Review Course: Markov Chains and Monte Carlo Methods

Computer Practical: Transformation Methods and Rejection Sampling

In this computer practical, you can use either Python or R. There is a list of useful Python and R functions at the end of this
handout.

Theoretical background: exponential distribution and gamma distribution

This computer practical focuses on sampling from the exptiaedistribution and from the gamma distribution. The signof
the exponential distribution is far > 0 (A > 0)
Jooy(@) = Aexp(—=Az),
the corresponding c.d.f. is
Fi(z) =1 —exp(—Az).
The density of the gamma distribution is fer> 0 (a, A > 0):
_ 1 a—1y« _
Jan (@) = F(a)x A% exp(—Az)

The exponential distribution is a special case of the gamistatilition witha = 1. Furthermore, ifX; R Expo(\) and

Y=X1+...+ Xy,
thenY ~ Gamma(k, \).

Sampling from the exponential distribution

We have seen in the lectures that we can sample from the exti@ratistribution using the inversion method. The c.dffthe
Expo(A) distribution is forz > 0
Fiy(z) =1 —exp(—Az).
The (generalised) inverse is thus
Foyw) = F(j\i(u) = —log(1 —u)/A
Thus ifU ~ U[0, 1], then—1log(1 — U)/\ ~ Expo(A), and also

—log(U)/\ ~ Expo(A).

Task 1. Write a functionsanpl eExpo which draws a sample of size from the Expo()) distribution using the inversion
method. Your function should takeandn as arguments.

Task 2. To check your code from task 1, generate a sample ofrsize 1000 from the Expo()\) distribution with\ = 2, and
create a histogram of it. Superimpose the density funcfigi(x) = Aexp(—Az). Your figure should look like the one
below.
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Sampling from the gamma distribution (integer shape parameter)

If we want to draw one realisation from tieamma(k, \) distribution withk € N, we can exploit the fact that X, ..., Xj iy
Expo()\), then
Y =X, +...+ Xy ~ Gamma(k, \)

Task 3. Write a functionsanpl eGammal nt eger, which draws one realisation from tl@&mma(k, \) distribution by sum-
ming up k£ exponentially distributed random numbers (generatedgugaur functionsanpl eExpo). Your function
should take\ andk as arguments.

Sampling from the gamma distribution (non-integer shape parameter)

The method of drawing from the gamma distribution by summipgxponentials only works for integkr If we want to sample
from theGamma(«, \) distribution withae > 1 andA > 1 we can use rejection sampling usinGamma(k, A — 1) distribution
with k£ = |« as instrumental distribution. Then we have for the ratia tha

Jan (@) B 22 I\ exp(—Az)/T'(a) L(k)A> ok

For (@) ~ F10— DFexp(—( - D))~ T —1F" )

The ratio attains its maximum dff = %(a —k)**exp(k — a) atz = a — k. Thus

_ fan(a—k)
M= f(k,,\—l)(a - k?)'

Task 4. In this task we look at an example to check fifewe have derived above.
(&) Fora =5.7and)\ = 2 computeM.

(b) Fora =5.7and\ = 2 create a figure containing boff, ») () (target) andV/ - f(; x—1)() (instrumental distribu-
tion) for z € (0, 10). The two curves should touchat— k& = 5.7 — 5 = 0.7, as shown in the plot below.

-~ Mg(x) [scaled instrumental]
— f(x) [target]

1.2

0.8
1

Density
0.6
1

0.4

0.2

Task 5. Write a functionsanpl eGanma which samples from th6amma(a, A) distribution using rejection sampling using the
Gamma(k, A — 1) distribution as instrumental distribution. Your functishould takex and A as arguments and should
implement the following steps:

i. Setk = |a.
ii. Computel].



iii. Repeat until a value is accepted ...
«. Draw one realisatiolX from theGamma(k, A — 1) distribution using the functioeanpl eGanmal nt .

3. Compute the probability of acceptance
f(a,)\) (X)
M - foa—1)(X)

~. With this probability returnX as accepted value, otherwise go back to step

Task 6. Check your code from task 5 by drawing a sample of size 100@ fiee Gamma(a, A) distribution forae = 5.7 and
A = 2. Draw a histogram of your sample and superimpose the deofitye Gamma(«, A) distribution. Your plot
should look similar to the plot below:
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Useful Python functions

The functions listed below are available if you have impattee following libraries:

| fromscipy inport x
z\fromscipy import stats
:z\ fromscipy inmport random

4inmport pylab
The following Python functions might be of use:

random randomsanpl e The functionr andom r andomsanpl e( n) draws a sample af pseudo-random numbers from
theu|0, 1] distribution.

x = random r andom sanpl e( 10)
o print x

5

array([ 0.32928742, 0.45686706, 0.99910906, 0.98468631, 0.215091 |,
0.37646124, 0.25244065, 0.86446197, 0.87439556, 0.173766 1])

pyl ab. hi st The functionpyl ab. hi st (x, nor med=Tr ue) draws a histogram of the dataxsing relative frequencies.

7 pyl ab. hi st (x, norned=True)
¢ pyl ab. show()

f1 oor The functionf | oor ( x) find the largest integer not larger than
o f1oor(3.9)

3
Gamma density Use the function below to evaluate the dengity, ») of the Gamma(c, A) distribution.

i def ganmaPDF(x, al pha, |anm):
u\ return stats.ganmua(al pha). pdf (xxlan)*lam

Useful R functions

The following Python functions might be of use:
runi f The functionr uni f (n) draws a sample of pseudo-random numbers from tb, 1] distribution.

| x <- runif(10)
2‘X

[1] 0.8331899 0.4151701 0.4832408 0.1252134 0.1989751 0.1101298 0. 1448359
[8] 0.3183492 0.5570466 0.2372144
hi st The functionhi st (x, freq=FALSE) draws a histogram of the datarusing relative frequencies.

4 hi st(x, freq=FALSE)

f1 oor The functionf | oor (X) find the largest integer not larger than
| floor(3.9)

[1] 3

dgamma The functiondgamma( x, alpha, lambda) evaluates the densitf, ) of the Gamma(ca, A) distribution.



