Chapter 1

Markov Chains

This chapter introduces Markov chatna special kind of random process which is said to have “no angimthe
evolution of the process in the future depends only on thegmtestate and not on where it has been in the past. In
order to be able to study Markov chains, we first need to inicedhe concept of a stochastic process.

1.1 Stochastic processes

Definition 1.1 (Stochastic process). A stochastic procesX is a family {X; : ¢ € T} of random variables
X; : 2 — S.7Tis hereby called thindex set(“time”) and S is called thestate space

We will soon focus on stochastprocesses in discrete timiee. we assume thdt ¢ N orT" C Z. Other choices
would beT = [0, 00) or 7' = R (processes in continuous tijner 7' = R x R (spatial procesk

An example of a stochastic process in discrete time wouldhbesequence of temperatures recorded every
morning at Braemar in the Scottish Highlands. Another eXxamould be the price of a share recorded at the
opening of the market every day. During the day we can tragsltlare price continuously, which would constitute
a stochastic process in continuous time.

We can distinguish between processes not only based orirttleit setl’, but also based on their state sp&ce
which gives the “range” of possible values the process des tan important special case arises if the state space
S'is a countable set. We shall then c&lla discrete processThe reasons for treating discrete processes separately
are the same as for treating discrete random variablesatepame can assume without loss of generality that the
state space are the natural numbers. This special casesmilbtit to be much simpler than the case of a general
state space.

Definition 1.2 (Sample Path).  For a given realisationv € {2 the collection{ X;(w) : t € T'} is called thesample
pathof X atw.

If T'= Ny (discrete time) the sample path is a sequence;4#f R (continuous time) the sample path is a function
fromR to S.

Figure 1.1 shows sample paths both of a stochastic procefisdrete time (panel (a)), and of two stochastic
processes in continuous time (panels (b) and (c)). The psocepanel (b) has a discrete state space, whereas the
process in panel (c) has the real numbers as its state spam#iffuous state space”). Note that whilst certain
stochastic processes have sample paths that are (almelst) siantinuous or differentiable, this does not need to
be the case.

! named after the Andrey Andreyevich Markov (1856-1922), a Rose&thematician.
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Figure 1.1. Examples of sample paths of stochastic processes.

A stochastic process is not only characterised by the malrdistributions ofX;, but also by the dependency
structure of the process. This dependency structure cardressed by thénite-dimensional distributionsf the
process:

P(Xy, € A1,..., Xy, € Ag)

wherety,...,t, € T,k € N, andAq,..., A, are measurable subsets $f In the case ofS C R the finite-
dimensional distributions can be represented using tait distribution functions

F(tl,-u,tk)(xla cey Ik) = ]P(th € (7OO,$1], cee ath € (700, sz

This raises the question whether a stochastic pra¥eissully described by its finite dimensional distributions.
The answer to this is given by Kolmogorov’s existence theorelowever, in order to be able to formulate the
theorem, we need to introduce the concept of a consisterilyfafriinite-dimensional distributions. To keep things
simple, we will formulate this condition using distributi® functions. We shall call a family of finite dimensional
distribution functiongonsistentf for any collection of timeg, ... ¢, forall j € {1,...,k}

Ftyotiastytyonsoti) (T1s s o1, +00, @1, o ) = Floy eyt (T1 o 1, Tp1, o5 k)
(1.1)
This consistency condition says nothing else than that tairaensional members of the family have to be the
marginal distributions of the higher-dimensional memloéte family. For a discrete state space, (1.1) corresponds
to

Zp(tl,..i,tj,l,tj,tHl,...,tk)(5617 B R RR PR B P 7~’Ck) = p(tl,...,tj,l,tj+1,..4,tk)(l”l, ey L1y Ljpdy e - ,Ik)7
Zj
wherep..(-) are the joint probability mass functions (p.m.f.). For attmmous state space, (1.1) corresponds to

/f(tl,‘..,tjfl,tj,t]‘+1,.“,tk)(x17 T T Tty e k) AT = f(ey ity sentn) (B T T, -, D)

wheref( (-) are the joint probability density functions (p.d.f.).
Without the consistency condition we could obtain diffénesults when computing the same probability using
different members of the family.

Theorem 1.3 (Kolmogorov).  LetF(,, . ., be afamily of consistent finite-dimensional distributiondtions. Then
there exists a probability space and a stochastic proééssuch that

Foy oy (@1, . o) = P(Xy, € (=00, 1], ..., Xy, € (=00, 21]).

Proof. The proof of this theorem can be for example found in (Gihnmath $kohorod, 1974). O
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Thus we can specify the distribution of a stochastic probgseriting down its finite-dimensional distributions.
Note that the stochastic proce&sis not necessarily uniquely determined by its finite-diniemal distributions.
However, the finite dimensional distributions uniquelyatatine all probabilities relating to events involving an at
most countable collection of random variables. This is h@#eat least as far as this course is concerned, all that
we are interested in.

In what follows we will only consider the case of a stochagtiocess in discrete time i.&. = Ny (or Z).
Initially, we will also assume that the state space is discre

1.2 Discrete Markov chains

1.2.1 Introduction

In this section we will define Markov chains, however we wiltfis on the special case that the state spasdat
most) countable. Thus we can assume without loss of getettadit the state spaceis the set of natural numbers
N (or a subset of it): there exists a bijection that uniquelyps@ach element t6 to a natural number, thus we can
relabel the statek, 2,3, . . ..

Definition 1.4 (Discrete Markov chain).  Let X be a stochastic process in discrete time with countables¢dite”)
state spaceX is called aMarkov chain (with discrete state spad@eX satisfies thévlarkov property

IP(Xt+1 = $t+1|Xt =T4,..., X0 = UCO) = ]P(Xt+1 = $t+1|Xt = CUt)

This definition formalises the idea of the process dependimthe past only through the present. If we know the
current stateX;, then the next stat&, ,; is independent of the past stat¥s, ... X;_;. Figure 1.2 illustrates this

idea?
A X,
. e
: =
................ %
Past O ‘Future
: @ :
................ ,\\0_//.\
// \\\ /// \\
: 7 ~ . - AN
................ /x.r SRR
//
............ /‘
t—1 t t+1 ]

Figure 1.2. Past, present, and future of a Markov chain.at

Proposition 1.5. The Markov property is equivalent to assuming that forkadt Nand allt; < ... <t <t
P(Xit1 = x| Xty = 2y, Xy = 24y) = P(Xpg1 = 24| Xy, = 24,).
Proof. (homework) O

Example 1.1 (Phone line). Consider the simple example of a phone line. It can eitheulsg fwe shall call this state
1) or free (which we shall cal)). If we record its state every minute we obtain a stochastcess{ X, : ¢ € Ny}.

2 A similar concept ilarkov processgsexists for processes in continuous time. Seeletd.p: / / en. wi ki pedi a. or g/
wi ki / Mar kov_pr ocess.
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If we assume thafX; : t € Ny} is a Markov chain, we assume that probability of a new phofidoeing ended

is independent of how long the phone call has already la§#udilarly the Markov assumption implies that the
probability of a new phone call being made is independenbuf long the phone has been out of use before.

The Markov assumption is compatible with assuming that #agja pattern changes over time. We can assume that
the phone is more likely to be used during the day and moréyltkebe free during the night. <

Example 1.2 (Random walk on Z). Consider a so-callechtndom walkon Z starting atX, = 0. At every time, we
can either stay in the state or move to the next smaller or laexér number. Suppose that independently of the
current state, the probability of staying in the currentesisl — « — /3, the probability of moving to the next smaller
number isa and that the probability of moving to the next larger numises,iwherea, 8 > 0 with o + 3 < 1.
Figure 1.3 illustrates this idea. To analyse this processadre detail we writeX;,; as

l-a-8 1-a—-p 1l-a-p 1-a-pF l1l—-a—-p l1l—a—-pF 1-—a-p
LOLOLOLOLOLOLOL
Figure 1.3. lllustration (“Markov graph”) of the random walk dA.
X1 = Xy + Ey,
with the E; being independent and for all

It is easy to see that
P(Xt+1 :.’L't—].|Xt :il't) =« P(Xt+1 :xt|—Xt :(Et) = ].—OZ—IB ]P(Xt+1 :xt+1|Xt :l’t) :ﬂ

Most importantly, these probabilities do not change when owsadition additionally on the pastX;; =

Lp—1y -y Xo = xo}:
P(Xip1 =21 Xy =2, Xem1 = 241 ..., Xo = 20)
= PE =x —2|Brs =2 —a41,..., By = 21 — 20, Xo = 20)
E.LE,
= IP(Et = Tt41 — l‘t) = IP(Xt+1 = l‘t+1|Xt = xt)
Thus{X; : t € Ny} is a Markov chain. 4

The distribution of a Markov chain is fully specified by itstial distribution P(X, = () and thetransition
probabilitiesP (X1 = x+41| Xt = 2¢), as the following proposition shows.
Proposition 1.6.  For a discrete Markov chaik X; : ¢t € Ny} we have that

t—1
P(X; =24, Xp 1 =241,..., Xo = 20) = P(Xg = 20) - [[ P(Xrp1 = 21| X; = 7).
7=0

Proof. From the definition of conditional probabilities we can gerihat
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P(Xt = .’Ehth] = Tt—1y.-- ,XO = l’o) = IP(XO = .’I}())
. IP(Xl = 33‘1|X0 = l‘o)
‘P(Xo = 22| X1 = 21, Xo = x0)

:]P(XQZCEQ‘XIZII)

P(Xy = 24| Xy = 24—1,..., Xo = 20)

=P(Xi=z¢|X¢_1=x¢_1)

t—1
= [[ P(Xri1 = 2r 1| X = 27). 0
7=0

Comparing the equation in proposition 1.6 to the first equmatif the proof (which holds for any sequence of
random variables) illustrates how powerful the Markoviaaswamption is.

To simplify things even further we will introduce the conte a homogeneous Markov chaiwhich is a
Markov chains whose behaviour does not change over time.

Definition 1.7 (Homogeneous Markov Chain). A Markov chain{ X, : ¢ € Ny} is said to behomogeneous
IP(XtJrl = j|Xt = 2) = Pij
forall 7,5 € S, and independent afc Nj.
In the following we will assume that all Markov chains are faganeous.

Definition 1.8 (Transition kernel). ~ The matrixKK = (k;;);; with k;; = P(X, 41 = j| X, = i) is called thetransi-
tion kernel(or transition matriy of the homogeneous Markov chaih

We will see that together with the initial distribution, wehiwe might write as a vectox, = (P(Xo = ))(ies),
the transition kerneK fully specifies the distribution of a homogeneous Markovicha
However, we start by stating two basic properties of thesiteom kernelK:

— The entries of the transition kernel are non-negative (dreyprobabilities).
— Each row of the transition kernel sumsitoas

D kij =Y P(Xip1 = jXy = i) =P(Xyp1 € 5|X, =i) =1
J J

Example 1.3 (Phone line (continued)). Suppose that in the example of the phone line the probattilét/someone
makes a new call (if the phone is currently unused) is 10% hadgtobability that someone terminates an active
phone call is 30%. If we denote the stateshphone not in use) antl(phone in use). Then

]P(XH—I = O‘Xt = 0) = 09 IP(Xt+1 = 1|Xt = 0) = O].
]P(Xt+1 == O‘Xt - 1) =0.3 ]P(Xt+1 = 1|Xt == 1) = 077

0.9 0.1
K= :
( 0.3 0.7 )

The transition probabilities are often illustrated usirgpecalled Markov graph. The Markov graph for this example

and the transition kernel is

is shown in figure 1.4. Note that knowirlg alone is not enough to find the distribution of the statestligy we
also need to know the initial distributioxy. <
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0.9 0.7

8 0.1 8
0.3
Figure 1.4. Markov graph for the phone line example.

Example 1.4 (Random walk on Z (continued)). The transition kernel for the random walk @nis a Toeplitz matrix
with an infinite number of rows and columns:

a l—-a—p Ié] 0 0 0
K= 0 « l—a—p Jé] 0 0
0 0 « 1—a—p Ié] 0
0 0 0 « 1—a— Jé]
The Markov graph for this Markov chain was given in figure 1.3. N

We will now generalise the concept of the transition kermélich contains the probabilities of moving from
statei to stepj in one step, to then-step transition kernel, which contains the probabilibémoving from state
to stepj in m steps:

Definition 1.9 ( m-step transition kernel).  The matrixK (™) = (kl(Jm))” with kl(;") = P(Xipm = j| Xt =) is
called them-step transition kernelf the homogeneous Markov chaith
We will now show that then-step transition kernel is nothing other than thepower of the transition kernel.
Proposition 1.10. Let X be a homogeneous Markov chain, then
i. KM = K™, and
i. P(X,, =j)=(AKmM);.

Proof. i. We will first show that form,, ms € N we have thak (m1+m2) — K(m1) . g (m2).

P(Xt+7rzl+m2 - k|Xt - 7') - ZIP(Xt+7rL1+7n2 - k7Xt+m1 = .]|Xt - Z)
J

= PXimyms = K[ Xigm, =5, X0 =1)  P(Xypm, = j|X; =)
J

:]P(Xterlerg :k|Xt+m1:j):]P(Xt+m2 :let:j)
=Y P(Xiym, = b|Xy = §)P(Xym, = j|X; = i)

ik

)

J
= SRR - (kK )
J

ThusK® = K - K = K2, and by inductiorK (™) = K.
i P(Xp =j) =Y P(Xpm =4, Xo=1) =Y P(Xp =j|Xo=14)P(Xo =1i) = (A\)K™); O

:KE;"’) =(Xo)i

Example 1.5 (Phone line (continued)). In the phone-line example, the transition kernel is

0.9 0.1
K = :
( 0.3 0.7 )

Them-step transition kernel is
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mo )" ()"
K(m) — K™ — ( 0.9 01 ) 45

3

4)

3
= m 40 m
0.3 0.7 H(3)" 3=(3)

Thus the probability that the phone is free given that it was fLO hours ago B(X;;19 = 0| X; = 0) = Ké}(?) =

3+(4)" 7338081
1 = Svoreor — 0.7515. N

1.2.2 Classification of states

Definition 1.11 (Classification of states). (a) A statei is said tolead toa statej (“i ~ j") if there isanm > 0
such that there is a positive probability of getting fromtetato statej in m steps, i.e.

kY = P(Xpam = j|1X, = 0) > 0.
(b) Two stateg andj are said tocommunicat€“ i ~ ;") if ¢ ~ j andj ~ 1.

From the definition we can derive for stateg, k € S:

— i~ i (@sk?) = P(Xpp0 = i|X; = i) = 1> 0), thusi ~ i.

— If i ~ j,then alsgj ~ i.

— If i ~ j andj ~ k, then there existn;;, mo > 0 such that the probability of getting from statéo statej in
m;; steps is positive, i.dﬂg””) = P(X¢ym,, = j|X¢ =) > 0, as well as the probability of getting from state
to statek in m;, steps, i.ek](.;”“") =P(Xiym,, = k|IX: = j) = P(Xiqm,,4m,, = k| Xitm,, = j) > 0. Thus
we can get (with positive probability) from staitéo statek in m;; + m;;, steps:

ot = P (X, emy, = kX =) = > P(Xopm,emy = K Xim,, = P (Xeqm,, = UX; =)

2 P(Xepmtmy = k[ Xeym,, = 3) P(Xppm,, = jlXe =) >0

>0 >0
Thusi ~» j andj ~» k imply ¢ ~ k. Thusi ~ j andj ~ k also implyi ~ k
Thus~ is an equivalence relation and we can partition the stateespanto communicating classesuch that all
states in one class communicate and no larger classes camieif A class” is calledclosedif there are no paths

going out ofC, i.e. for alli € C' we have that ~ j implies thatj € C.
We will see that states within one class have many propértiesmmon.

Example 1.6. Consider a Markov chain with transition kernel

140 1 00
0000 100
KZOO%OO%
000010
02 000 3
00 %+ 00 1%

The Markov graph is shown in figure 1.5. We have that 4,2 ~ 5,3 ~ 6,4 ~ 5. Thus the communicating
classes arél}, {2,4,5}, and{3,6}. Only the clasq3, 6} is closed. N

Finally, we will introduce the notion of airreducible chain This concept will become important when we
analyse the limiting behaviour of the Markov chain.

Definition 1.12 (Irreducibility). A Markov chain is calledrreducibleif it only consists of a single class, i.e. all
states communicate.
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Figure 1.5. Markov graph of the chain of example 1.6. The communicating clasedd & {2, 4,5}, and{3,6}.

The Markov chain considered in the phone-line example (@es$rl.1,1.3, and 1.5) and the random walkZon
(examples 1.2 and 1.4) are irreducible chains. The chairarhgle 1.6 is not irreducible.

In example 1.6 the stat@s4 and5 can only be visited in this order: if we are currently in staige. X; = 2),
then we can only visit this state again at time 3, ¢t + 6, . ... Such a behaviour is referred to as periodicity.

Definition 1.13 (Period). (a) A statei € S is said to haveperiod
d(i) = ged{m > 1: K™ >0},

whereged denotes the greatest common denominator.
(b) If d(i) = 1 the statei is calledaperiodic
(c) Ifd(z) > 1 the statei is calledperiodic

For a periodic state, the number of steps required to possibly get back to thie staist be a multiple of the
periodd().

To analyse the periodicity of a stat@&ve must check the existence of paths of positive probalality of length
m going from the staté back toi. If no path of lengthm exists, thenKi(i’”) = 0. If there exists a single path of
positive probability of lengthn, thenk ™ > 0.

Example 1.7 (Example 1.6 continued). In example 1.6 the statehas periodi(2) = 3, as all paths fron2 back to2
have a length which is a multiple 8f thus

K >0, K >0  KY>o0,
All otherKQ(;”) = 0(% ¢ No), thus the period id(2) = 3 (3 being the greatest common denominatas @f, 9, . . .).
Similarly d(4) = 3 andd(5) = 3.
The state$ and6 are aperiodic, as there is a positive probability of renmagnn these states, thlféégm) >0
andK (™ > 0 for all m, thusd(3) = d(6) = 1. q

In example 1.6 all states within one communicating classthadsame period. This holds in general, as the
following proposition shows:

Proposition 1.14. (a) All states within a communicating class have the sammger
(b) In an irreducible chain all states have the same period.

Proof. (a) Supposé ~ j. Thus there are paths of positive probability between thwsestates. Suppose we can
get froms to j in m;; steps and fromj to ¢ in m;; steps. Suppose also that we can get fyolback toj in m;;
steps. Then we can get frohvack to: in m;; +m;; steps as well as im;; +m;; +m;; steps. Thusn;; +m;;
andm;; + m;; 4+ m;; must be divisible by the period(7) of statei. Thusm; is also divisible byi(i) (being
the difference of two numbers divisible lay:)).
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The above argument holds for any path betwgandj, thus the length of any path frojrback toj is divisible
by d(7). Thusd(i) < d(j) (d(j) being the greatest common denominator).
Repeating the same argument with tbées ofi andj swapped gives ug(j) < d(i), thusd(i) = d(j).

(b) Anirreducible chain consists of a single communicatiass, thus (b) is implied by (a). O

1.2.3 Recurrence and transience

If we follow the Markov chain of example 1.6 long enough, wel wventually end up switching between state
and6 without ever coming back to the other states Whilst the statal6 will be visited infinitely often, the other
states will eventually be left forever.

In order to formalise these notions we will introduce thenber of visitsn state i:

+oo
Vi=> lix,—q
t=0

The expected number of visits in statgiven that we start the chain iris

—+o0 —+o0
E(V;| X, = i) (Z 1ix,2iy | Xo = z) =Y E(lx,—ylXo=i) =Y P(X; =i|X, = i) Zk“)
t=0

t=0
Based on whether the expected number of visits in a statdimsténor not, we will classify states as recurrent
or transient:

Definition 1.15 (Recurrence and transience). (&) A statei is calledrecurrentf E(V;| Xy = i) = +oo.
(b) A statei is calledtransientf IE(V;| X, = ) < +oo.

One can show that a recurrent state will (almost surely) sigad infinitely often, whereas a transient state will
(almost surely) be visited only a finite number of times.

In proposition 1.14 we have seen that within a communicatlags either all states are aperiodic, or all states
are periodic. A similar dichotomy holds for recurrence anagh$ience.

Proposition 1.16.  Within a communicating class, either all states are trans@ all states are recurrent.

Proof. Supposé ~ j. Then there exists a path of lengthy; leading from: to j and a path of lengthn;; from j
back toi, i.e.k,g”“) >0 andlc;;"‘-“) > 0.
+o00
Suppose furthermore that the stae transient, i.eE(V;| Xo = i) = Y  ki} < +o0.
t=0
This implies
=0 1 (i) O o)
} — 7)) = — Mij mJL mj+t+m;;)
B(Vj|Xo =J) = k-jj T (mig) g, (myi) Zk k k (7"17) (7"17) Zk
t=0 kij k‘z‘ t= 0—/—’ k k
Skxn«#t«#n)

< k(m”)k(m”) Szk < F00,

thus statg is be transient as well. O

Finally we state without proof two simple criteria for deteéning recurrence and transience.

Proposition 1.17. (@) Every class which is not closed is transient.
(b) Every finite closed class is recurrent.

Proof. For a proof see (Norris, 1997, sect. 1.5). O
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Example 1.8 (Examples 1.6 and 1.7 continued). The chain of example 1.6 had three class@s;, {2,4,5}, and
{3,6}. The classe$1} and{2,4, 5} are not closed, so they are transient. The c{8s§} is closed and finite, thus
recurrent. q

Note that an infinite closed class is not necessarily rentirfighe random walk o studied in examples 1.2
and 1.4 is only recurrent if it is symmetric, i®.= /3, otherwise it drifts off to—oco or +o00. An interesting result is
that a symmetric random walk @& is only recurrent ifp < 2 (see e.g. Norris, 1997, sect. 1.6).

1.2.4 Invariant distribution and equilibrium

In this section we will study the long-term behaviour of Mavkchains. A key concept for this is the invariant
distribution.

Definition 1.18 (Invariant distribution). Letp = (1:)ics be a probability distribution on the state spageand let
X be a Markov chain with transition kern®&. Thenu is called thenvariant distribution(or stationary distributiohn
of the Markov chainX if3
WK =y
If 1 is the stationary distribution of a chain with transitiorrel K, then
IJJ/ _ HI K _ I—L/Kz = = HIKm _ H/K(m)
~—~
=u'K

for all m € N. Thus if Xy in drawn fromu, then all.X,,, have distributioru: according to proposition 1.10
]P(X’In = j) = (U/K(m))J = (/‘l’)]
for all m. Thus, if the chain hag as initial distribution, the distribution ok will not change over time.

Example 1.9 (Phone line (continued)). In example 1.1,1.3, and 1.5 we studied a Markov chain withwltestates)
(“free™) and1 (“in use”) and which modeled whether a phone is free or nstiréinsition kernel was

09 0.1
K= .
0.3 0.7
To find the invariant distribution, we need to solu&K = p’ for u, which is equivalent to solving the following
system of linear equations:

(K -Tip=0, ie. ( —01 03 )( Ho ) = < 0 )
0.1 -0.3 I 0

It is easy to see that the corresponding system is undermdieted and that-j.o + 311 = 0, i.e. = (po, p11)"
(3,1),i.e.p = (2, i)/ (asp has to be a probability distribution, thug + ;= 1). Q

Not every Markov chain has an invariant distribution. Thedam walk onZ (studied in examples 1.2 and 1.4)
for example does not have an invariant distribution, asalievfing example shows:

Example 1.10 (Random walk on Z (continued)). The random walk ofZ, had the transition kernel (see example 1.4)

a l—-a—p I6] 0 0 0

0 l—a— 0 0
K — « a—0 Jé]

0 0 « l—a—p 1] 0

0 0 0 « l—a— Jé]

3 i.e. p is the left eigenvector dK corresponding to the eigenvallie
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Asa+ (1—a—p)+ 3 =1wehaveforn = (...,1,1,1,...) thatu'K = p/, howeveru cannot be renormalised
to become a probability distribution. <

We will now show that if a Markov chain is irreducible and apdic, its distribution will in the long run tend

to the invariant distribution.

Theorem 1.19 (Convergence to equilibrium). Let X be an irreducible and aperiodic Markov chain with invariant
distribution . Then
P(X, =14) =5

for all states:.

Outline of the proof. We will explain the outline of the proof using the idea of cbng.
Suppose thakX has initial distribution\ and transition kerneK. Define a new Markov chaii” with initial
distributionp and same transition kernKl. Let 7" be the first time the two chains “meet” in the statee.

T=min{t>0: X;, =Y, =14}

Then one can show th&(T' < oco) = 1 and define a new procegsby

X, ift<T
Zy = )
Y, ift>T

Figure 1.6 illustrates this new chaifi. One can show tha¥ is a Markov chain with initial distributiorA (as

X
N\
\\\ /’\\ X
N\ 4 N
b —— 0 ——@ N
AN
/ o — LN /
/o N/
P N Y
v .
T T t
Figure 1.6. lllustration of the chainsX (— — —), Y (— —) andZ (thick line) used in the proof of theorem 1.19.

Xo = Zp) and transition kerneK (as bothX andY have the transition kernd(). ThusX andZ have the same
distribution and for alt € Ny we have thalP(X; = j) = P(Z; = j) for all statesj € S.

The chainY” has its invariant distribution as initial distributionulP(Y; = j) = p; forallt € Ny andj € S.

Ast — +oo the probability of{Y; = Z,} tends tol, thus

P(X, =j) =P(Z =j) = P(Y: = j) = ;.
A more detailed proof of this theorem can be found in (No&97, sec. 1.8).

Example 1.11 (Phone line (continued)). We have shown in example 1.9 that the invariant distributitthe Markov
chain modeling the phone line js = (3, 1), thus according to theorem 1.1 X, = 0) — 3 andP(X; = 1) —
i. Thus, in the long run, the phone will be free 75% of the time. <

Example 1.12. This example illustrates that the aperiodicity conditiotieorem 1.19 is necessary.
Consider a Markov chaiX’ with two statesS = {1, 2} and transition kernel
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0 1
K= .
This Markov chains switches deterministically, thus goisee 1, 0, 1, 0, ...or0, 1, 0, 1, .... Thusitis
periodic with perioc2.
Its invariant distribution ig:’ = (%,

1), as

11\ [0 1 11
IK: _ — g _ — — /.
g (2’2) ( 1 0) (2’2> g

However if the chain is started iy = 1, i.e. A = (1,0), then

1 iftisodd 0 iftisodd
P(X, =0) = P(X,=1)=

0 iftiseven 1 iftiseven

which is different from the invariant distribution, undehieh all these probabilities would b? <

1.2.5 Reversibility and detailed balance

In our study of Markov chains we have so far focused on caoolitig on the past. For example, we have defined
the transition kernel to consist &f; = P(X,y1 = j|X; = ¢). What happens if we analyse the distribution’of
conditional on the future, i.e we turn the universal clockkveards?

P(X; = j, Xy11 =1) P(X; = j)
]P(Xt+1 - 7,) ]P(Xt_;’_l = ’L)
This suggests defining a new Markov chain which goes backnie.tiAs the defining property of a Markov

P(Xy = jlX¢y1 =14) =

=P(X¢q1 =i Xy =) -

chain was that the past and future are conditionally indeeengiven the present, the same should hold for the
“backward chain”, just with thedles of past and future swapped.

Definition 1.20 (Time-reversed chain). For T € Nlet{X,: ¢t =0,...,7} be a Markov chain. TheflY; : ¢t =
0,...,7} defined by¥; = X _, is called thetime-reversed chaioorresponding toX .

We have that

IP(XS - j)Xs+1 - Z)
]P(Xs+1 - ’L)

P(Y; = jYie1 = 8) = P(X,—s = j[Xr_pp1 = §) = P(Xs = j|Xop1 = §) =

P(X; =)
P(Xsp1 =1)’
thus the time-reversed chain is in general not homogenewas, if the forward chaiX is homogeneous.
This changes however if the forward chainis initialised according to its invariant distributign In this case
P(Xs11 = 1) = py andP (X, = j) = p; for all s, and thusY” is a homogeneous Markov chain with transition
probabilities

PG = Vi =) = ki 0L (1.2)
In general, the transition probabilities for the time-msezl chain will thus be different from the forward chain.

transition matrix was
0.9 0.1
K= .
0.3 0.7
47 4

If we use the invariant distributiop as initial distribution forX, then using (1.2)

Example 1.13 (Phone line (continued)). In the example of the phone line (examples 1.1, 1.3, 1.5ah®,1.11) the
The invariant distribution wag = (2,1)".
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P(Y; = 0Y;_; = 0) = koo - % = koo = P(X, = 0] X,_, = 1)
3
; 3
P(Y, = 0|Y;_1 = 1) = koy - Li =012 =03=Fky=P(X; =0[X; ; =1)
1 1
i 1
P(Y; = 1]Y;_1 = 0) = ko - /71 =03 -4 =01=ky =P(X; =1|X;—1 =0)
0 1
P(Y, =1V, = 1) = ki - % — ke =P(X, =1|X,_, = 1)

Thus in this case both the forward chaihand the time-reversed chain have the same transition probabilities.
We will call such chainsime-reversibleas their dynamics do not change when time is reversed. <

We will now introduce a criterion for checking whether a c¢hisi time-reversible.

Definition 1.21 (Detailed balance). A transition kernelK is said to be irdetailed balancwith a distributiong if
foralli,j € S
pikij = pjkji-

It is easy to see that Markov chain studied in the phone lirergpte (see example 1.13) satisfies the detailed-
balance condition.

The detailed-balance condition is a very important contegit we will require when studying Markov Chain
Monte Carlo (MCMC) algorithms later. The reason for its valece is the following theorem, which says that if a
Markov chain is in detailed balance with a distributianthen the chain is time-reversible, and, more importantly,
w is the invariant distribution. The advantage of the detabbalance condition over the condition of definition 1.18
is that the detailed-balance condition is often simplertieck, as it does not involve a sum (or a vector-matrix
product).

Theorem 1.22. Let X be a Markov chain with transition kern®& which is in detailed balance with some distribu-
tion . on the states of the chain. Then

i. p is the invariant distribution ofX .
ii. If initialised according tou, X is time-reversible, i.e. botlX and its time reversal have the same transition
kernel.

Proof. i. We have that
(WK)i = ), ki = pi ) kij = pua,

=pikij N _
=1
thuspu'K = g/, i.e. p is the invariant distribution.
ii. LetY be the time-reversal of, then using (1.2)
Hikij
k
) . 1k ) )
P(Y = jl¥ir =) = 22 = hyy = P(X0 = j|Xe1 =),

thus X andY have the same transition probabilities. O

Note that not every chain which has an invariant distributitime-reversible, as the following example shows:

Example 1.14. Consider the following Markov chain ot = {1, 2, 3} with transition matrix

0 08 02
K= 02 0 038
08 02 0

The corresponding Markov graph is shown in figure 1.7: Theostary distribution of the chain ig = (%, %, %)
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O
0 %2 0&8

OO,
-

0.8
Figure 1.7. Markov graph for the Markov chain of example 1.14.

However the distribution is not time-reversible. Using atpn (1.2) we can find the transition matrix of the time-

reversed chaify’, which is
0 0.2 0.8

0.8 0 02 |,

0.2 08 O
which is equal taK’, rather thariK. Thus the chains( and its time reversal” have different transition kernels.
When going forward in time, the chain is much more likely to gmckwise in figure 1.7; when going backwards in
time however, the chain is much more likely to go counteckiase. <

1.3 General state space Markov chains

So far, we have restricted our attention to Markov chaing witliscrete (i.e. at most countable) state sggacEhe
main reason for this was that this kind of Markov chain is meakier to analyse than Markov chains having a more
general state space.

However, most applications of Markov Chain Monte Carlo allipons are concerned with continuous random
variables, i.e. the corresponding Markov chain has a coatis state spacg, thus the theory studied in the preced-
ing section does not directly apply. Largely, we defined ncosicepts for discrete state spaces by looking at events
of the type{ X; = j}, which is only meaningful if the state space is discrete.

In this section we will give a brief overview of the theory wntying Markov chains with general state spaces.
Although the basic principles are not entirely differemirfrthe ones we have derived in the discrete case, the study
of general state space Markov chains involves many moraiealities and subtleties, so that we will not present
any proofs here. The interested reader can find a more rigoreatment in (Meyn and Tweedie, 1993), (Nummelin,
1984), or (Robert and Casella, 2004, chapter 6).

Though this section is concerned with general state spaeesilivnotationally assume that the state space is
S =R,

First of all, we need to generalise our definition of a Markbaia (definition 1.4). We defined a Markov chain
to be a stochastic process in which, conditionally on thesqmg the past and the future are independent. In the
discrete case we formalised this idea using the conditipradability of { X; = j} given different collections of
past events.

In a general state space it can be that all events of the{ti)fpe= ;j} have probability O, as it is the case for
a process with a continuous state space. A process with aoons state space spreads the probability so thinly
that the probability of exactly hitting one given statedigor all states. Thus we have to work with conditional
probabilities of sets of states, rather than individuatesta

Definition 1.23 (Markov chain). Let X be a stochastic process in discrete time with general stadeesS. X is
called aMarkov chainif X satisfies thévlarkov property

IP(Xt+1 S AIXO =20, .- ,Xt = xt) = IP(Xt_H S A|Xt = xt)

for all measurable setd C S.
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If Sis at most countable, this definition is equivalent to debnitl.4.

In the following we will assume that the Markov chairhismogeneoys.e. the probabilitie® (X, € A|X; =
x4) are independent df For the remainder of this section we shall also assume tbaan express the probability
from definition 1.23 using &ansition kernelK : S x S — R

P(Xi11 € Al Xy =) = / K (¢, w11) dzegy (1.3)
A

where the integration is with respect to a suitable domigatieasure, i.e. for example with respect to the Lebesgue
measure ifS = R?.% The transition kerneK (z, y) is thus just the conditional probability density &f, ,; given
Xt = Tt.

We obtain the special case of definition 1.8 by setifg, j) = k;;, wherek;; is the (i, j)-th element of the

17
transition matrixiK. For a discrete state space the dominating measure is tidirmpmeasure, so integration just
corresponds to summation, i.e. equation (1.3) is equivaden

]P(Xt+1 S A‘Xt = xt) = Z k%xwrl'

T 1 €EA

We have for measurable sétc S that

P(Xt+7rz € A|Xt = JUt) = / / o / K(l’t, $t+1)K($t+1, 33t+2) s K($t+m—1, l’t-s-m) d$t+1 e dl‘t+m—1dl"t+7m
AJS S

thus them-step transition kernel is
K(m) (20, Tm) = /S.../SK(QCOJQ) o K (i1, @) ATy - - - dy
Them-step transition kernel allows for expressing thestep transition probabilities more conveniently:
P(Xiym € Al X = 2) = /A KT (24, 244 m) dyym
Example 1.15 (Gaussian random walk on R). Consider the random walk di defined by
Xir1 =Xy + By,

whereFE; ~ N(0, 1), i.e. the probability density function df, is ¢(z) =

1 < ZQ) This is equivalent to
ex - .
. V2T P 2
assuming that
Xt+1|Xt =Tt ~~ N(J?t, 1)

We also assume tha; is independent oKX, E1, ..., E:—;. Suppose thaX, ~ N(0, 1). In contrast to the random
walk onZ (introduced in example 1.2) the state space of the Gausamom walk isR. In complete analogy with
example 1.2 we have that

P(Xit1 € AlXy =2y, , Xo=20) = P(Et € A — 24| Xy = 24,..., Xo = 20)
= ]P(Et cA— l't) = ]P(Xt+1 S A|Xt = l't),

whereA — x; = {a — x; : a € A}. ThusX is indeed a Markov chain. Furthermore we have that
P(Xi €Al Xy =ay) =P(E € A—ay) = /A¢(Jst+1 — ) drepq
Thus the transition kernel (which is nothing other than theditional density ofX; 4| X; = x) is thus
K (g, w41) = d(@i41 — 31)

To find them-step transition kernel we could use equation (1.3). Howeabe resulting integral is difficult to
compute. Rather we exploit the fact that

* A more correct way of stating this would B X;+1 € A|X; = a;) = fA K (x¢,driq1).
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Xigm =Xy +E+ ...+ Ei 1,

~N(0,m)
thus Xy | Xt = 4 ~ N(z¢, m).
P(Xpym € AIXy = 24) = P(Xpqm — Xs € A— 1) = / L <xf+m_wt) A% im
avm vm
Comparing this with (1.3) we can identify
asm-step transition kernel. N

In section 1.2.2 we defined a Markov chain to be irreducibileéfe is a positive probability of getting from any
statei € S to any other statg € S, possibly via intermediate steps.

Again, we cannot directly apply definition 1.12 to Markov tigawith general state spaces: it might be — as
it is the case for a continuous state space — that the pratyadiilhitting a given state i for all states. We will
again resolve this by looking at sets of states rather thaimidual states.

Definition 1.24 (Irreducibility).  Given a distributionu on the statess, a Markov chain is said to bg-irreducible
if for all sets A with (A) > 0 and for allz € S, there exists am: € Ny such that

P(Xia € A =2) = [ K () dy >0
A

If the number of steps = 1 for all A, then the chain is said to ksrongly u-irreducible

Example 1.16 (Gaussian random walk (continued)). In example 1.15 we had tha€;1|X; = z; ~ N(a¢,1). As
the range of the Gaussian distributionliswe have thalP(X;,; € A|X; = x;) > 0 for all setsA of non-zero
Lebesgue measure. Thus the chain is strongly irreducilitetive respect to any continuous distribution. N

Extending the concepts of periodicity, recurrence, andsience studied in sections 1.2.2 and 1.2.3 from the
discrete case to the general case requires additionalitaticoncepts likatomsandsmall setswhich are beyond
the scope of this course (for a more rigorous treatment aticencepts see e.g. Robert and Casella, 2004, sections
6.3 and 6.4). Thus we will only generalise the concept of megice.

In section 1.2.3 we defined a discrete Markov chain to be renyrif all states are (on average) visited infinitely
often. For more general state spaces, we need to consideuthiger of visits to a set of states rather than single
states. LeVy = 3% 1{x,ec) be the number of visits the chain makes to states in thd getS. We then define
the expected number of visits i C S, when we start the chain ine S:

—+00 —+00 —+o00
E(ValXo=2)=E (Z 1{Xt€A}‘X0 = l‘) = ZE(l{XteAHXo =)= Z/AK(U(%ZU) dy
pry pary pary

This allows us to define recurrence for general state sp¥dmstart with defining recurrence of sets before extend-
ing the definition of recurrence of an entire Markov chain.

Definition 1.25 (Recurrence). (a) A setA C S is said to berecurrentfor a Markov chainX if forall x € A
]E(VA‘XO = .’L‘) = +o00,

(b) A Markov chain is said to beecurrent if
i. The chain isu-irreducible for some distributiop.
ii. Every measurable set C S with 1(A) > 0 is recurrent.
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According to the definition a set is recurrent if on average visited infinitely often. This is already the case if
there is a non-zero probability of visiting the set infinjtefften. A stronger concept of recurrence can be obtained
if we require that the set is visited infinitely often with patbility 1. This type of recurrence is referred totdarris
recurrence

Definition 1.26 (Harris Recurrence). (a) A setA C S is said to beHarris-recurrenfor a Markov chainX if for
alze A
P(Va=+o0|Xo=12)=1,
(b) A Markov chain is said to bearris-recurrentif
i. The chain isu-irreducible for some distributiop.
ii. Every measurable set C S with 1(A) > 0 is Harris-recurrent.

It is easy to see that Harris recurrence implies recurrdfmediscrete state spaces the two concepts are equiva-
lent.

Checking recurrence or Harris recurrence can be very diffitde will state (without) proof a proposition
which establishes that if a Markov chain is irreducible aad & unique invariant distribution, then the chain is also
recurrent.

However, before we can state this proposition, we need toelefvariant distributions for general state spaces.

Definition 1.27 (Invariant Distribution). A distributiony with density functiory,, is said to be thénvariant distri-
butionof a Markov chainX with transition kernelK if

1u0) = [ Su@0)E o) ds
S
for almost ally € S.

Proposition 1.28. Suppose thak is a u-irreducible Markov chain having as unique invariant distribution. Then
X is also recurrent.

Proof. see (Tierney, 1994, theorem 1) or (Athreya et al., 1992) O

Checking the invariance condition of definition 1.27 reqaicomputing an integral, which can be quite cum-
bersome. A simpler (sufficient, but not necessary) contlisojust like in the case discrete case, detailed balance.

Definition 1.29 (Detailed balance). A transition kernelK is said to be indetailed balance&vith a distributionp
with densityf,, if for almost allz, y € S

Ju(@)K(z,y) = fu(y)K(y, ).

In complete analogy with theorem 1.22 one can also show igémeral case that if the transition kernel of a
Markov chain is in detailed balance with a distributjorthen the chain is time-reversible and heas its invariant
distribution. Thus theorem 1.22 also holds in the genersé ca

1.4 Ergodic theorems

In this section we will study the question whether we can Umseovations from a Markov chain to make inferences
about its invariant distribution. We will see that under garegularity conditions it is even enough to follow a single
sample path of the Markov chain.

For independent identically distributed data the Law ofgealumbers is used to justify estimating the expected
value of a functional using empirical averages. A similautecan be obtained for Markov chains. This result is
the reason why Markov Chain Monte Carlo methods work: itvedl@is to set up simulation algorithms to generate
a Markov chain, whose sample path we can then use for estignaiious quantities of interest.
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Theorem 1.30 (Ergodic Theorem). Let X be ap-irreducible, recurrentR?-valued Markov chain with invariant
distribution i.. Then we have for any integrable functipn R? — R that with probability1

t—oo t 4

i " 0(X) = Bulo(X) = [ a(o)fy(a) do

for almost every starting valu&, = z. If X is Harris-recurrent this holds for every starting value

Proof. For a proof see (Roberts and Rosenthal, 2004, fact 5), (RahdrCasella, 2004, theorem 6.63), or (Meyn
and Tweedie, 1993, theorem 17.3.2). O

Under additional regularity conditions one can also desizgentral Limit Theorem which can be used to justify
Gaussian approximations for ergodic averages of Markoinsh@his would however be beyond the scope of this
course.

We conclude by giving an example that illustrates that thedd@ns of irreducibility and recurrence are neces-
sary in theorem 1.30. These conditions ensure that the chpgrmanently exploring the entire state space, which
is a necessary condition for the convergence of ergodiagest

Example 1.17. Consider a discrete chain with two states= {1, 2} and transition matrix

(1)

The corresponding Markov graph is shown in figure 1.8. Thigirchwill remain in its intial state forever. Any

() ()
O ©

Figure 1.8. Markov graph of the chain of example 1.17

distributionp on {1, 2} is an invariant distribution, as
N/K — M/I — Nl

for all . However, the chain is not irreducible (or recurrent): wergat get from staté to state2 and vice versa.
If the initial distribution isu = (o, 1 — «)’ with « € [0, 1] then for everyt € N, we have that

P(X,=1)=a P(X,=2)=1-o.

By observing one sample path (which is eithet, 1,... or2,2,2,...) we can make no inference about the distri-
bution of X; or the parameteti. The reason for this is that the chain fails to explore thesi§ae. switch between
the stated and2). In order to estimate the parametewe would need to look at more than one sample path«

Note that theorem 1.30 does not require the chain to theaperin example 1.12 we studied a periodic chain.
Due to the periodicity we could not apply theorem 1.19. We lcawever apply theorem 1.30 to this chain. The
reason for this is that whilst theorem 1.19 was about theibligion of states at a given time theorem 1.30 is
about averages, and the periodic behaviour does not affeges.



