrumental distribution is sometimes referred to asproposal distribution.
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As X andU were drawn independently we can rewrite our algorithm as: Draw X from U[0, 1] and acceptX with

probabilityf(X)/2.4, otherwise rejectX. ⊳

The method proposed in example 3.3 is based on bounding the density of the Beta distribution by a box. Whilst

this is a powerful idea, it cannot be directly applied to other distributions, as the density might be unbounded or

have infinite support. However we might be able to bound the density off(x) by M · g(x), whereg(x) is a density

that we can easily sample from.

Algorithm 3.1 (Rejection sampling). Given two densitiesf, g with f(x) < M · g(x) for all x, we can generate a

sample fromf as follows:

1. DrawX ∼ g

2. AcceptX as a sample fromf with probability

f(X)
M · g(X)

,

otherwise go back to step 1.

Proof. We have

P(X ∈ X and is accepted) =
∫
X

g(x)
f(x)

M · g(x)︸ ︷︷ ︸
=P(X is accepted|X=x)

dx =

∫
X f(x) dx

M
, (3.1)

and thus2

P(X is accepted) = P(X ∈ S and is accepted) =
1
M

, (3.2)

yielding

P(x ∈ X |X is accepted) =
P(X ∈ X and is accepted)

P(X is accepted)
=

∫
X f(x) dx/M

1/M
=
∫
X

f(x) dx. (3.3)

Thus the density of the values accepted by the algorithm isf(·). �

Remark 3.2. If we knowf only up to a multiplicative constant, i.e. if we only knowπ(x), wheref(x) = C · π(x),

we can carry out rejection sampling using
π(X)

M · g(X)

as probability of rejectingX, providedπ(x) < M · g(x) for all x. Then by analogy with (3.1) - (3.3) we have

P(X ∈ X and is accepted) =
∫
X

g(x)
π(x)

M · g(x)
dx =

∫
X π(x) dx

M
=

∫
X f(x) dx

C ·M ,

P(X is accepted) = 1/(C ·M), and thus

P(x ∈ X |X is accepted) =

∫
X f(x) dx/(C ·M)

1/(C ·M)
=
∫
X

f(x) dx

Example 3.4 (Rejection sampling from the N(0, 1) distribution using a Cauchy proposal). Assume we want to sam-

ple from theN(0, 1) distribution with density

f(x) =
1√
2π

exp
(
−x2

2

)
using a Cauchy distribution with density

g(x) =
1

π(1 + x2)
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1 2 3 4 5 6−1−2−3−4−5−6

M · g(x)

f(x)

Figure 3.3. Illustration of example 3.3. Sampling from the area under the densityf(x) (dark grey) corresponds to sampling from

theN(0, 1) density. The proposalg(x) is aCauchy(0, 1).

as instrumental distribution.3 The smallestM we can choose such thatf(x) ≤ Mg(x) is M =
√

2π · exp(−1/2).

Figure 3.3 illustrates the results. As before, filled circles correspond to accepted values whereas open circles corre-

spond to rejected values.

Note that it is impossible to do rejection sampling from a Cauchy distribution using aN(0, 1) distribution as

instrumental distribution: there is noM ∈ R such that

1
π(1 + x2)

< M · 1√
2πσ2

exp
(
−x2

2

)
;

the Cauchy distribution has heavier tails than the Gaussiandistribution. ⊳

3.3 Importance sampling

In rejection sampling we have compensated for the fact that we sampled from the instrumental distributiong(x)

instead off(x) by rejecting some of the values proposed byg(x). Importance sampling is based on the idea of

using weights to correct for the fact that we sample from the instrumental distributiong(x) instead of the target

distributionf(x).

Importance sampling is based on the identity

P(X ∈ A) =
∫

A

f(x) dx =
∫

A

g(x)
f(x)
g(x)︸ ︷︷ ︸

=:w(x)

dx =
∫

A

g(x)w(x) dx (3.4)

for all g(·), such thatg(x) > 0 for (almost) allx with f(x) > 0. We can generalise this identity by considering the

expectationEf (h(X)) of a measurable functionh:

Ef (h(X)) =
∫

S

f(x)h(x) dx =
∫

S

g(x)
f(x)
g(x)︸ ︷︷ ︸

=:w(x)

h(x) dx =
∫

S

g(x)w(x)h(x) dx = Eg(w(X) · h(X)), (3.5)

if g(x) > 0 for (almost) allx with f(x) · h(x) 6= 0.

Assume we have a sampleX1, . . . ,Xn ∼ g. Then, providedEg|w(X) · h(X)| exists,

1
n

n∑
i=1

w(Xi)h(Xi)
a.s.

n→∞−→ Eg(w(X) · h(X))

(by the Law of Large Numbers) and thus by (3.5)

1
n

n∑
i=1

w(Xi)h(Xi)
a.s.

n→∞−→ Ef (h(X)).

2 We denote byS the set of all possible valuesX can take, i.e.,
R

S
f(x)dx = 1.

3 There is not much point is using this method is practise. The Box-Muller method is more efficient.
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In other words, we can estimateµ = Ef (h(X)) by

µ̃ =
1
n

n∑
i=1

w(Xi)h(Xi)

Note that whilstEg(w(X)) =
∫

S
f(x)
g(x) g(x) dx =

∫
S

f(x) = 1, the weightsw1(X), . . . , wn(X) do not neces-

sarily sum up ton, so one might want to consider theself-normalisedversion

µ̂ =
1∑n

i=1 w(Xi)

n∑
i=1

w(Xi)h(Xi).

This gives rise to the following algorithm:

Algorithm 3.2 (Importance Sampling). Chooseg such that supp(g) ⊃ supp(f · h).

1. Fori = 1, . . . , n:

i. GenerateXi ∼ g.

ii. Setw(Xi) = f(Xi)
g(Xi)

.

2. Return either

µ̂ =
∑n

i=1 w(Xi)h(Xi)∑n
i=1 w(Xi)

or

µ̃ =
∑n

i=1 w(Xi)h(Xi)
n

The following theorem gives the bias and the variance of importance sampling.

Theorem 3.3 (Bias and Variance of Importance Sampling). (a) Eg(µ̃) = µ

(b) Varg(µ̃) =
Varg(w(X) · h(X))

n

(c) Eg(µ̂) = µ +
µVarg(w(X))− Covg(w(X), w(X) · h(X))

n
+ O(n−2)

(d) Varg(µ̂) =
Varg(w(X) · h(X))− 2µCovg(w(X), w(X) · h(X)) + µ2Varg(w(X))

n
+ O(n−2)

Proof. (a) Eg

(
1
n

n∑
i=1

w(Xi)h(Xi)

)
=

1
n

n∑
i=1

Eg(w(Xi)h(Xi)) = Ef (h(X))

(b) Varg

(
1
n

n∑
i=1

w(Xi)h(Xi)

)
=

1
n2

n∑
i=1

Varg(w(Xi)h(Xi)) =
Varg(w(X)h(X))

n

(c) and (d) see (Liu, 2001, p. 35) �

Note that the theorem implies that in contrast toµ̃ the self-normalised estimatorµ̂ is biased. The self-normalised

estimatorµ̂ however might have a lower variance. In addition, it has another advantage: we only need to know

the density up to a multiplicative constant, as it is often the case in hierarchical Bayesian modelling. Assume

f(x) = C · π(x), then

µ̂ =
∑n

i=1 w(Xi)h(Xi)∑n
i=1 w(Xi)

=

∑n
i=1

f(Xi)
g(Xi)

h(Xi)∑n
i=1

f(Xi)
g(Xi)

=

∑n
i=1

C·π(Xi)
g(Xi)

h(Xi)∑n
i=1

C·π(Xi)
g(Xi)

=

∑n
i=1

π(Xi)
g(Xi)

h(Xi)∑n
i=1

π(Xi)
g(Xi)

,

i.e. the self-normalised estimatorµ̂ does not depend on the normalisation constantC.4 On the other hand, as we

have seen in the proof of theorem 3.3 it is a lot harder to analyse the theoretical properties of the self-normalised

estimator̂µ.

Although the above equations (3.4) and (3.5) hold for everyg with supp(g) ⊃ supp(f · h) and the importance

sampling algorithm converges for a large choice of suchg, one typically only considers choices ofg that lead to

finite variance estimators. The following two conditions are each sufficient (albeit rather restrictive) for a finite

variance of̃µ:

4 By complete analogy one can show that is enough to knowg up to a multiplicative constant.
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– f(x) < M · g(x) andVarf (h(X)) < +∞.

– S is compact,f is bounded above onS, andg is bounded below onS.

Note that under the first condition rejection sampling can also be used to sample fromf .

So far we have only studied whether a distributiong leads to a finite-variance estimator. This leads to the

question which instrumental distribution isoptimal, i.e. for which choiceVar(µ̃) is minimal. The following theorem

answers this question:

Theorem 3.4 (Optimal proposal). The proposal distributiong that minimises the variance of̃µ is

g∗(x) =
|h(x)|f(x)∫

S
|h(t)|f(t) dt

.

Proof. We have from theroem 3.3 (b) that

n·Varg(µ̃) = Varg (w(X) · h(X)) = Varg

(
h(X) · f(X)

g(X)

)
= Eg

((
h(X) · f(X)

g(X)

)2
)
−
(
Eg

(
h(X) · f(X)

g(X)

)
︸ ︷︷ ︸

=Eg(µ̃)=µ

)2

.

Thus we only have to minimiseEg

((
h(X)·f(X)

g(X)

)2
)

. When plugging ing⋆ we obtain:

Eg⋆

((
h(X) · f(X)

g⋆(X)

)2
)

=
∫

S

h(x)2 · f(x)2

g⋆(x)
dx =

(∫
S

h(x)2 · f(x)2

|h(x)|f(x)
dx

)
·
(∫

S

|h(t)|f(t) dt

)

=
(∫

S

|h(x)|f(x) dx

)2

On the other hand, we can apply the Jensen inequality5 toEg

((
h(X)·f(X)

g(X)

)2
)

yielding

Eg

((
h(X) · f(X)

g(X)

)2
)
≥
(
Eg

( |h(X)| · f(X)
g(X)

))2

=
(∫

S

|h(x)|f(x) dx

)2

.

�

An important corollary of theorem 3.4 is that importance sampling can besuper-efficient, i.e. when using the

optimalg⋆ from theorem 3.4 the variance ofµ̃ is less than the variance obtained when sampling directly fromf :

n ·Varf

(
h(X1) + . . . + h(Xn)

n

)
= Ef (h(X)2)− µ2

≥ (Ef |h(X)|)2 − µ2 =
(∫

S

|h(x)|f(x) dx

)2

− µ2 = n ·Varg⋆(µ̃)

by Jensen’s inequality. Unlessh(X) is (almost surely) constant the inequality is strict. Thereis an intuitive expla-

nation to the super-efficiency of importance sampling. Using g⋆ instead off causes us to focus on regions of high

probability where|h| is large, which contribute most to the integralEf (h(X)).

Theorem 3.4 is, however, a rather formal optimality result.When usingµ̃ we need to know the normalisation

constant ofg⋆, which is exactly the integral we are looking for. Further weneed to be able to draw samples fromg⋆

efficiently. The practically important corollary of theorem 3.4 is that we should choose an instrumental distribution

g whose shape is close to the one off · |h|.

Example 3.5 (Computing Ef |X| for X ∼ t3). Assume we want to computeEf |X| for X from at-distribution with

3 degrees of freedom (t3) using a Monte Carlo method. Three different schemes are considered

5 If X is real-valued random variable, andψ a convex function, thenψ(E(X)) ≤ E(ψ(X)).
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– SamplingX1, . . . ,Xn directly fromt3 and estimatingEf |X| by

1
n

∑
i=1

n|Xi|.

– Alternatively we could use importance sampling using at1 (which is nothing other than a Cauchy distribution)

as instrumental distribution. The idea behind this choice is that the densitygt1(x) of a t1 distribution is closer to

f(x)|x|, wheref(x) is the density of at3 distribution, as figure 3.4 shows.

– Third, we will consider importance sampling using aN(0, 1) distribution as instrumental distribution.

-4 -2 0 2 4

0.
0

0.
1

0.
2

0.
3

0.
4

x

|x| · f(x) (Target)
f(x) (direct sampling)
gt1(x) (IS t1)
gN(0,1)(x) (IS N(0, 1))

Figure 3.4. Illustration of the different instrumental distributions in example 3.5.

Note that the third choice yields weights of infinite variance, as the instrumental distribution (N(0, 1)) has lighter

tails than the distribution we want to sample from (t3). The right-hand panel of figure 3.5 illustrates that this choice

yields a very poor estimate of the integral
∫ |x|f(x) dx.

Sampling directly from thet3 distribution can be seen as importance sampling with all weightswi ≡ 1, this choice

clearly minimises the variance of the weights. This howeverdoes not imply that this yields an estimate of the

integral
∫ |x|f(x) dx of minimal variance. Indeed, after 1500 iterations the empirical standard deviation (over 100

realisations) of the direct estimate is0.0345, which is larger than the empirical standard deviation ofµ̃ when using

a t1 distribution as instrumental distribution, which is0.0182. So using at1 distribution as instrumental distribution

is super-efficient (see figure 3.5).

Figure 3.6 somewhat explains why thet1 distribution is a far better choice than theN(0, 1) distributon. As the

N(0, 1) distribution does not have heavy enough tails, the weight tends to infinity as|x| → +∞. Thus large|x| get

large weights, causing the jumps of the estimateµ̃ shown in figure 3.5. Thet1 distribution has heavy enough tails,

so the weights are small for large values of|x|, explaining the small variance of the estimateµ̃ when using at1

distribution as instrumental distribution. ⊳

Example 3.6 (Partially labelled data). Suppose that we are given count data from observations in twogroups, such

that

Yi ∼ Poi(λ1) if the i-th observation is from group 1

Yi ∼ Poi(λ2) if the i-th observation is from group 2

The data is given in the table 3.1. Note that only the first ten observations are labelled, the group label is missing

for the remaining ten observations.

We will use aGamma(α, β) distribution as (conjugate) prior distribution forλj , i.e. the prior density ofλj is



3.3 Importance sampling 39

000 500500500 100010001000 150015001500

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

IS
es

tim
at

e
ov

er
tim

e

Iteration

Sampling directly from t3 IS using t1 as instrumental distribution IS usingN(0, 1) as instrumental distribution
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Group CountYi Group CountYi Group CountYi Group CountYi

1 3 2 14 * 15 * 21

1 6 2 12 * 4 * 11

1 3 2 11 * 1 * 3

1 5 2 19 * 6 * 7

1 9 2 18 * 11 * 18

Table 3.1. Data of example 3.6.

f(λj) =
1

Γ (α)
λα−1

j βα
j exp(−βλj).

Furthermore, we believe that a priori each observation is equally likely to stem from group 1 or group 2.

We start with analysing the labelled data only, ignoring the10 unlabelled observations. In this case, we can analyse

the two groups separately. In group1 we have that the joint distribution ofY1, . . . , Y5, λ1 is given by

f(y1, . . . , y5, λ1) = f(y1, . . . , y5|λ1)f(λ1) =

(
5∏

i=1

exp(−λ1)λ
yi

1

yi!

)
· 1
Γ (α)

λα−1
1 βα exp(−βλ)

=
1∏5

i=1 yi!
· 1
Γ (α)

λ
α+

P5
i=1 yi

1 βα exp(−(β + 5)λ1) ∝ λ
α+

P5
i=1 yi

1 exp(−(β + 5)λ1)

The posterior distribution ofλ1 given the data from group 1 is

f(λ1|y1, . . . , y5) =
f(y1, . . . , y5, λ1)∫

λ
f(y1, . . . , y5, λ) dλ

∝ f(y1, . . . , y5, λ1)

∝λ
α+

P5
i=1 yi

1 exp(−(β + 5)λ1)

Comparing this to the density of the Gamma distribution we obtain that

λ1|Y1, . . . , Y5 ∼ Gamma

(
α +

5∑
i=1

yi, β + 5

)
,

and similarly

λ2|Y6, . . . , Y10 ∼ Gamma

(
α +

10∑
i=6

yi, β + 5

)
.

Thus, when only using the labelled data, we do not have to resort to Monte Carlo methods for finding the posterior

distribution.

This however is not the case any more once we also want to include the unlabelled data. The conditional density of

Yi|λ1, λ2 for an unlabelled observation (i > 10) is

f(yi|λ1, λ2) =
1
2

exp(−λ1)λ
yi

1

yi!
+

1
2

exp(−λ2)λ
yi

2

yi!

The posterior density for the entire sample (using both labelled and unlabelled data) is

f(λ1, λ2|y1, . . . , y20)∝ f(λ1)f(y1, . . . , y5|λ1)︸ ︷︷ ︸
∝f(λ1|y1,...,y5)

f(λ2)f(y6, . . . , y10|λ2)︸ ︷︷ ︸
∝f(λ2|y6,...,y10)

· f(y11, . . . , y20|λ1, λ2)︸ ︷︷ ︸
=

Q20
i=11 f(yi|λ1,λ2)

∝ f(λ1|y1, . . . , y5)f(λ2|y6, . . . , y10)
20∏

i=11

f(yi|λ1, λ2)

This suggests using importance sampling with the product ofthe distributions ofλ1|Y1, . . . , Y5 andλ2|Y6, . . . , Y10

as instrumental distributions, i. e. use

g(λ1, λ2) = f(λ1|y1, . . . , y5)f(λ2|y6, . . . , y10).

The target distribution isf(λ1, λ2|y1, . . . , y20), thus the weights are
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w(λ1, λ2) =
f(λ1, λ2|y1, . . . , y20)

g(λ1, λ2)
(3.6)

∝ f(λ1|y1, . . . , y5)f(λ2|y6, . . . , y10)
∏20

i=11 f(yi|λ1, λ2)
f(λ1|y1, . . . , y5)f(λ2|y6, . . . , y10)

=
20∏

i=11

f(yi|λ1, λ2) =
20∏

i=11

(
1
2

exp(−λ1)λ
yi

1

yi!
+

1
2

exp(−λ2)λ
yi

2

yi!

)
Thus we can draw a weighted sample of sizen from the distribution off(λ1, λ2|y1, . . . , y20) by repeating the three

steps belown times:

1. Drawλ1 ∼ Gamma
(
α +

∑5
i=1 yi, β + 5

)
2. Drawλ2 ∼ Gamma

(
α +

∑10
i=6 yi, β + 5

)
3. Compute the weightw(λ1, λ2) using equation (3.6).

From a simulation withn = 50, 000 I obtained4.4604 as posterior mean ofλ1 and14.5294 as posterior mean

of λ2. The posterior densities are shown in figure 3.7. ⊳
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Figure 3.7. Posterior distributions ofλ1 andλ2 in example 3.6. The dashed line is the posterior density obtained only from the

labelled data.
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