Review Course: Markov Chains and Monte Carlo Methods

Assignment Sheet: Markov Chains — Model Answers
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< Setk=t+1,t, =t,t,_1 =t —1,...,tc = 0. Then the statement on the assignment sheet is identida td&rkov
property.
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(b) To find the invariant distribution we need to sopwe= p'K, i.e. (K —I)'p = 0:
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(c) We have thati k1o = ﬁa = ﬁﬂ = usoko1, thusK is in detailed balance witp, which makesX time-reversible

(if initialised according tqu).

3. The communicating classes afé} (transient, aperiodic),10} (transient, aperiodicf4, 9} (transient, aperiodic)1,2, 3,6, 7,8}
(recurrent, periodic with period 2).

4. (a) All states communicate with, ask;y = 3 > 0 and ké? = 4 > 0, thus all states communicate, i.e. the chain is
irreducible.

(b) We have for ali thatP(X;,; = 0|X; = i) = 4. Thus
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other states must then be recurrent as well.
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5. (a) The state spacess= {0,..., A+ B}.
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(b) The communicating classes gf& (recurrent){1,..., A+ B —1} (transient), and A+ B} (recurrent). As the transient
class{l,..., A+ B — 1} is finite, the Markov chain will at some point leave this cléa®ver, i.e. hit) or A + B, in
which case either you or your friend are bankrupt, and theegarover.
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(c) We have that; does not depend an

H, C H;_: If X, =0 for somer > t, then we also have thaf, = 0 for somer > ¢ — 1.

H,_y C Hy: If X, =0forsomer >¢— 1. ThenalsaX,; = X415 = ... = 0 (because okyy = 1). ThusX, =0
for somer > t¢.
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As the state® and A + B are absorbing (i.e. we cannot leave them), we have that

ho = P(H,|X, =0) =1 harp =P(H|X,=A+B)=0

Furthermore, fok € {1,...,A+ B —1}
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Thus the vectoh = (hg, h1, ..., hasp) is the solution to the linear system of equations
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The solution to this system of linear equationkis- AJ%B(A +B,A+B-1,...,1,0).
Thus, at the begin of the game, the probability that you wiide all your money is
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7. The following Python program can be used for answerirgdhestion.

|| HERHHHHHHHHH R
o # Pyt hon code for question 7 #
B

from scipy inmport =
fromscipy inport linalg
i mport pyl ab
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# W will be using the code fromthe conputer practicals to conpute
o # the invariant distribution
1 def invariant_distribution(K):

N

12 eigen = linalg.eig(KT) # Find eigenvals and vecs

13 i dx = eigen[0].argnmax() # Find which eigenval is largest (i.e. 1)
14 mu = eigen[1][:,idx] # Extract correspondi ng ei genvec

15 mi = mu / sum(nu) # Normalise distribution

14 return nu

17|
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C

= array([ [50., 19.
[16., 40.
[12., 35.
[11., 20.
[2., 8.,
[12., 28.
[0., 6.,
[0., 3.,

, 26.,
, 34.,
, 65.,
, 58.,
12.,

19.,
14.,

23.
, 102.,

40.,
32.,

8.,

18.,
66. ,
110.

, 25.,
162.,
21.,
15.,

7., 11.
11., 20., 8.,
35., 88., 23.

, 40., 183., 64.,
46., 28., 12],

90., 554., 230.,
158., 143., 71]
126., 91.,

6., 2],
3],

21]

0)

# Absol ute f
fathers C.
# Absolute f
sons

requenci es of

sum( 1)

requenci es of

C. sum(0)

# Conmpute the relative frequencies
freq_fathers = fathers / sun(fathers)

freq_sons
print(freq_f

sons / sum(sons)
at hers)

print(freqg_sons)

# To turn Cinto a transition kernel

K= (CT/ f

athers). T

# Conpute the invariant distribution

nu
print (mu)

i nvariant _distribution(K)

# Visualise the result using a barpl ot
pyl ab. bar (linspace(1,8,8)-.4,freq_fathers, 0.25,color="r",
| abel ="Actual._distribution_.of_.fathers?)

pyl ab. bar (li nspace(1, 8,8)-.1, freq_sons, 0. 25, col or=

" n

| abel ="Actual._distribution_.of_.sons?)
pyl ab. bar (li nspace(1, 8, 8) +. 2, nu, 0. 25, col or="b",
| abel ="Invariant_distribution”)
pyl ab. | egend(| oc=2)

pyl ab. show()

Alternatively, you can use the following R program.

et b e L

#

R code for question 7

#

B B L I Rt TR

# W will
# the invari

ant distribution

be using the code fromthe conputer

invariant.distribution <- function(K) {
mu <- eigen(t(K))$vectors[, 1]

m <- mu /

sun( nmu)

as. nuneri c(mu)

}

# Define cross-tabul ation

C <- rbind(

matri x
c(50, 19, 26, 8, 7,
c(16, 40, 34,
c(12, 35, 65,
c(11, 20, 58,
c(2, 8, 12, 23, 25,
c(12, 28, 102, 162,
c(o, 6, 19, 40, 21,
c(0, 3, 14, 32, 15,

# Find the eigenvector corresponding

# to the | argest
# Nornmalise distr

# Return mu (with conplex part

11, 6, 2),

18, 11, 20, 8, 3),
66, 35, 88, 23, 21),
110, 40, 183, 64, 32),

46, 28, 12),

90, 554, 230,
158,
126, 91,

177),
143, 71),
106))
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occupations of fathers is roww se sum

occupations of sons is colum-w se sum

g9,

practicals to conmpute

ei genval ue (i.e.
i bution

1

(=0)

# Absol ute frequenci es of occupations of fathers is row w se sum

fathers <- apply(C 1,

sum

# Absol ute frequenci es of occupations of sons is colum-w se sum

sons <- appl

y(C, 2, sun)

# Conpute the relative frequencies
freq.fathers <- fathers / sun(fathers)

we need to divide each row by its sum

removed)



s/ freq.sons <- sons / sum(sons)
s print(freq.fathers)
s print(freq.sons)

is# To turn Cinto a transition kernel we need to divide each row by its sum
o K = sweep(C, 1, fathers, "/")

g # Conpute the invariant distribution
s mu = invariant.distribution(K)
a0 pri nt ()

2/ # Visualise the result using a barpl ot
g colors <- c("darkblue”, "red”, "yellow”)
4 barplot(rbind(freq.fathers, freq.sons, mu), beside=TRUE, col =col ors,

IS

a5 nanmes. ar g=past e( "Category” 1: 8))

« | egend("topleft”, fill=colors, |egend=c(”Actual_distribution_.of_fathers”,
47 "Actual_distribution_of_sons”,

ag "Invariant_.distribution”))

The results are summarised in the table below:

Occupational status (category)

1 2 3 4 5 6 7 8
Empirical dist'n of fathers 0.036878 0.042882 0.098628 0.148085 0.044597 0.387364 0.130932 0.110635
Empirical dist'n of sons ~ 0.029445 0.045455 0.09434  0.131218 0.069754 0.339051 0.169525 0.121212
Invariant distribution 0.023253 0.042673 0.088362 0.127855 0.070244 0.338673 0.181799 0.127141

B Actual distribution of fathers
B Actual distribution of sons
O Invariant distribution

0.3

0.2

0.1

mmmmﬂ

Category 1 Category 2 Category 3 Category 4 Category 5 Category 6 Category 7 Category 8

0.0

Both the distribution of the fathers’ occuptational stednsl the distribution of the sons’ occupational status arg sle@se to
the invariant distribution, so it appears that the Britishisty was not changuing much in the middle of the 20th centur

8. The following Python program can be used for answerirgdhiestion.
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# Pyt hon code for question 8 #
B R R R

1
2
3
4
s fromscipy inmport =
¢ from scipy inport random

71inport pylab

8

o # Sinmulates a path of length n+tl fromthe Wight-Fi sher nodel
w# Initial distribution is given by the array initial (length 2)
u def simulate_wright_fisher(initial, n):

12 result = zeros((n+1, 2)) # Create array to store result

13 result[0,:] =initial # Set first line to initial dist'n
14 two_N = sum(initial) # Conpute 2*N

15 for t in xrange(n):



N}
o

N
]

© ® N o A W N e

N

i

24

25|

result[t+1,0] = random bi nom al (two_N, result[t,0]/two_N)
# Draw X[t+1]| X[t]=x[1]
result[t+1,1] = two_N - result[t+1, 0] # Conpute 2*N - X[t +1]
return result

wf_path = sinulate_wight_fisher([300,100], 1000)
print wf_path

pyl ab. fi gure()
pyl ab. pl ot (Wf _path[:,0], ’'bs—', wWf_path[:,1], ’'rs=")
pyl ab. show()

Alternatively, you can use the following R program.

A A A P
# R code for question 8 #
HHA T T T

# Simulates a path of length n+l fromthe Wi ght-Fi sher nodel
# Initial distribution is given by the array initial (length 2)
sinmul ate.wight.fisher <- function(initial, n) {

result <- matrix(nrow=n+l, ncol =2) # Create matrix to store result
result[1,] <- initial # Set first line to initial dist’'n
two. N <- sun{(initial) # Conpute 2*N

for (t in 1:n) {
result[t+1,1] <- rbinon(1l, size=two.N, prob=result[t,1]/two. N)
# Draw X[ t+1] | X[t]=x[1]

resul t[t+1,2] <- two.N - result[t+1, 1] # Compute 2*N - X[t +1]
}
resul t
}
wf. path <- simulate.wight.fisher(c(300,100), 1000)
wf . pat h

mat pl ot (Wf . path, type="0", col =3:4, pch=15:16, Ity=1,
xl ab="Time”, yl ab="Count”)
| egend("topleft”, col =3:4, Ity=1, pch=15: 16,
| egend=c( " Allele _1", "Allele .2"))

—=— Allele 1
—o— Allele 2

400
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200
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Count

Time



