
Chapter 1

Markov Chains

This chapter introduces Markov chains1, a special kind of random process which is said to have “no memory”: the

evolution of the process in the future depends only on the present state and not on where it has been in the past. In

order to be able to study Markov chains, we first need to introduce the concept of a stochastic process.

1.1 Stochastic processes

Definition 1.1 (Stochastic process). A stochastic processX is a family {Xt : t ∈ T} of random variables

Xt : Ω → S. T is hereby called theindex set(“time”) and S is called thestate space.

We will soon focus on stochasticprocesses in discrete time, i.e. we assume thatT ⊂ N or T ⊂ Z. Other choices

would beT = [0,∞) or T = R (processes in continuous time) or T = R× R (spatial process).

An example of a stochastic process in discrete time would be the sequence of temperatures recorded every

morning at Braemar in the Scottish Highlands. Another example would be the price of a share recorded at the

opening of the market every day. During the day we can trace the share price continuously, which would constitute

a stochastic process in continuous time.

We can distinguish between processes not only based on theirindex setT , but also based on their state spaceS,

which gives the “range” of possible values the process can take. An important special case arises if the state space

S is a countable set. We shall then callX a discrete process. The reasons for treating discrete processes separately

are the same as for treating discrete random variables separately: we can assume without loss of generality that the

state space are the natural numbers. This special case will turn out to be much simpler than the case of a general

state space.

Definition 1.2 (Sample Path). For a given realisationω ∈ Ω the collection{Xt(ω) : t ∈ T} is called thesample

pathof X at ω.

If T = N0 (discrete time) the sample path is a sequence; ifT = R (continuous time) the sample path is a function

from R to S.

Figure 1.1 shows sample paths both of a stochastic process indiscrete time (panel (a)), and of two stochastic

processes in continuous time (panels (b) and (c)). The process in panel (b) has a discrete state space, whereas the

process in panel (c) has the real numbers as its state space (“continuous state space”). Note that whilst certain

stochastic processes have sample paths that are (almost surely) continuous or differentiable, this does not need to

be the case.

1 named after the Andrey Andreyevich Markov (1856–1922), a Russian mathematician.



6 1. Markov Chains

1 2 3 4 5

1

2

3

4

5

Xt(ω1)

Xt(ω2)

Xt

t

(a) Two sample paths of a discrete pro-

cess in discrete time.
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(b) Two sample paths of a discrete pro-

cess in continuous time.
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(c) Two sample paths of a continuous

process in continuous time.

Figure 1.1. Examples of sample paths of stochastic processes.

A stochastic process is not only characterised by the marginal distributions ofXt, but also by the dependency

structure of the process. This dependency structure can be expressed by thefinite-dimensional distributionsof the

process:

P(Xt1 ∈ A1, . . . ,Xtk
∈ Ak)

wheret1, . . . , tk ∈ T , k ∈ N, andA1, . . . , Ak are measurable subsets ofS. In the case ofS ⊂ R the finite-

dimensional distributions can be represented using their joint distribution functions

F(t1,...,tk)(x1, . . . , xk) = P(Xt1 ∈ (−∞, x1], . . . ,Xtk
∈ (−∞, xk]).

This raises the question whether a stochastic processX is fully described by its finite dimensional distributions.

The answer to this is given by Kolmogorov’s existence theorem. However, in order to be able to formulate the

theorem, we need to introduce the concept of a consistent family of finite-dimensional distributions. To keep things

simple, we will formulate this condition using distributions functions. We shall call a family of finite dimensional

distribution functionsconsistentif for any collection of timest1, . . . tk, for all j ∈ {1, . . . , k}

F(t1,...,tj−1,tj ,tj+1,...,tk)(x1, . . . , xj−1,+∞, xj+1, . . . , xk) = F(t1,...,tj−1,tj+1,...,tk)(x1, . . . , xj−1, xj+1, . . . , xk)

(1.1)

This consistency condition says nothing else than that lower-dimensional members of the family have to be the

marginal distributions of the higher-dimensional membersof the family. For a discrete state space, (1.1) corresponds

to∑
xj

p(t1,...,tj−1,tj ,tj+1,...,tk)(x1, . . . , xj−1, xj , xj+1, . . . , xk) = p(t1,...,tj−1,tj+1,...,tk)(x1, . . . , xj−1, xj+1, . . . , xk),

wherep(... )(·) are the joint probability mass functions (p.m.f.). For a continuous state space, (1.1) corresponds to∫
f(t1,...,tj−1,tj ,tj+1,...,tk)(x1, . . . , xj−1, xj , xj+1, . . . , xk) dxj = f(t1,...,tj−1,tj+1,...,tk)(x1, . . . , xj−1, xj+1, . . . , xk)

wheref(... )(·) are the joint probability density functions (p.d.f.).

Without the consistency condition we could obtain different results when computing the same probability using

different members of the family.

Theorem 1.3 (Kolmogorov). LetF(t1,...,tk) be a family of consistent finite-dimensional distribution functions. Then

there exists a probability space and a stochastic processX, such that

F(t1,...,tk)(x1, . . . , xk) = P(Xt1 ∈ (−∞, x1], . . . ,Xtk
∈ (−∞, xk]).

Proof. The proof of this theorem can be for example found in (Gihman and Skohorod, 1974). �
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Thus we can specify the distribution of a stochastic processby writing down its finite-dimensional distributions.

Note that the stochastic processX is not necessarily uniquely determined by its finite-dimensional distributions.

However, the finite dimensional distributions uniquely determine all probabilities relating to events involving an at

most countable collection of random variables. This is however, at least as far as this course is concerned, all that

we are interested in.

In what follows we will only consider the case of a stochasticprocess in discrete time i.e.T = N0 (or Z).

Initially, we will also assume that the state space is discrete.

1.2 Discrete Markov chains

1.2.1 Introduction

In this section we will define Markov chains, however we will focus on the special case that the state spaceS is (at

most) countable. Thus we can assume without loss of generality that the state spaceS is the set of natural numbers

N (or a subset of it): there exists a bijection that uniquely maps each element toS to a natural number, thus we can

relabel the states1, 2, 3, . . ..

Definition 1.4 (Discrete Markov chain). LetX be a stochastic process in discrete time with countable (“discrete”)

state space.X is called aMarkov chain (with discrete state space)if X satisfies theMarkov property

P(Xt+1 = xt+1|Xt = xt, . . . ,X0 = x0) = P(Xt+1 = xt+1|Xt = xt)

This definition formalises the idea of the process dependingon the past only through the present. If we know the

current stateXt, then the next stateXt+1 is independent of the past statesX0, . . . Xt−1. Figure 1.2 illustrates this

idea.2
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Figure 1.2. Past, present, and future of a Markov chain att.

Proposition 1.5. The Markov property is equivalent to assuming that for allk ∈ N and all t1 < . . . < tk ≤ t

P(Xt+1 = xt+1|Xtk
= xtk

, . . . ,Xt1 = xt1) = P(Xt+1 = xt+1|Xtk
= xtk

).

Proof. (homework) �

Example 1.1 (Phone line). Consider the simple example of a phone line. It can either be busy (we shall call this state

1) or free (which we shall call0). If we record its state every minute we obtain a stochastic process{Xt : t ∈ N0}.
2 A similar concept (Markov processes) exists for processes in continuous time. See e.g.http://en.wikipedia.org/

wiki/Markov_process.
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If we assume that{Xt : t ∈ N0} is a Markov chain, we assume that probability of a new phone call being ended

is independent of how long the phone call has already lasted.Similarly the Markov assumption implies that the

probability of a new phone call being made is independent of how long the phone has been out of use before.

The Markov assumption is compatible with assuming that the usage pattern changes over time. We can assume that

the phone is more likely to be used during the day and more likely to be free during the night. ⊳

Example 1.2 (Random walk on Z). Consider a so-calledrandom walkon Z starting atX0 = 0. At every time, we

can either stay in the state or move to the next smaller or nextlarger number. Suppose that independently of the

current state, the probability of staying in the current state is1−α−β, the probability of moving to the next smaller

number isα and that the probability of moving to the next larger number is β, whereα, β ≥ 0 with α + β ≤ 1.

Figure 1.3 illustrates this idea. To analyse this process inmore detail we writeXt+1 as
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Figure 1.3. Illustration (“Markov graph”) of the random walk onZ.

Xt+1 = Xt + Et,

with theEt being independent and for allt

P(Et = −1) = α P(Et = 0) = 1− α− β P(Et = 1) = β.

It is easy to see that

P(Xt+1 = xt − 1|Xt = xt) = α P(Xt+1 = xt|Xt = xt) = 1− α− β P(Xt+1 = xt + 1|Xt = xt) = β

Most importantly, these probabilities do not change when wecondition additionally on the past{Xt−1 =

xt−1, . . . ,X0 = x0}:

P(Xt+1 = xt+1|Xt = xt,Xt−1 = xt−1 . . . ,X0 = x0)

= P(Et = xt+1 − xt|Et−1 = xt − xt−1, . . . , E0 = x1 − x0,X0 = xo)
Es⊥Et= P(Et = xt+1 − xt) = P(Xt+1 = xt+1|Xt = xt)

Thus{Xt : t ∈ N0} is a Markov chain. ⊳

The distribution of a Markov chain is fully specified by itsinitial distribution P(X0 = x0) and thetransition

probabilitiesP(Xt+1 = xt+1|Xt = xt), as the following proposition shows.

Proposition 1.6. For a discrete Markov chain{Xt : t ∈ N0} we have that

P(Xt = xt,Xt−1 = xt−1, . . . ,X0 = x0) = P(X0 = x0) ·
t−1∏
τ=0

P(Xτ+1 = xτ+1|Xτ = xτ ).

Proof. From the definition of conditional probabilities we can derive that
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P(Xt = xt,Xt−1 = xt−1, . . . ,X0 = x0) = P(X0 = x0)

· P(X1 = x1|X0 = x0)

· P(X2 = x2|X1 = x1,X0 = x0)︸ ︷︷ ︸
=P(X2=x2|X1=x1)

· · ·
· P(Xt = xt|Xt−1 = xt−1, . . . ,X0 = x0)︸ ︷︷ ︸

=P(Xt=xt|Xt−1=xt−1)

=
t−1∏
τ=0

P(Xτ+1 = xτ+1|Xτ = xτ ). �

Comparing the equation in proposition 1.6 to the first equation of the proof (which holds for any sequence of

random variables) illustrates how powerful the Markovian assumption is.

To simplify things even further we will introduce the concept of a homogeneous Markov chain, which is a

Markov chains whose behaviour does not change over time.

Definition 1.7 (Homogeneous Markov Chain). A Markov chain{Xt : t ∈ N0} is said to behomogeneousif

P(Xt+1 = j|Xt = i) = pij

for all i, j ∈ S, and independent oft ∈ N0.

In the following we will assume that all Markov chains are homogeneous.

Definition 1.8 (Transition kernel). The matrixK = (kij)ij with kij = P(Xt+1 = j|Xt = i) is called thetransi-

tion kernel(or transition matrix) of the homogeneous Markov chainX.

We will see that together with the initial distribution, which we might write as a vectorλ0 = (P(X0 = i))(i∈S),

the transition kernelK fully specifies the distribution of a homogeneous Markov chain.

However, we start by stating two basic properties of the transition kernelK:

– The entries of the transition kernel are non-negative (theyare probabilities).

– Each row of the transition kernel sums to1, as∑
j

kij =
∑

j

P(Xt+1 = j|Xt = i) = P(Xt+1 ∈ S|Xt = i) = 1

Example 1.3 (Phone line (continued)). Suppose that in the example of the phone line the probabilitythat someone

makes a new call (if the phone is currently unused) is 10% and the probability that someone terminates an active

phone call is 30%. If we denote the states by0 (phone not in use) and1 (phone in use). Then

P(Xt+1 = 0|Xt = 0) = 0.9 P(Xt+1 = 1|Xt = 0) = 0.1

P(Xt+1 = 0|Xt = 1) = 0.3 P(Xt+1 = 1|Xt = 1) = 0.7,

and the transition kernel is

K =

(
0.9 0.1

0.3 0.7

)
.

The transition probabilities are often illustrated using aso-called Markov graph. The Markov graph for this example

is shown in figure 1.4. Note that knowingK alone is not enough to find the distribution of the states: forthis we

also need to know the initial distributionλ0. ⊳
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Figure 1.4. Markov graph for the phone line example.

Example 1.4 (Random walk on Z (continued)). The transition kernel for the random walk onZ is a Toeplitz matrix

with an infinite number of rows and columns:

K =



. . .
.. .

. . .
. . .

. . .
.. .

. . .
. . .

. . . α 1−α−β β 0 0 0
. . .

. . . 0 α 1−α−β β 0 0
. . .

. . . 0 0 α 1−α−β β 0
. . .

. . . 0 0 0 α 1−α−β β
. . .

. . .
.. .

. . .
. . .

. . .
.. .

. . .
. . .


The Markov graph for this Markov chain was given in figure 1.3. ⊳

We will now generalise the concept of the transition kernel,which contains the probabilities of moving from

statei to stepj in one step, to them-step transition kernel, which contains the probabilitiesof moving from statei

to stepj in m steps:

Definition 1.9 ( m-step transition kernel). The matrixK(m) = (k(m)
ij )ij with k

(m)
ij = P(Xt+m = j|Xt = i) is

called them-step transition kernelof the homogeneous Markov chainX.

We will now show that them-step transition kernel is nothing other than them-power of the transition kernel.

Proposition 1.10. LetX be a homogeneous Markov chain, then

i. K(m) = Km, and

ii. P(Xm = j) = (λ′0K
(m))j .

Proof. i. We will first show that form1,m2 ∈ N we have thatK(m1+m2) = K(m1) ·K(m2):

P(Xt+m1+m2 = k|Xt = i) =
∑

j

P(Xt+m1+m2 = k,Xt+m1 = j|Xt = i)

=
∑

j

P(Xt+m1+m2 = k|Xt+m1 = j,Xt = i)︸ ︷︷ ︸
=P(Xt+m1+m2=k|Xt+m1=j)=P(Xt+m2=k|Xt=j)

P(Xt+m1 = j|Xt = i)

=
∑

j

P(Xt+m2 = k|Xt = j)P(Xt+m1 = j|Xt = i)

=
∑

j

K(m1)
ij K(m2)

jk =
(
K(m1)K(m2)

)
i,k

ThusK(2) = K ·K = K2, and by inductionK(m) = Km.

ii. P(Xm = j) =
∑

i

P(Xm = j,X0 = i) =
∑

i

P(Xm = j|X0 = i)︸ ︷︷ ︸
=K

(m)
ij

P(X0 = i)︸ ︷︷ ︸
=(λ0)i

= (λ′0K
m)j �

Example 1.5 (Phone line (continued)). In the phone-line example, the transition kernel is

K =

(
0.9 0.1

0.3 0.7

)
.

Them-step transition kernel is
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K(m) = Km =

(
0.9 0.1

0.3 0.7

)m

=

 3+( 3
5 )

m

4

1−( 3
5 )

m

4
1+( 3

5 )
m

4

3−( 3
5 )

m

4

 .

Thus the probability that the phone is free given that it was free 10 hours ago isP(Xt+10 = 0|Xt = 0) = K
(10)
0,0 =

3+( 3
5 )

10

4 = 7338981
9765625 = 0.7515. ⊳

1.2.2 Classification of states

Definition 1.11 (Classification of states). (a) A statei is said tolead toa statej (“ i  j”) if there is anm ≥ 0

such that there is a positive probability of getting from state i to statej in m steps, i.e.

k
(m)
ij = P(Xt+m = j|Xt = i) > 0.

(b) Two statesi andj are said tocommunicate(“ i ∼ j”) if i j andj  i.

From the definition we can derive for statesi, j, k ∈ S:

– i i (ask
(0)
ii = P(Xt+0 = i|Xt = i) = 1 > 0), thusi ∼ i.

– If i ∼ j, then alsoj ∼ i.

– If i  j andj  k, then there existmij ,m2 ≥ 0 such that the probability of getting from statei to statej in

mij steps is positive, i.e.k(mij)
ij = P(Xt+mij

= j|Xt = i) > 0, as well as the probability of getting from statej

to statek in mjk steps, i.e.k(mjk)
jk = P(Xt+mjk

= k|Xt = j) = P(Xt+mij+mjk
= k|Xt+mij

= j) > 0. Thus

we can get (with positive probability) from statei to statek in mij + mjk steps:

k
(mij+mjk)
ik = P(Xt+mij+mjk

= k|Xt = i) =
∑

ι

P(Xt+mij+mjk
= k|Xt+mij

= ι)P(Xt+mij
= ι|Xt = i)

≥ P(Xt+mij+mjk
= k|Xt+mij

= j)︸ ︷︷ ︸
>0

P(Xt+mij
= j|Xt = i)︸ ︷︷ ︸

>0

> 0

Thusi j andj  k imply i k. Thusi ∼ j andj ∼ k also implyi ∼ k

Thus∼ is an equivalence relation and we can partition the state spaceS into communicating classes, such that all

states in one class communicate and no larger classes can be formed. A classC is calledclosedif there are no paths

going out ofC, i.e. for all i ∈ C we have thati j implies thatj ∈ C.

We will see that states within one class have many propertiesin common.

Example 1.6. Consider a Markov chain with transition kernel

K =



1
2

1
4 0 1

4 0 0

0 0 0 1 0 0

0 0 3
4 0 0 1

4

0 0 0 0 1 0

0 3
4 0 0 0 1

4

0 0 1
2 0 0 1

2


The Markov graph is shown in figure 1.5. We have that2 ∼ 4, 2 ∼ 5, 3 ∼ 6, 4 ∼ 5. Thus the communicating

classes are{1}, {2, 4, 5}, and{3, 6}. Only the class{3, 6} is closed. ⊳

Finally, we will introduce the notion of anirreducible chain. This concept will become important when we

analyse the limiting behaviour of the Markov chain.

Definition 1.12 (Irreducibility). A Markov chain is calledirreducibleif it only consists of a single class, i.e. all

states communicate.
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Figure 1.5. Markov graph of the chain of example 1.6. The communicating classes are{1}, {2, 4, 5}, and{3, 6}.

The Markov chain considered in the phone-line example (examples 1.1,1.3, and 1.5) and the random walk onZ
(examples 1.2 and 1.4) are irreducible chains. The chain of example 1.6 is not irreducible.

In example 1.6 the states2, 4 and5 can only be visited in this order: if we are currently in state2 (i.e.Xt = 2),

then we can only visit this state again at timet + 3, t + 6, . . . . Such a behaviour is referred to as periodicity.

Definition 1.13 (Period). (a) A statei ∈ S is said to haveperiod

d(i) = gcd{m ≥ 1 : K
(m)
ii > 0},

wheregcd denotes the greatest common denominator.

(b) If d(i) = 1 the statei is calledaperiodic.

(c) If d(i) > 1 the statei is calledperiodic.

For a periodic statei, the number of steps required to possibly get back to this state must be a multiple of the

periodd(i).

To analyse the periodicity of a statei we must check the existence of paths of positive probabilityand of length

m going from the statei back toi. If no path of lengthm exists, thenK(m)
ii = 0. If there exists a single path of

positive probability of lengthm, thenK
(m)
ii > 0.

Example 1.7 (Example 1.6 continued). In example 1.6 the state2 has periodd(2) = 3, as all paths from2 back to2

have a length which is a multiple of3, thus

K
(3)
22 > 0, K

(6)
22 > 0, K

(9)
22 > 0, . . .

All otherK(m)
22 = 0 (m

3 6∈ N0), thus the period isd(2) = 3 (3 being the greatest common denominator of3, 6, 9, . . .).

Similarly d(4) = 3 andd(5) = 3.

The states3 and6 are aperiodic, as there is a positive probability of remaining in these states, thusK(m)
33 > 0

andK
(m)
66 > 0 for all m, thusd(3) = d(6) = 1. ⊳

In example 1.6 all states within one communicating class hadthe same period. This holds in general, as the

following proposition shows:

Proposition 1.14. (a) All states within a communicating class have the same period.

(b) In an irreducible chain all states have the same period.

Proof. (a) Supposei ∼ j. Thus there are paths of positive probability between thesetwo states. Suppose we can

get fromi to j in mij steps and fromj to i in mji steps. Suppose also that we can get fromj back toj in mjj

steps. Then we can get fromi back toi in mij +mji steps as well as inmij +mjj +mji steps. Thusmij +mji

andmij + mjj + mji must be divisible by the periodd(i) of statei. Thusmjj is also divisible byd(i) (being

the difference of two numbers divisible byd(i)).
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The above argument holds for any path betweenj andj, thus the length of any path fromj back toj is divisible

by d(i). Thusd(i) ≤ d(j) (d(j) being the greatest common denominator).

Repeating the same argument with the rôles ofi andj swapped gives usd(j) ≤ d(i), thusd(i) = d(j).

(b) An irreducible chain consists of a single communicatingclass, thus (b) is implied by (a). �

1.2.3 Recurrence and transience

If we follow the Markov chain of example 1.6 long enough, we will eventually end up switching between state3

and6 without ever coming back to the other states Whilst the states3 and6 will be visited infinitely often, the other

states will eventually be left forever.

In order to formalise these notions we will introduce thenumber of visitsin state i:

Vi =
+∞∑
t=0

1{Xt=i}

The expected number of visits in statei given that we start the chain ini is

E(Vi|X0 = i) = E

(
+∞∑
t=0

1{Xt=i}
∣∣∣X0 = i

)
=

+∞∑
t=0

E(1{Xt=i}|X0 = i) =
+∞∑
t=0

P(Xt = i|Xo = i) =
+∞∑
t=0

k
(t)
ii

Based on whether the expected number of visits in a state is infinite or not, we will classify states as recurrent

or transient:

Definition 1.15 (Recurrence and transience). (a) A statei is calledrecurrentif E(Vi|X0 = i) = +∞.

(b) A statei is calledtransientif E(Vi|X0 = i) < +∞.

One can show that a recurrent state will (almost surely) be visited infinitely often, whereas a transient state will

(almost surely) be visited only a finite number of times.

In proposition 1.14 we have seen that within a communicatingclass either all states are aperiodic, or all states

are periodic. A similar dichotomy holds for recurrence and transience.

Proposition 1.16. Within a communicating class, either all states are transient or all states are recurrent.

Proof. Supposei ∼ j. Then there exists a path of lengthmij leading fromi to j and a path of lengthmji from j

back toi, i.e.k(mij)
ij > 0 andk

(mji)
ji > 0.

Suppose furthermore that the statei is transient, i.e.E(Vi|X0 = i) =
+∞∑
t=0

k
(t)
ii < +∞.

This implies

E(Vj |X0 = j) =
+∞∑
t=0

k
(t)
jj =

1

k
(mij)
ij k

(mji)
ji

+∞∑
t=0

k
(mij)
ij k

(t)
jj k

(mji)
ji︸ ︷︷ ︸

≤k
(m+t+n)
ii

≤ 1

k
(mij)
ij k

(mji)
ji

+∞∑
t=0

k(mij+t+mji)

≤ 1

k
(mij)
ij k

(mji)
ji

+∞∑
s=0

k
(s)
ii < +∞,

thus statej is be transient as well. �

Finally we state without proof two simple criteria for determining recurrence and transience.

Proposition 1.17. (a) Every class which is not closed is transient.

(b) Every finite closed class is recurrent.

Proof. For a proof see (Norris, 1997, sect. 1.5). �
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Example 1.8 (Examples 1.6 and 1.7 continued). The chain of example 1.6 had three classes:{1}, {2, 4, 5}, and

{3, 6}. The classes{1} and{2, 4, 5} are not closed, so they are transient. The class{3, 6} is closed and finite, thus

recurrent. ⊳

Note that an infinite closed class is not necessarily recurrent. The random walk onZ studied in examples 1.2

and 1.4 is only recurrent if it is symmetric, i.e.α = β, otherwise it drifts off to−∞ or +∞. An interesting result is

that a symmetric random walk onZp is only recurrent ifp ≤ 2 (see e.g. Norris, 1997, sect. 1.6).

1.2.4 Invariant distribution and equilibrium

In this section we will study the long-term behaviour of Markov chains. A key concept for this is the invariant

distribution.

Definition 1.18 (Invariant distribution). Letµ = (µi)i∈S be a probability distribution on the state spaceS, and let

X be a Markov chain with transition kernelK. Thenµ is called theinvariant distribution(or stationary distribution)

of the Markov chainX if3

µ′K = µ′.

If µ is the stationary distribution of a chain with transition kernelK, then

µ′ = µ′︸︷︷︸
=µ′K

K = µ′K2 = . . . = µ′Km = µ′K(m)

for all m ∈ N. Thus ifX0 in drawn fromµ, then allXm have distributionµ: according to proposition 1.10

P(Xm = j) = (µ′K(m))j = (µ)j

for all m. Thus, if the chain hasµ as initial distribution, the distribution ofX will not change over time.

Example 1.9 (Phone line (continued)). In example 1.1,1.3, and 1.5 we studied a Markov chain with thetwo states0

(“free”) and1 (“in use”) and which modeled whether a phone is free or not. Its transition kernel was

K =

(
0.9 0.1

0.3 0.7

)
.

To find the invariant distribution, we need to solveµ′K = µ′ for µ, which is equivalent to solving the following

system of linear equations:

(K′ − I)µ = 0, i.e.

(
−0.1 0.3

0.1 −0.3

)
·
(

µ0

µ1

)
=

(
0

0

)
It is easy to see that the corresponding system is under-determined and that−µ0 + 3µ1 = 0, i.e.µ = (µ0, µ1)′ ∝
(3, 1), i.e.µ =

(
3
4 , 1

4

)′
(asµ has to be a probability distribution, thusµ0 + µ1 = 1). ⊳

Not every Markov chain has an invariant distribution. The random walk onZ (studied in examples 1.2 and 1.4)

for example does not have an invariant distribution, as the following example shows:

Example 1.10 (Random walk on Z (continued)). The random walk onZ had the transition kernel (see example 1.4)

K =



. . .
.. .

. . .
. . .

. . .
.. .

. . .
. . .

. . . α 1−α−β β 0 0 0
. . .

. . . 0 α 1−α−β β 0 0
. . .

. . . 0 0 α 1−α−β β 0
. . .

. . . 0 0 0 α 1−α−β β
. . .

. . .
.. .

. . .
. . .

. . .
.. .

. . .
. . .


3 i.e.µ is the left eigenvector ofK corresponding to the eigenvalue1.
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As α+(1−α−β)+β = 1 we have forµ = (. . . , 1, 1, 1, . . .)′ thatµ′K = µ′, howeverµ cannot be renormalised

to become a probability distribution. ⊳

We will now show that if a Markov chain is irreducible and aperiodic, its distribution will in the long run tend

to the invariant distribution.

Theorem 1.19 (Convergence to equilibrium). LetX be an irreducible and aperiodic Markov chain with invariant

distributionµ. Then

P(Xt = i) t→+∞−→ µi

for all statesi.

Outline of the proof. We will explain the outline of the proof using the idea of coupling.

Suppose thatX has initial distributionλ and transition kernelK. Define a new Markov chainY with initial

distributionµ and same transition kernelK. Let T be the first time the two chains “meet” in the statei, i.e.

T = min{t ≥ 0 : Xt = Yt = i}

Then one can show thatP(T < ∞) = 1 and define a new processZ by

Zt =

{
Xt if t ≤ T

Yt if t > T

Figure 1.6 illustrates this new chainZ. One can show thatZ is a Markov chain with initial distributionλ (as

T

Yt

Zt

Xt

Yt

Xt

t

Figure 1.6. Illustration of the chainsX (−−−), Y (— —) andZ (thick line) used in the proof of theorem 1.19.

X0 = Z0) and transition kernelK (as bothX andY have the transition kernelK). ThusX andZ have the same

distribution and for allt ∈ N0 we have thatP(Xt = j) = P(Zt = j) for all statesj ∈ S.

The chainY has its invariant distribution as initial distribution, thusP(Yt = j) = µj for all t ∈ N0 andj ∈ S.

As t → +∞ the probability of{Yt = Zt} tends to1, thus

P(Xt = j) = P(Zt = j) → P(Yt = j) = µj .

A more detailed proof of this theorem can be found in (Norris,1997, sec. 1.8).

Example 1.11 (Phone line (continued)). We have shown in example 1.9 that the invariant distributionof the Markov

chain modeling the phone line isµ =
(

3
4 , 1

4

)
, thus according to theorem 1.19P(Xt = 0) → 3

4 andP(Xt = 1) →
1
4 . Thus, in the long run, the phone will be free 75% of the time. ⊳

Example 1.12. This example illustrates that the aperiodicity condition in theorem 1.19 is necessary.

Consider a Markov chainX with two statesS = {1, 2} and transition kernel
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K =

(
0 1

1 0

)
.

This Markov chains switches deterministically, thus goes either 1, 0, 1, 0, . . . or 0, 1, 0, 1, . . .. Thus it is

periodic with period2.

Its invariant distribution isµ′ =
(

1
2 , 1

2

)
, as

µ′K =
(

1
2
,
1
2

)(
0 1

1 0

)
=
(

1
2
,
1
2

)
= µ′.

However if the chain is started inX0 = 1, i.e.λ = (1, 0), then

P(Xt = 0) =

{
1 if t is odd

0 if t is even
, P(Xt = 1) =

{
0 if t is odd

1 if t is even
,

which is different from the invariant distribution, under which all these probabilities would be12 . ⊳

1.2.5 Reversibility and detailed balance

In our study of Markov chains we have so far focused on conditioning on the past. For example, we have defined

the transition kernel to consist ofkij = P(Xt+1 = j|Xt = i). What happens if we analyse the distribution ofXt

conditional on the future, i.e we turn the universal clock backwards?

P(Xt = j|Xt+1 = i) =
P(Xt = j,Xt+1 = i)

P(Xt+1 = i)
= P(Xt+1 = i|Xt = j) · P(Xt = j)

P(Xt+1 = i)
This suggests defining a new Markov chain which goes back in time. As the defining property of a Markov

chain was that the past and future are conditionally independent given the present, the same should hold for the

“backward chain”, just with the rôles of past and future swapped.

Definition 1.20 (Time-reversed chain). For τ ∈ N let {Xt : t = 0, . . . , τ} be a Markov chain. Then{Yt : t =

0, . . . , τ} defined byYt = Xτ−t is called thetime-reversed chaincorresponding toX.

We have that

P(Yt = j|Yt−1 = i) = P(Xτ−t = j|Xτ−t+1 = i) = P(Xs = j|Xs+1 = i) =
P(Xs = j,Xs+1 = i)

P(Xs+1 = i)

= P(Xs+1 = i|Xs = j) · P(Xs = j)
P(Xs+1 = i)

= kji · P(Xs = j)
P(Xs+1 = i)

,

thus the time-reversed chain is in general not homogeneous,even if the forward chainX is homogeneous.

This changes however if the forward chainX is initialised according to its invariant distributionµ. In this case

P(Xs+1 = i) = µi andP(Xs = j) = µj for all s, and thusY is a homogeneous Markov chain with transition

probabilities

P(Yt = j|Yt−1 = i) = kji · µj

µi
. (1.2)

In general, the transition probabilities for the time-reversed chain will thus be different from the forward chain.

Example 1.13 (Phone line (continued)). In the example of the phone line (examples 1.1, 1.3, 1.5, 1.9,and 1.11) the

transition matrix was

K =

(
0.9 0.1

0.3 0.7

)
.

The invariant distribution wasµ =
(

3
4 , 1

4

)′
.

If we use the invariant distributionµ as initial distribution forX0, then using (1.2)
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P(Yt = 0|Yt−1 = 0) = k00 · µ0

µ0
= k00 = P(Xt = 0|Xt−1 = 1)

P(Yt = 0|Yt−1 = 1) = k01 · µ0

µ1
= 0.1 ·

3
4
1
4

= 0.3 = k10 = P(Xt = 0|Xt−1 = 1)

P(Yt = 1|Yt−1 = 0) = k10 · µ1

µ0
= 0.3 ·

1
4
3
4

= 0.1 = k01 = P(Xt = 1|Xt−1 = 0)

P(Yt = 1|Yt−1 = 1) = k11 · µ1

µ1
= k11 = P(Xt = 1|Xt−1 = 1)

Thus in this case both the forward chainX and the time-reversed chainY have the same transition probabilities.

We will call such chainstime-reversible, as their dynamics do not change when time is reversed. ⊳

We will now introduce a criterion for checking whether a chain is time-reversible.

Definition 1.21 (Detailed balance). A transition kernelK is said to be indetailed balancewith a distributionµ if

for all i, j ∈ S

µikij = µjkji.

It is easy to see that Markov chain studied in the phone line example (see example 1.13) satisfies the detailed-

balance condition.

The detailed-balance condition is a very important conceptthat we will require when studying Markov Chain

Monte Carlo (MCMC) algorithms later. The reason for its relevance is the following theorem, which says that if a

Markov chain is in detailed balance with a distributionµ, then the chain is time-reversible, and, more importantly,

µ is the invariant distribution. The advantage of the detailed-balance condition over the condition of definition 1.18

is that the detailed-balance condition is often simpler to check, as it does not involve a sum (or a vector-matrix

product).

Theorem 1.22. LetX be a Markov chain with transition kernelK which is in detailed balance with some distribu-

tion µ on the states of the chain. Then

i. µ is the invariant distribution ofX.

ii. If initialised according toµ, X is time-reversible, i.e. bothX and its time reversal have the same transition

kernel.

Proof. i. We have that

(µ′K)i =
∑

j

µjkji︸ ︷︷ ︸
=µikij

= µi

∑
j

kij︸ ︷︷ ︸
=1

= µi,

thusµ′K = µ′, i.e.µ is the invariant distribution.

ii. Let Y be the time-reversal ofX, then using (1.2)

P(Yt = j|Yt−1 = i) =

µikij︷ ︸︸ ︷
µjkji

µi
= kij = P(Xt = j|Xt−1 = i),

thusX andY have the same transition probabilities. �

Note that not every chain which has an invariant distribution is time-reversible, as the following example shows:

Example 1.14. Consider the following Markov chain onS = {1, 2, 3} with transition matrix

K =


0 0.8 0.2

0.2 0 0.8

0.8 0.2 0


The corresponding Markov graph is shown in figure 1.7: The stationary distribution of the chain isµ =

(
1
3 , 1

3 , 1
3

)
.
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3 2

1

0.8

0.2

0.2
0.8

0.2
0.8

Figure 1.7. Markov graph for the Markov chain of example 1.14.

However the distribution is not time-reversible. Using equation (1.2) we can find the transition matrix of the time-

reversed chainY , which is 
0 0.2 0.8

0.8 0 0.2

0.2 0.8 0

 ,

which is equal toK′, rather thanK. Thus the chainsX and its time reversalY have different transition kernels.

When going forward in time, the chain is much more likely to go clockwise in figure 1.7; when going backwards in

time however, the chain is much more likely to go counter-clockwise. ⊳

1.3 General state space Markov chains

So far, we have restricted our attention to Markov chains with a discrete (i.e. at most countable) state spaceS. The

main reason for this was that this kind of Markov chain is mucheasier to analyse than Markov chains having a more

general state space.

However, most applications of Markov Chain Monte Carlo algorithms are concerned with continuous random

variables, i.e. the corresponding Markov chain has a continuous state spaceS, thus the theory studied in the preced-

ing section does not directly apply. Largely, we defined mostconcepts for discrete state spaces by looking at events

of the type{Xt = j}, which is only meaningful if the state space is discrete.

In this section we will give a brief overview of the theory underlying Markov chains with general state spaces.

Although the basic principles are not entirely different from the ones we have derived in the discrete case, the study

of general state space Markov chains involves many more technicalities and subtleties, so that we will not present

any proofs here. The interested reader can find a more rigorous treatment in (Meyn and Tweedie, 1993), (Nummelin,

1984), or (Robert and Casella, 2004, chapter 6).

Though this section is concerned with general state spaces we will notationally assume that the state space is

S = Rd.

First of all, we need to generalise our definition of a Markov chain (definition 1.4). We defined a Markov chain

to be a stochastic process in which, conditionally on the present, the past and the future are independent. In the

discrete case we formalised this idea using the conditionalprobability of{Xt = j} given different collections of

past events.

In a general state space it can be that all events of the type{Xt = j} have probability 0, as it is the case for

a process with a continuous state space. A process with a continuous state space spreads the probability so thinly

that the probability of exactly hitting one given state is0 for all states. Thus we have to work with conditional

probabilities of sets of states, rather than individual states.

Definition 1.23 (Markov chain). Let X be a stochastic process in discrete time with general state spaceS. X is

called aMarkov chainif X satisfies theMarkov property

P(Xt+1 ∈ A|X0 = x0, . . . ,Xt = xt) = P(Xt+1 ∈ A|Xt = xt)

for all measurable setsA ⊂ S.
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If S is at most countable, this definition is equivalent to definition 1.4.

In the following we will assume that the Markov chain ishomogeneous, i.e. the probabilitiesP(Xt+1 ∈ A|Xt =

xt) are independent oft. For the remainder of this section we shall also assume that we can express the probability

from definition 1.23 using atransition kernelK : S × S → R+
0 :

P(Xt+1 ∈ A|Xt = xt) =
∫

A

K(xt, xt+1) dxt+1 (1.3)

where the integration is with respect to a suitable dominating measure, i.e. for example with respect to the Lebesgue

measure ifS = Rd.4 The transition kernelK(x, y) is thus just the conditional probability density ofXt+1 given

Xt = xt.

We obtain the special case of definition 1.8 by settingK(i, j) = kij , wherekij is the(i, j)-th element of the

transition matrixK. For a discrete state space the dominating measure is the counting measure, so integration just

corresponds to summation, i.e. equation (1.3) is equivalent to

P(Xt+1 ∈ A|Xt = xt) =
∑

xt+1∈A

kxtxt+1 .

We have for measurable setA ⊂ S that

P(Xt+m ∈ A|Xt = xt) =
∫

A

∫
S

· · ·
∫

S

K(xt, xt+1)K(xt+1, xt+2) · · ·K(xt+m−1, xt+m) dxt+1 · · · dxt+m−1dxt+m,

thus them-step transition kernel is

K(m)(x0, xm) =
∫

S

· · ·
∫

S

K(x0, x1) · · ·K(xm−1, xm) dxm−1 · · · dx1

Them-step transition kernel allows for expressing them-step transition probabilities more conveniently:

P(Xt+m ∈ A|Xt = xt) =
∫

A

K(m)(xt, xt+m) dxt+m

Example 1.15 (Gaussian random walk on R). Consider the random walk onR defined by

Xt+1 = Xt + Et,

whereEt ∼ N(0, 1), i.e. the probability density function ofEt is φ(z) =
1√
2π

exp
(
−z2

2

)
. This is equivalent to

assuming that

Xt+1|Xt = xt ∼ N(xt, 1).

We also assume thatEt is independent ofX0, E1, . . . , Et−1. Suppose thatX0 ∼ N(0, 1). In contrast to the random

walk onZ (introduced in example 1.2) the state space of the Gaussian random walk isR. In complete analogy with

example 1.2 we have that

P(Xt+1 ∈ A|Xt = xt, . . . ,X0 = x0) = P(Et ∈ A− xt|Xt = xt, . . . ,X0 = x0)

= P(Et ∈ A− xt) = P(Xt+1 ∈ A|Xt = xt),

whereA− xt = {a− xt : a ∈ A}. ThusX is indeed a Markov chain. Furthermore we have that

P(Xt+1 ∈ A|Xt = xt) = P(Et ∈ A− xt) =
∫

A

φ(xt+1 − xt) dxt+1

Thus the transition kernel (which is nothing other than the conditional density ofXt+1|Xt = xt) is thus

K(xt, xt+1) = φ(xt+1 − xt)

To find them-step transition kernel we could use equation (1.3). However, the resulting integral is difficult to

compute. Rather we exploit the fact that

4 A more correct way of stating this would beP(Xt+1 ∈ A|Xt = xt) =
R

A
K(xt, dxt+1).
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Xt+m = Xt + Et + . . . + Et+m−1︸ ︷︷ ︸
∼N(0,m)

,

thusXt+m|Xt = xt ∼ N(xt,m).

P(Xt+m ∈ A|Xt = xt) = P(Xt+m −Xt ∈ A− xt) =
∫

A

1√
m

φ

(
xt+m − xt√

m

)
dxt+m

Comparing this with (1.3) we can identify

K(m)(xt, xt+m) =
1√
m

φ

(
xt+m − xt√

m

)
asm-step transition kernel. ⊳

In section 1.2.2 we defined a Markov chain to be irreducible ifthere is a positive probability of getting from any

statei ∈ S to any other statej ∈ S, possibly via intermediate steps.

Again, we cannot directly apply definition 1.12 to Markov chains with general state spaces: it might be — as

it is the case for a continuous state space — that the probability of hitting a given state is0 for all states. We will

again resolve this by looking at sets of states rather than individual states.

Definition 1.24 (Irreducibility). Given a distributionµ on the statesS, a Markov chain is said to beµ-irreducible

if for all setsA with µ(A) > 0 and for allx ∈ S, there exists anm ∈ N0 such that

P(Xt+m ∈ A|Xt = x) =
∫
A

K(m)(x, y) dy > 0.

If the number of stepsm = 1 for all A, then the chain is said to bestronglyµ-irreducible.

Example 1.16 (Gaussian random walk (continued)). In example 1.15 we had thatXt+1|Xt = xt ∼ N(xt, 1). As

the range of the Gaussian distribution isR, we have thatP(Xt+1 ∈ A|Xt = xt) > 0 for all setsA of non-zero

Lebesgue measure. Thus the chain is strongly irreducible with the respect to any continuous distribution. ⊳

Extending the concepts of periodicity, recurrence, and transience studied in sections 1.2.2 and 1.2.3 from the

discrete case to the general case requires additional technical concepts likeatomsandsmall sets, which are beyond

the scope of this course (for a more rigorous treatment of these concepts see e.g. Robert and Casella, 2004, sections

6.3 and 6.4). Thus we will only generalise the concept of recurrence.

In section 1.2.3 we defined a discrete Markov chain to be recurrent, if all states are (on average) visited infinitely

often. For more general state spaces, we need to consider thenumber of visits to a set of states rather than single

states. LetVA =
∑+∞

t=0 1{Xt∈A} be the number of visits the chain makes to states in the setA ⊂ S. We then define

the expected number of visits inA ⊂ S, when we start the chain inx ∈ S:

E(VA|X0 = x) = E

(
+∞∑
t=0

1{Xt∈A}
∣∣∣X0 = x

)
=

+∞∑
t=0

E(1{Xt∈A}|X0 = x) =
+∞∑
t=0

∫
A

K(t)(x, y) dy

This allows us to define recurrence for general state spaces.We start with defining recurrence of sets before extend-

ing the definition of recurrence of an entire Markov chain.

Definition 1.25 (Recurrence). (a) A setA ⊂ S is said to berecurrentfor a Markov chainX if for all x ∈ A

E(VA|X0 = x) = +∞,

(b) A Markov chain is said to berecurrent, if

i. The chain isµ-irreducible for some distributionµ.

ii. Every measurable setA ⊂ S with µ(A) > 0 is recurrent.
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According to the definition a set is recurrent if on average itis visited infinitely often. This is already the case if

there is a non-zero probability of visiting the set infinitely often. A stronger concept of recurrence can be obtained

if we require that the set is visited infinitely often with probability 1. This type of recurrence is referred to asHarris

recurrence.

Definition 1.26 (Harris Recurrence). (a) A setA ⊂ S is said to beHarris-recurrentfor a Markov chainX if for

all x ∈ A

P(VA = +∞|X0 = x) = 1,

(b) A Markov chain is said to beHarris-recurrent, if

i. The chain isµ-irreducible for some distributionµ.

ii. Every measurable setA ⊂ S with µ(A) > 0 is Harris-recurrent.

It is easy to see that Harris recurrence implies recurrence.For discrete state spaces the two concepts are equiva-

lent.

Checking recurrence or Harris recurrence can be very difficult. We will state (without) proof a proposition

which establishes that if a Markov chain is irreducible and has a unique invariant distribution, then the chain is also

recurrent.

However, before we can state this proposition, we need to define invariant distributions for general state spaces.

Definition 1.27 (Invariant Distribution). A distributionµ with density functionfµ is said to be theinvariant distri-

butionof a Markov chainX with transition kernelK if

fµ(y) =
∫

S

fµ(x)K(x, y) dx

for almost ally ∈ S.

Proposition 1.28. Suppose thatX is aµ-irreducible Markov chain havingµ as unique invariant distribution. Then

X is also recurrent.

Proof. see (Tierney, 1994, theorem 1) or (Athreya et al., 1992) �

Checking the invariance condition of definition 1.27 requires computing an integral, which can be quite cum-

bersome. A simpler (sufficient, but not necessary) condition is, just like in the case discrete case, detailed balance.

Definition 1.29 (Detailed balance). A transition kernelK is said to be indetailed balancewith a distributionµ

with densityfµ if for almost allx, y ∈ S

fµ(x)K(x, y) = fµ(y)K(y, x).

In complete analogy with theorem 1.22 one can also show in thegeneral case that if the transition kernel of a

Markov chain is in detailed balance with a distributionµ, then the chain is time-reversible and hasµ as its invariant

distribution. Thus theorem 1.22 also holds in the general case.

1.4 Ergodic theorems

In this section we will study the question whether we can use observations from a Markov chain to make inferences

about its invariant distribution. We will see that under some regularity conditions it is even enough to follow a single

sample path of the Markov chain.

For independent identically distributed data the Law of Large Numbers is used to justify estimating the expected

value of a functional using empirical averages. A similar result can be obtained for Markov chains. This result is

the reason why Markov Chain Monte Carlo methods work: it allows us to set up simulation algorithms to generate

a Markov chain, whose sample path we can then use for estimating various quantities of interest.
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Theorem 1.30 (Ergodic Theorem). Let X be aµ-irreducible, recurrentRd-valued Markov chain with invariant

distributionµ. Then we have for any integrable functiong : Rd → R that with probability1

lim
t→∞

1
t

t∑
i=1

g(Xi) → Eµ(g(X)) =
∫

S

g(x)fµ(x) dx

for almost every starting valueX0 = x. If X is Harris-recurrent this holds for every starting valuex.

Proof. For a proof see (Roberts and Rosenthal, 2004, fact 5), (Robert and Casella, 2004, theorem 6.63), or (Meyn

and Tweedie, 1993, theorem 17.3.2). �

Under additional regularity conditions one can also derivea Central Limit Theorem which can be used to justify

Gaussian approximations for ergodic averages of Markov chains. This would however be beyond the scope of this

course.

We conclude by giving an example that illustrates that the conditions of irreducibility and recurrence are neces-

sary in theorem 1.30. These conditions ensure that the chainis permanently exploring the entire state space, which

is a necessary condition for the convergence of ergodic averages.

Example 1.17. Consider a discrete chain with two statesS = {1, 2} and transition matrix

K =

(
1 0

0 1

)

The corresponding Markov graph is shown in figure 1.8. This chain will remain in its intial state forever. Any

1 2

1 1

Figure 1.8. Markov graph of the chain of example 1.17

distributionµ on{1, 2} is an invariant distribution, as

µ′K = µ′I = µ′

for all µ. However, the chain is not irreducible (or recurrent): we cannot get from state1 to state2 and vice versa.

If the initial distribution isµ = (α, 1− α)′ with α ∈ [0, 1] then for everyt ∈ N0 we have that

P(Xt = 1) = α P(Xt = 2) = 1− α.

By observing one sample path (which is either1, 1, 1, . . . or 2, 2, 2, . . .) we can make no inference about the distri-

bution ofXt or the parameterα. The reason for this is that the chain fails to explore the space (i.e. switch between

the states1 and2). In order to estimate the parameterα we would need to look at more than one sample path.⊳

Note that theorem 1.30 does not require the chain to the aperiodic. In example 1.12 we studied a periodic chain.

Due to the periodicity we could not apply theorem 1.19. We canhowever apply theorem 1.30 to this chain. The

reason for this is that whilst theorem 1.19 was about the distribution of states at a given timet, theorem 1.30 is

about averages, and the periodic behaviour does not affect averages.


