
Review Course: Markov Chains and Monte Carlo Methods

Computer Practical: Metropolis-Hastings

In this computer practical, you can use either Python or R. There is a list of useful Python and R functions at the end of this
handout.

Theoretical background: bivariate Normal distribution

We return to the problem of sampling from the bivariate Normal distribution, only this time using the Metropolis-Hastings

algorithm. The density ofX = (X1,X2)
′ ∼ N(µ,Σ) distribution withµ =

(

µ1

µ2

)

andΣ =

(

σ2
1 σ12

σ12 σ2
2

)

is

f(µ,Σ)(x1, x2) =
1

2π|Σ|1/2
exp

(

−
1

2
(x − µ)′Σ−1(x − µ)

)

,

wherex = (x1, x2).

Sampling from the bivariate Normal distribution using the Metropolis-Hastings al-
gorithm

Suppose that we want to generate samples fromf(X), whereX = (X1, . . . ,Xp). We have seen in the lectures that the
Metropolis-Hastings algorithm with symmetric proposal distributiong proceeds as follows.

Start withX
(0) := (X

(0)
1 , . . . ,X

(0)
p ). Iterate fort = 1, 2, . . .

1. Drawǫ ∼ g and setX = X
(t−1) + ǫ.

2. Compute

α(X,X(t−1)) = min

{

1,
f(X)

f(X(t−1))

}

.

3. With probabilityα(X,X(t−1)), setX(t) = X, otherwise, setX(t) = X
(t−1).

Task 1. Write a function that evaluates the density of a bivariate normal distribution at a single point. The function should take
as input the pointx, the mean parameterµ, and the covariance parameterΣ.

Task 2. Implement the Metropolis-Hastings algorithm to generate an approximate sample of sizen = 1000 from the bivari-

ate Normal distribution with meanµ =

(

0
0

)

and covarianceΣ =

(

4 1
1 4

)

. Use the following symmetric proposal

distribution:N

((

0
0

)

,

(

σ2 0
0 σ2

))

with σ = 2.5. Report the proportion of accepted values.

Task 3. To assess convergence, look at sample plots for both variables, and plots of cumulative average estimates ofE(X1) and
E(X2). These will be called the diagnostic plots. Compute the autocorrelation for both variables, and the effective
sample size.Hint: If ρ is the autocorrelation of the chain, and n is the length, then the estimate of the effective sample
size is given by n(1 − ρ)/(1 + ρ).

Task 4. Change the standard deviation of the proposal once toσ = 0.1, and once toσ = 10. Compare the diagnostic plots, the
proportion of accepted values, the autocorrelations, and the effective sample sizes. Your plots should be similar to the
following ones.
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Task 5. Run the algorithm again to generate 1000 samples from the bivariate Normal distribution withµ =

(

0
0

)

and covariance

Σ =

(

4 2.8
2.8 2

)

. What can you observe from the diagnostic plots?
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Useful Python functions

The following Python functions might be of use:

linalg.inv The functionlinalg.inv(mat) returns the inverse of the matrixmat.

1 from scipy import linalg
2 mat = array( [[1,2],[3,4]] )
3 linalg.inv( mat )

linalg.det The functionlinalg.det(mat) returns the determinant of the matrixmat.

4 from scipy import linalg
5 linalg.det( mat )

statistics.correlation The functionstatistics.correlation(x, y) computes the correlation ofx andy.

6 import sys
7 sys.path.append(” / home / l u d g e r / l i b / py thon2 . 6 / s i t e−packages / ”)
8 import statistics
9 x = random.random( 10 )

10 y = random.random( 10 )
11 statistics.correlation( x, y )

Useful R functions

The following R functions might be of use:

solve The functionsolve(a, b) solves the equationax = b for x, wherea is a square matrix, andb is a vector or matrix.
If b is missing, the function returns the inverse ofa.

1 a <- matrix(1:4, nrow=2)
2 b <- c(1, 2)
3 r <- solve(a,b)
4 a %*% as.matrix(r)
5 a_inv <- solve(a)
6 a_inv %*% a

det The functiondet(x) calculates the determinant of matrixx.

7 det(a)

cor The functioncor(x, y) computes the correlation ofx andy.

8 cor(1:10,2:11)
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