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SINGULAR

A Computer Algebra System for Polynomial Computations
with special emphasize on the needs of algebraic geometry, commutative algebra, and

singularity theory
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SINGULAR

A Computer Algebra System for Polynomial Computations
with special emphasize on the needs of algebraic geometry, commutative algebra, and

singularity theory

W. Decker, G.-M. Greuel, G. P�ster, H. Schönemann
Technische Universität Kaiserslautern

Fachbereich Mathematik; Zentrum für Computer Algebra
D-67663 Kaiserslautern

The computer is not the philosopher's stone but the philosopher's
whetstone

Hugo Battus, Rekenen op taal 1983
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Birth of SINGULAR

1984
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History

1983
Greuel/P�ster: Exist singularities (not quasi-homogeneo us and
complete intersection) with exact Poincaré-complex?
1984
Neuendorf/P�ster: Implementation of the Gröbner basis alg o-
rithm in basic at ZX-Spectrum
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History

1983
Greuel/P�ster: Exist singularities (not quasi-homogeneo us and
complete intersection) with exact Poincaré-complex?
1984
Neuendorf/P�ster: Implementation of the Gröbner basis alg o-
rithm in basic at ZX-Spectrum

2002

Book: A SINGULAR Introduction to Commutative Algebra

(G.-M. Greuel and G. P�ster, with contributions by O. Bachma nn,

C. Lossen and H. Schönemann).
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History

2004

Jenks Price

for:

Excellence in Software Engineering

awarded at ISSAC in Santander

SINGULAR and Applicationstalk atAIMS – p. 5



History

2004

Jenks Price

for:

Excellence in Software Engineering
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History

2004

Jenks Price

for:

Excellence in Software Engineering

awarded at ISSAC in Santander

http://www.singular.uni-kl.de

Supported by: Deutsche Forschungsgemeinschaft, Stiftung Rheinland-Pfalz für
Innovation, Volkswagen Stiftung

SINGULAR is free software (Gnu Public Licence)
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Team

G. P�ster,H. Schönemann, W. Decker,G.-M. Greuel
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Team

G. P�ster,H. Schönemann, W. Decker,G.-M. Greuel

Kaiserslautern

Saarbrücken

Cottbus

Berlin

Mainz

Dortmund

Valladolid

La Laguna

Buenos Aires
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Saito's result

Theorem (K. Saito 1971): Let (X; 0) be the germ of an isolated
hypersurface singularity. The following conditions are equivalent:

(X; 0) is quasi-homogeneous.

� (X; 0) = � (X; 0).

The Poincaré complex of (X; 0) is exact.
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Saito's result

Theorem (K. Saito 1971): Let (X; 0) be the germ of an isolated
hypersurface singularity. The following conditions are equivalent:

(X; 0) is quasi-homogeneous.

� (X; 0) = � (X; 0).

The Poincaré complex of (X; 0) is exact.

We wanted to generalize this theorem to the case of
isolated complete intersection singularities:

The Poincaré complex:
0 �! C �! O X l;k ;0 �! 
 1

X l;k ;0 �! 
 2
X l;k ;0 �! 
 3

X l;k ;0 �! 0

The Milnor number:
� (X; 0) = dim C(
 1

X; 0=dO(X; 0) )
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Poincaré complex

Let A = C[x1; : : : ; xn ] or the localization of the polynomial ring in
the ideal < x 1; : : : ; xn >

Let M � Am be a sub-module. We need to compute the
C-vectorspace dimension of Am =M .
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Poincaré complex

Let A = C[x1; : : : ; xn ] or the localization of the polynomial ring in
the ideal < x 1; : : : ; xn >

Let M � Am be a sub-module. We need to compute the
C-vectorspace dimension of Am =M .

dim C(C[x; y]= < y 3; x2y; x4 > = 8 ,
because 1; x; y; x 2; xy; y2; x3; xy2 is a basis.

dim C(C[x; y]= < y 3 + x2; y4 + xy2 > = 8
is not so easy to see.

We need Gröbner bases to see this.
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What is a Gröbner basis?

monomial ordering on f x � 1
1 � : : : � x � n

n g is well–ordering

polynomials always sorted

�rst monomial of a polynomial is called leading monomial

its coef�cient, C(f ), leading coef�cient .
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What is a Gröbner basis?

monomial ordering on f x � 1
1 � : : : � x � n

n g is well–ordering

polynomials always sorted

�rst monomial of a polynomial is called leading monomial

its coef�cient, C(f ), leading coef�cient .

x � 1
1 � : : : � x � n

n > x � 1
1 � : : : � x � n

n if

lexicographical ordering: � j = � j if j � k � 1 and � k > � k

degree-lexicographical ordering:
P

� i >
P

� i or
P

� i =
P

� i and � j = � j if
j � k � 1 and � k > � k
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What is a Gröbner basis?

monomial ordering on f x � 1
1 � : : : � x � n

n g is well–ordering

polynomials always sorted

�rst monomial of a polynomial is called leading monomial

its coef�cient, C(f ), leading coef�cient .

x � 1
1 � : : : � x � n

n > x � 1
1 � : : : � x � n

n if

lexicographical ordering: � j = � j if j � k � 1 and � k > � k

degree-lexicographical ordering:
P

� i >
P

� i or
P

� i =
P

� i and � j = � j if
j � k � 1 and � k > � k

deg-lex: 77y3 + 5xy + y2 + x + 3y + 1

lex: 5xy + x + 77y3 + y2 + 3y + 1
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What is a Gröbner basis?

NF (x3y + xy + z2 j f x3 + z; z2 � zg) = xy � yz + z
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What is a Gröbner basis?

NF (x3y + xy + z2 j f x3 + z; z2 � zg) = xy � yz + z

x3y + xy + z2 � y � (x3 + z) = xy � yz + z2

xy � yz + z2 � (z2 � z) = xy � yz + z
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What is a Gröbner basis?

NF (x3y + xy + z2 j f x3 + z; z2 � zg) = xy � yz + z

x3y + xy + z2 � y � (x3 + z) = xy � yz + z2

xy � yz + z2 � (z2 � z) = xy � yz + z

normal form of f with respect to G = f f 1; : : : ; f k g:
NF (f jjG)

h := f
while (9 monomial m; L (h) = mL (f i ) for some i )

h := h � C (h)
C ( f i ) mf i

return (C(h)L (h) + NF (h � C(h)L (h) j G)
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What is a Gröbner basis?

Ideal generated by f 1; : : : ; f k :

I := hf 1; : : : ; f k i = f
kX

i =1

hi f i ; hi polynomials g
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What is a Gröbner basis?

Ideal generated by f 1; : : : ; f k :

I := hf 1; : : : ; f k i = f
kX

i =1

hi f i ; hi polynomials g

G = f g1; : : : ; gsg is a Gröbner basis of I , if

f 2 I , NF (f jG) = 0
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Example for a Gröbner basis

ideal

x1 + x2 + x3 � 1 = f 1

x1 + 2x2 � x3 + 2 = f 2

Gröbner basis

x1 + 3x3 � 4 = g1

x2 � 2x3 + 3 = g2

NF (g2jf f 1; f 2g) = g2 but NF (g2jf g1; g2g) = 0

Gröbner bases can be very complicated and their computation
can take a lot of time.
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Leading ideal and dimension

leading ideal: L(I ) = hfL (f )jf 2 I gi

The leading monomials of a Gröbner basis generate the
ledaing ideal.

Many invariants of the leading ideal can be computed
combinatorically.

The ideal and its leading ideal have many common properties.
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ledaing ideal.
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Leading ideal and dimension

leading ideal: L(I ) = hfL (f )jf 2 I gi

The leading monomials of a Gröbner basis generate the
ledaing ideal.

Many invariants of the leading ideal can be computed
combinatorically.

The ideal and its leading ideal have many common properties.

the dimension

the Hilbert function

f y3 + x2; x2y � xy2; x4 + x3g is a Gröbner basis of
I = < y 3 + x2; y4 + xy2 >
therefore L(I ) = < y 3; x2y; x4 > and dim CC[x; y]=I = 8
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Elimination

lexikographical ordering

x � 1
1 � : : : � x � n

n > x � 1
1 � : : : � x � n

n if � j = � j for j � k � 1 and � k > � k

SINGULAR and Applicationstalk atAIMS – p. 14



Elimination

lexikographical ordering

x � 1
1 � : : : � x � n

n > x � 1
1 � : : : � x � n

n if � j = � j for j � k � 1 and � k > � k

I � K [x1; : : : ; x] ideal, G Gröbner basis, then G \ K [xk ; : : : ; xn ]
is a Gröbner basis of I \ K [xk ; : : : ; xn ].

this means geometrically to compute the projection
� : V (I ) � K n �! K n � k+1 .
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In�neon Tricore Project

Aim: prove that the processor (32 Bit) works correctly

every instruction of the processor will be veri�ed specifyi ng
special properties and proving them

it is dif�cult to check the arithmetic properties
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In�neon Tricore Project
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Surfaces inP3 with many singularities

m(d) := maximum number of nodes on a surface X of degree d
in P3

C.

It is known: m(d) = 1 ; 4; 16; 31; 65 for d = 2 ; 3; 4; 5; 6.

For d � 7 we only know 5
12 d3 � m(d) � 4

9 d3 up to O(d2), but the
exact value of m(d) is unknown.

Note that the lower bounds are obtained in each case by a
speci�c construction, due to Schlä�i, Kummer, Togliatti,
Chmutov and Barth.

In 2004 O. Labs constructed a surface of degree 7 with 99 nodes
which is the current world record for surfaces of degree 7
(but which is still smaller than the known upper bound 104).
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Surfaces inP3 with many singularities
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surfaces: http://www.imaginary2008.de/

Consider the equation

((y� z)2+( y� 1� 1
2 x� 1

8 x2+ 1
16 x3)2 � 1

50 )(( x� 3
5 y+1) 2+( y� z2)2 � 1

100 ) = 0

de�ning a surface of degree 10 in R3.

What do you expect from the real picture?
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Nice algebraic surfaces
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Models for economy

Felix Kubler and Karl Schmedders (University of Zürich)

General problem:

Study a computer model of a national economy,
a standard exchange economy with �nitely many agents and goo ds

especially study equilibria
Walrasian equilibrium consists of prices and choices, such that household

maximize utilities, �rms maximize pro�ts and markets clear
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Models for economy

Felix Kubler and Karl Schmedders (University of Zürich)

General problem:

Study a computer model of a national economy,
a standard exchange economy with �nitely many agents and goo ds

especially study equilibria
Walrasian equilibrium consists of prices and choices, such that household

maximize utilities, �rms maximize pro�ts and markets clear

Mathematical problem:
Find the positive real roots of a given system of polynomial
equations
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equilibrium model with production

ring R = 0,x(1..22),dp;

ideal I = -1+x(1)^5*x(4)*x(1 3) , -1+x(2)^5*x(4)*x(1 4) ,

-1+x(3)^5*x(4)*x(1 5) , -1+x(5)^3*x(8)*x (13 ), -1+x(6)^3*x(8)*x( 14) ,

-1+x(7)^3*x(8)*x(1 5) , -1+x(9)^4*x(12)* x( 13) ,

-1+x(10)^4*x(12)*x (1 4), -1+x(11)^4*x(12) *x( 15 ),

5+2*x(16)-x(1)*x(1 3) -x( 2) *x( 14 )- x(3 )* x(1 5) ,

3+5*x(16)-x(5)*x(1 3) -x( 6) *x( 14 )- x(7 )* x(1 5) ,

(x(1)+x(5)+x(9))^3 -x (17 )^ 2*x (1 8) ,

(x(2)+x(6)+x(10))^ 2- x(1 9) *x( 20 ),

(x(3)+x(7)+x(11))^ 2- 4*x (2 1)* x( 22 ),

x(17)+x(19)+x(21)- 10 , x(18)+x(20)+x(22)- 10 ,

8*x(13)^3*x(18)-27 *x (16 )^ 3*x (1 7) , x(13)^3*x(17)^2-27 *x (18 )^ 2,

x(14)^2*x(20)-4*x( 16 )^2 *x (19 ), x(14)^2*x(19)-4*x (20 ),

x(15)^2*x(22)-x(16 )^ 2*x (2 1), x(15)^2*x(21)-x(22 );
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Sudoku

5 8
6 2 5

6 4 7
7 9 6
5 2 6 1

3 6 4
3 7 4

1 5 8
6 1

Abbildung 1: Sudoku
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Sudoku

the idea of a Sudoku goes back to Leonard Euler: Latin squares

in our days invented by Howard Garns (USA): Number place
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Sudoku

the idea of a Sudoku goes back to Leonard Euler: Latin squares

in our days invented by Howard Garns (USA): Number place

associate to the places in a Sudoku the variables x1; : : : ; x81

and to each variable x i the polynomial Fi (x i ) =
Q 9

j =1 (x i � j )

Let
E = f (i; j ); i < j and i; j in the same row, column or 3� 3� boxg

For (i; j ) 2 E let Gi;j = F i � F j

x i � x j
.

Let I � Q[x1; : : : ; x81] be the ideal generated by the 891
polynomials f Gi;j g( i;j )2 E and f Fi gi =1 ;:::; 9

a = ( a1; : : : ; a81) 2 V (I ) iff ai 2 f 1; : : : ; 9g and ai 6= aj for
(i; j ) 2 E

SINGULAR and Applicationstalk atAIMS – p. 24



Sudoku

a well posed Sudoku has a unique solution.

Let L � f 1; : : : ; 81g be the set of pre-assigned places and
f ai gi 2 L the corresponding numbers of a concrete Sudoku S.

Then I S = I + < f x i � ai gi 2 L > is the ideal associated to the
Sudoku S.
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Sudoku

a well posed Sudoku has a unique solution.

Let L � f 1; : : : ; 81g be the set of pre-assigned places and
f ai gi 2 L the corresponding numbers of a concrete Sudoku S.

Then I S = I + < f x i � ai gi 2 L > is the ideal associated to the
Sudoku S.

The reduced Gröbner basis of I S with respect to the
lexicographical ordering has the shape x1 � a1; : : : ; x81 � a81

and (a1; : : : ; a81) is the solution of the Sudoku.
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Computeralgebra and �nite Groups

Problem : Characterize the class of �nite solvable groups G by
2–variable identities.
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Computeralgebra and �nite Groups

Problem : Characterize the class of �nite solvable groups G by
2–variable identities.

Example:

G is abelian , xy = yx 8 x; y 2 G

(Zorn, 1930) A �nite group G is nilpotent , 9 n � 1, such that
vn (x; y) = 1 8 x; y 2 G
(Engel Identity )

v1 := [ x; y] = xyx � 1y� 1 (commutator)
vn +1 := [ vn ; y]
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solvable groups

Let

G( i ) := [ G( i � 1) ; G( i � 1) ];

then G is called solvable, if G(m ) = f eg for a suitable m.
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solvable groups

Let

G( i ) := [ G( i � 1) ; G( i � 1) ];

then G is called solvable, if G(m ) = f eg for a suitable m.

nilpotente groups are solvable.

S3; S4 are solvable.

groups of odd order are solvable.

S5; A5 are not solvable.
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Main result

Theorem (T. Bandman, G.-M. Greuel, F. Grunewald, B. Kunyavsky,
G. P�ster, E. Plotkin)

U1 = U1(x; y) := x2y� 1x;

Un +1 = Un +1 (x; y) = [ xUn x � 1; yUn y� 1]:

A �nite group G is solvable , 9 n, such that Un (x; y) = 1 8 x; y 2 G.
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Main result

Theorem (T. Bandman, G.-M. Greuel, F. Grunewald, B. Kunyavsky,
G. P�ster, E. Plotkin)

U1 = U1(x; y) := x2y� 1x;

Un +1 = Un +1 (x; y) = [ xUn x � 1; yUn y� 1]:

A �nite group G is solvable , 9 n, such that Un (x; y) = 1 8 x; y 2 G.

U1(x; y) = 1 , y = x � 1

U1(x; y) = U2(x; y)
, x � 1yx � 1y� 1x2 = yx � 2y� 1xy � 1

Let x; y 2 G such that y 6= x � 1 and
U1(x; y) = U2(x; y) ) Un (x; y) 6= 1 8 n 2 N.

SINGULAR and Applicationstalk atAIMS – p. 28



Robotics and the Cycloheptane Molecule
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Robotics and the Cycloheptane Molecule

A.H.M. Levelt

SINGULAR and Applicationstalk atAIMS – p. 29



Robotics and the Cycloheptane Molecule

A.H.M. Levelt
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The Heptagon
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The Heptagon

Equations for the vectors:

(a1 ; a2 ) = ( a2 ; a3 ) = : : : =
(a7 ; a1 ) = c

(a1 ; a1 ) = ( a2 ; a2 ) = : : : =
(a7 ; a7 ) = 1

a1 + a2 + : : : + a7 = 0

c = cos(� ) and (; ) is the scalar product.
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The Heptagon

Equations for the vectors:

(a1 ; a2 ) = ( a2 ; a3 ) = : : : =
(a7 ; a1 ) = c

(a1 ; a1 ) = ( a2 ; a2 ) = : : : =
(a7 ; a7 ) = 1

a1 + a2 + : : : + a7 = 0

c = cos(� ) and (; ) is the scalar product.

For c = 0 : equations for the con�guration space of a robot

For c = 1
3 : equations for the con�gurations space of a molecule
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The Molecule

Equations for the con�guration space (in SINGULAR ):

ring R=0,(v,w,x,y,z),dp;

ideal I=

81y2z2-54wyz+54y2z+54yz2-72w2+198wy-207y2+198 wz-225y z-207z2 +114w-1 41y-141z +10,

81w2x2+54w2x+54wx2-54wxz-207w2-225wx-207x2+19 8wz+198 xz-72z2 -141w-1 41x+114z +10,

324vw2x+432vw2+540vwx+432w2x-432wxy-432vwz+32 4wyz+18 0vw+846 w2-576v x+180wx-

306wy+144xy+144vz-306wz-36yz+12v+585w+12x-318 y-318z- 79,

81v2w2+54v2w+54vw2-54vwy-207v2-225vw-207w2+19 8vy+198 wy-72y2 -141v-1 41w+114y +10;
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The Projection

The equations describe a curve in R5 . The projection to the w; x –plane is dif�cult to
compute:
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The Projection

The equations describe a curve in R5 . The projection to the w; x –plane is dif�cult to
compute:

13343098629642274643741505w20x16+18458805154059402163602552w20x15
+12528539096440613433050772w19x16-307469543636682571308498792w20x14
-308745089273555811810514188w19x15-335770469789305978523636514w18x16

.

.

.

-57603722394732542788396875000w2x-56209703485755917382271875000wx2
-29459059311819369252628125000x3-3456386878638867977468750000w2
-388065077492910629437500000wx-3500955605594366547468750000x2
+1264097844032306972500000000w+1126578705265908772500000000x
+240658492841196850000000000
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Projection of the curve to thew; x–plane

ideal K = eliminate(I,vyz);
LIB''surf.lib'';
plot(K[1]);
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Projection of the curve to thew; x–plane

ideal K = eliminate(I,vyz);
LIB''surf.lib'';
plot(K[1]);

The curve shows the possible w; x –coordinates of the molecule.
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Fields

rational numbers Q (charakteristic 0)

�nite �elds Z=pZ(p < = 2147483629)

�nite �elds Fpn (pn < 215)
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Fields

rational numbers Q (charakteristic 0)

�nite �elds Z=pZ(p < = 2147483629)

�nite �elds Fpn (pn < 215)

trancendental extensions of Q or Z=pZ

algebraic extensions of Q or Z=pZ
K [t]/MinPoly
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Fields

rational numbers Q (charakteristic 0)

�nite �elds Z=pZ(p < = 2147483629)

�nite �elds Fpn (pn < 215)

trancendental extensions of Q or Z=pZ

algebraic extensions of Q or Z=pZ
K [t]/MinPoly

�oating point real and complex numbers
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Rings

polynomial rings K [x1; : : : ; xn ]

localizations K [x1; : : : ; xn ]M
M maximal ideal

factor rings K [x1; : : : ; xn ]=J oder K [x1; : : : ; xn ]M =J
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Rings

polynomial rings K [x1; : : : ; xn ]

localizations K [x1; : : : ; xn ]M
M maximal ideal

factor rings K [x1; : : : ; xn ]=J oder K [x1; : : : ; xn ]M =J

non-commutative G–algebras
K hx1; : : : ; xn j x j x i = Cij x i x j + D ij i
Cij 2 K ; LM (D ij ) < x i x j

factor algebras of G–algebras by two-sided ideals
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Rings

polynomial rings K [x1; : : : ; xn ]

localizations K [x1; : : : ; xn ]M
M maximal ideal

factor rings K [x1; : : : ; xn ]=J oder K [x1; : : : ; xn ]M =J

non-commutative G–algebras
K hx1; : : : ; xn j x j x i = Cij x i x j + D ij i
Cij 2 K ; LM (D ij ) < x i x j

factor algebras of G–algebras by two-sided ideals

tensor products of the rings above
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Algorithms in the Kernel (C=C++ )

Standard basis algorithms (Buchberger, SlimGB, factorizing
Buchberger, FGLM, Hilbert–driven Buchberger, ...)
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Algorithms in the Kernel (C=C++ )

Standard basis algorithms (Buchberger, SlimGB, factorizing
Buchberger, FGLM, Hilbert–driven Buchberger, ...)

Syzygies, free resolutions (Schreyer, La Scala, ...)

Multivariate polynomial factorization

absolute factorization (factorization over algebraically closed
�elds)

Ideal theorie (intersection, quotient, elimination, saturation)

combinatorics (dimension, Hilbert polynomial, multiplicity, ...)

many libraries: ... control.lib, surf.lib, solve.lib, primdec.lib,
resolve.lib,....
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Applications

mathematical
experimental tool
proving theorems

SINGULAR and Applicationstalk atAIMS – p. 37



Applications

mathematical
experimental tool
proving theorems

non–mathematical
engineering (glas melting, robotics, chemical models,
analog and digital microelectronics)
equilibrian problems in economics
theoretical physics
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