Review Course: Markov Chains and Monte Carlo Methods
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Computer Practical: Metropolis-Hastings
Model Answers

Model code in Python

from__future__ inport division
from scipy inport=*
fromscipy inport linalg

i mport pylab

s i mport sys

sys. pat h. append(”/home/ludger/lib/python2 .6/ sitepackages/}
i mport statistics

#Task 1: Evaluate the density of a bivariate distribution at a single point
def density(x, nu, sigma):

i nv_si gna=linal g.inv(signma)

X_m nus_nmu=x- nmu

return exp(-0.5+dot(dot (transpose(x_m nus_mu),inv_sigm),Xx_mnus_mu))/(2*pi*sqgrt(
linalg.det(sigm) ) )

nmu=array([ 0, 0])
sigma=array([[4,1],[1,4]])

#Task 2: Metropolis Hastings

#Set the standard devi ation of the proposa
si gma_prop=2.5

3 #Set the desired sanple size

n=1000

#Set the starting val ues
x=array([0,0])

accept ed_n=0

s f =densi ty(x, mu, si gma)

X1=[x[0]]
X2=[x[1]]

for i in xrange(1,n):
X_0=x[ 0] +r andom nor ral (0, si gna_pr op)
X_1=x[ 1] +r andom nor nal (0, si gna_pr op)
new x=array([x_0,x_1])
new_f =densi t y(new_x, mu, si gna)
i f (random randon()<(new f/f)):
accepted_n+=1
X=new_x
f=new f
X1. append(x[0])
X2. append(x[1])

#Proportion of accepted val ues
print "The_proportion.of_acceptedvalues.is”, accepted_n/n

#Task 3: Diagnostics

#Sanpl e plots for both val ues

pyl ab. fi gure(0)

pyl ab. pl ot (X1, 'b")

pyl ab.title(”"Sample.path_oof_X_1")
pyl ab. figure(1)

pyl ab. pl ot (X2, 'r")

pyl ab.title(”"Sample.path_.of_X_2")

#Cumul ati ve aver ages



+ arange( len( X1)))

s X1_cunmmean = cumsun( X1 ) / (
= ! ( + arange( len( X1 )))

s X2_cumrean = cunsum( X2 )

o pyl ab. figure( 2 )

o1 pyl ab. pl ot ( X1_cunmean, "b” )
o pyl ab. titl e(”Empirical_.mean.of_.X_1")

e

o pyl ab. figure( 3 )

es pyl ab. pl ot ( X2_cunmean, "r” )

o pyl ab. titl e("Empirical_mean.of_X_2")
o7 pyl ab. show()
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s #AUt ocorrel ati on

00Xl _sd = sqgrt( var( X1 ) )

X2_sd = sqrt( var( X2 ) )

X1_autocorr = statistics.correlation( X1[1: ], X1[:-1])
73 X2_autocorr = statistics.correlation( X2[1: ], X2[:-1])
print "The_autocorrelationof_.X_1.is”, Xl_autocorr

s print "The_autocorrelationof_X_2_.is”, X2_autocorr
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7 #Ef f ecti ve sanpl e size

Xl _ess =n * (1 - Xl _autocorr ) / ( 1 + Xl_autocorr )
9 X2_ess =n x (1 - X2 autocorr ) / ( 1 + X2_autocorr )
print "The_effective.sample.size_,of_.X_1_is”, Xl _ess
gl print "The_effectiveLsample.size_.of_X_2_is"”, X2_ess
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53 #Task 4: Repeat with signa _prop = 0.1, sigma_prop = 10
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#Task 5: Repeat with sigma = array([[4,2.8],[2.8,4]])
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Model code in R

#Task 1

#Eval uates the density of a bivariate normal distribution at a single point

nmvdnorm <- function(x, nu, sigm){
X.mnus.mi <- X - mu
#subtract mu from x

exp.arg <- -0.5 * sum(x.mnus.mu * solve(sigm, Xx.mnus.nu))

#eval uates the expression inside exp(...)

return( 1/ (2 = pi * sqgrt(det(sigm))) * exp(exp.arg) )

}

#Task 2
#Metropol i s Hastings

#set the nean paraneter

mu <- ¢(0,0)

#set the covarince paraneter

sigma <- matrix(c(4,1,1,4), nrow=2)

#set the standard deviati on of the proposal
sd. proposal <- 2.5

#set the desired sanple size

n <- 1000

X <- matrix(nrow=n, ncol =2)

#set the starting val ue

cur.x <- c(0,0)

#eval uate the density at the starting val ue
cur.f <- mvdnorm(cur.x, mu, signm)

n.accepted <- 0
for(i in 1:n){
new. x <- cur.x + sd.proposal * rnorm2)
new. f <- nwvdnorn{new. x, mu, signa)
if(runif(1) < new f/cur.f){
n.accepted <- n.accepted + 1
cur.Xx <- new.x
cur.f <- newf
}
x[i,] < cur.x

}

#proportion of accepted val ues
n. accepted/n

#Task 3
#l ook at sanple plots of both variables
par (nfrow=c(2,1))

gplot(x[,1], type="1", xlab="t", ylab="X_1", mai n="Sample.path_of_X_
plot(x[,2], type="1", xlab="t", ylab="X_2", main="Sample.path_of_X_

#conpute cunul ati ve averages
x1 cunul ative <- rep(0, tinmes=n)
x2_cunul ative <- rep(0, tines=n)
for(i in 1.n){
x1_cunmul ative[i] <- mean(x[1:i,1])
x2_cunul ative[i] <- mean(x[1:i,2])

}

par (nfrow=c(2,1))
pl ot (x1_cumul ative, type="1", xlab="t", ylab="mean.of_X_1",
pl ot (x2_cumul ative, type="1", xlab="t", ylab="mean.of._.X_2",

#correl ations

cor.x1l <- cor(x[-1,1], x[-nrowmx), 1])
cor.x2 <- cor(x[-1,2], x[-nrow(x), 2])
c(cor.x1, cor.x2)

1)
2)

mai n="Empirical_mean.of _X_
mai n="Empirical_mean.of _X_

”

1)
2)
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eg #ef fective sanple size

o) €sS. X1 <- n * (1l-cor.x1l) / (1+cor.x1)
70 €8S.X2 <- n * (1l-cor.x2) / (1l+cor.x2)
jc(ess. x1l, ess.x2)
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3 #Task 4

4 #Change the standard devi ation of the proposal, and repeat.
5 sd. proposal <- 0.1

7 sd. proposal <- 10

77
g #Task 5

9 #Now set the covarince paraneter as follows, and repeat.
s Sigma <- matrix(c(4,2.8,2.8,2), nrow=2)
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