Review Course: Markov Chains and Monte Carlo Methods

Computer Practical: Metropolis-Hastings

In this computer practical, you can use either Python or R. There is a list of useful Python and R functions at the end of this
handout.

Theoretical background: bivariate Normal distribution

We return to the problem of sampling from the bivariate Ndrifiatribution, only this time using the Metropolis-Hagis
2
algorithm. The density ok = (X3, X,)" ~ N(u, ) distribution withy = (Zl> andy = (51 ‘(’;5) is
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wherex = (z1, x2).

Sampling from the bivariate Normal distribution using the Metropolis-Hastings al-
gorithm

Suppose that we want to generate samples ff§), whereX = (Xi,...,X,). We have seen in the lectures that the
Metropolis-Hastings algorithm with symmetric proposaitdbutiong proceeds as follows.

StartwithX(© := (x9  x\?). Iterate fort = 1,2, ...
1. Drawe ~ g and sefX = X1 ¢

2. Compute

(X, XY) = min {1, f(;;(i(_)l))} .

3. With probabilitya(X, X(t=1)), setX () = X, otherwise, seK () = X(*-1),

Task 1. Write a function that evaluates the density of a bivariatenadistribution at a single point. The function should take
as input the point, the mean parametgr, and the covariance parameker

Task 2. Implement the Metropolis-Hastings algorithm to generateapproximate sample of size = 1000 from the bivari-
4 1

ate Normal distribution with meap = 14

and covarianc& = < ) Use the following symmetric proposal

0

2

distribution:N ((8) , (CB 002)> with o = 2.5. Report the proportion of accepted values.

Task 3. To assess convergence, look at sample plots for both vasiaéhd plots of cumulative average estimates(of; ) and
E(X5). These will be called the diagnostic plots. Compute the @rtelation for both variables, and the effective
sample sizeHint: If p isthe autocorrelation of the chain, and n is the length, then the estimate of the effective sample
sizeisgivenbyn(1 —p)/(1 + p).

Task 4. Change the standard deviation of the proposal onee+00.1, and once ter = 10. Compare the diagnostic plots, the
proportion of accepted values, the autocorrelations, haedffective sample sizes. Your plots should be similar & th
following ones.



sigma = 0.1, proportion of accepted values = 0.982
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sigma = 10, proportion of accepted values = 0.065
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Task 5. Run the algorithm again to generate 1000 samples from tlaeiate Normal distribution withy = (0

0 .
and covariance

Y= (248 2;3). What can you observe from the diagnostic plots?




Useful Python functions

The following Python functions might be of use:
I'inal g.inv The functionl i nal g. i nv( mat) returns the inverse of the matrixat.

1\fromsci py inport linalg
Jmat = array( [[1,2],[3,4]] )
Jlinalg.inv( mat )

[ i nal g. det The functionl i nal g. det ( mat) returns the determinant of the matrixat.

J4fromscipy inmport linalg
slinalg.det( mat )

statistics.correlation The functionst ati stics.correlation(x, Y) computesthe correlation afandy.

o i nport sys

sys. pat h. append(”/home/ludger/lib/python2 .6/ sitepackages/}
s i mport statistics

o X = random randonm( 10 )

1y = random random( 10 )

ustatistics.correlation( x, y )

~

Useful R functions

The following R functions might be of use:

sol ve The functionsol ve(a, b) solves the equationr = b for 2, wherea is a square matrix, andis a vector or matrix.
If bis missing, the function returns the inversexof

ja <- matrix(1:4, nrow=2)
Jb < c(1, 2)

r <- solve(a,b)

Ja %%as. matrix(r)
sa_inv <- solve(a)

a_inv %% a
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det The functiondet ( X) calculates the determinant of matrix
1 det (a)

cor The functioncor (X, y) computes the correlation afandy.
¢ cor (1:10, 2: 11)



