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Aims

e To explain the concepts “experiment”, “sample space”, “event”
(composite, simple, event space)

To introduce the Venn diagram

To introduce tree diagrams

To introduce elementary set operations

To introduce the Axioms of probability
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1. Definitions

An experiment is any process that generates a set of outcomes where the
outcome is uncertain. For a random experiment:

e The sample space §) is the set of all possible outcomes
e An event is a subset of the sample space

— A simple event is an event which cannot be a union of other
events

— A composite event is an event which is not a simple event

e The event space is the set of all events (evento di spazio)
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Section 1: Definitions 4

1.1. Example

Consider an experiment in which three coins are tossed. We are interested
in the event that all coins will show the same face.
lin

The following tree diagram denotes the breakdown of the sample
space (£2). After the first coin toss we have either a head or a tail. After
the second, for either of the possible outcomes of the first toss we also
have a head or tail. Finally, after the third coin toss, we have a row
denoting that a head or tail is possible for any of the previous outcomes.
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Section 1: Definitions 5

1.2. Tree diagram

INONONON

In total therefore, the tree diagram shows on the bottom row that
there are a total of 23 possible outcomes in the sample space. In other
words, there are 8 different ways of travelling though the tree diagram,
resulting in the following outcomes:

e HHH, HHT, HTH, HTT, THH, THT, TTH, TTT.
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Section 1: Definitions 6

We are interested in the event that all faces are the same. There

are two outcomes in the sample space which correspond to this event -
denoted in red.

Recap:

e Sample Space () - the eight outcomes for the experi-
ment:

HHH, HHT, HTH, HTT, THH, THT, TTH, TTT.

e Event (A) - the two outcomes of interest: HHH, TTT

There are 8 outcomes in our sample space, two of them correspond
to the event “all three coins show the same space”. It is conventional to
depict this by a Venn diagram:
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Section 1: Definitions 7

1.3. Venn diagram

Q

AC
(HTH HTH HHT
THT TTH THH)

In this diagram, A denotes the event “all three faces show the same”,
and A¢ denotes “A complement” (also known as “not A"), in other
words the six outcomes where the faces are not identical.
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2. Multiple events

For the same experiment, consider again the event A, “all three coins
show the same face”. But now, consider a second event, B, which we
define as “two or more coins show a head”

e A: HHH, HHT, HTH, HTT, THH, THT, TTH, TTT.
e B: HHH, HHT, HTH, HTT, THH, THT, TTH, TTT

As before, 2 out the 8 outcomes correspond to event A. We can also
see that 4 of the 8 outcomes correspond to event B. We can also see
that one outcome (HHH) corresponds to both event A and event B. We
can extend the Venn diagram to illustrate this:

<4« > | > Back <« Doc Doc »



Section 2: Multiple events 9

Q

You can see that we use the Venn diagram to visually illustrate that
the outcome HHH is in both event A and event B. Standard set theory
notation AN B is used to denote that this is an “intersection”.

e Which outcomes are in (AU B)¢?
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Section 2: Multiple events

2.1. Set theory notation

10

For completeness, we quote a table from Grimmett and Stirzaker (2004)
which gives a full listing of set theory and probability theory notation.

Notation  Set theory Probability Theory
Q A collection of objects Sample space
w A subset of (2 Elementary event/outcome
A A subset of 2 Event that some condition A occurs
AC Complement of A No event A occurs
ANB Intersection of A and B Both A and B occur
AUB Union of A and B Either A occurs, or B occurs or both
A\ B Difference A occurs but B does not occur
AAB Symmetric difference Either A or B but not both
ACB Inclusion If A occurs then B occurs
0 Empty set Impossible event
Q Whole space Certain event
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Section 2: Multiple events 11
We should be able to verify standard operations such as:
e AN B: HHH
e AUB: HHH, TTT, HTH, HHT, THH
e BY: TTT, TTH, THT, HTT
e (AUB): TTH, THT, HTT

John Venn has in interesting family background, see MacTutor article
on John Venn.
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2.2. Commutation and association

We can extend these operations beyond two events, for example:
e AUBUC=(AUB)UC=AU((BUC)
e ANBNC=(ANB)NC=ANn(BNC)
whereas:
e AN(BUC)=(ANB)U(ANCQC)
e AUBNC)=(AUB)N(AUCQC)

If we are happy with this, we can see how these can be used as the
basis for probability.

<4< > > < > Back <« Doc Doc »



13

3. Probability

Consider a random experiment with a finite number of outcomes, each
with the same probability. For event A, it is clear that:

Number of possible sample points consistent with this event

Probability of an event —
Total number of sample points

Or in a better notation:

n[A]
A= — 1
oAl = T e
where A denotes the event we are interested in, n[A] is the number of
ways in which A can happen and n[Q] is the sample space.
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Section 3: Probability 14

Recall from our first Venn diagram, where we used A to denote
the complement of A (i.e. those outcomes that weren't in A), then the
probability of A (probability that A doesn't happen), p[A€] is:

plA°] =1 —p[4]
Likewise, if we consider the second Venn diagram, and consider that
p[B] denotes the probability of event B happening we have:

e P[A U B]: probability that event A or event B, or both happens
e P[AN BJ: probability that both A and B happen
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Section 3: Probability 15

You need to click the before you start, and the

box when you finish (you will then be told the correct answers).

Identify the areas (to be divided by n[Q2]) on the Venn
diagram which correspond to the following events:

(d @
1. p[AN B]
(a) (a) (b) (b) (c) () (d) (d
(e) (a) and (b) (f) (a) and (c) (g) (b) and (c) (h) (b) and (d)
(i) (a) and (d) (j) (a).(b).(c) (k) (a).(b).(d) (1) (b).(c).(d)
2. p[A9]
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Section 3: Probability

(a) (2) (b) (b) (c) (c)
(¢) (a) and (b) (f) (a) and (c) (g) (b) and (c) (
(1) (a) and (d) (j) (a).(b).(c) (k) (a).(b).(d) (

—
— o QO
~

)
)
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Section 3: Probability 19
(
7. pl[AU BY]

(a) (a) (b) (b) (c) (c
(e) (a) and (b) (f) (a) and (c) (g) (b) and (c)
(1) a

)

)

(

(a) and (d) (j) (a).(b).(c) (k) (a).(c).(d) (
A° N B

(a) (b) (b) (c) (c) (d)

(a) and (b) (f) (a) and (c) (g) (b) and (c) (h)

) (a) and (d) (j) (a).(b).(c) (k) (a).(b).(d) (1)

Points:

8. p[

(a
(e
(i
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Section 3: Probability 20

3.1. Some other definitions

® Mutually exclusive events
These are events which cannot happen together:

This implies:
e p[ANDB]=0
e p[AUB] = p[A] + p[B]

(a trivial example from our three coin problem would be the event
“all three heads” and the event “all three tails")
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Section 3: Probability 21

e Exhaustive / Complementary events

Which implies:
o plA] +p[B] = 1

For later use, please note that we could also say that B is A and
hence:

e AUAY =Q
o p[A] +p[A°] =1
o p[A°] =1 p[4]
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Section 3: Probability 22

3.2. Axioms of probability

The system of probability we have been working through took a long time
to develop, and wasn't fully formalised until the 1930's by Kolmogorov
(see www.gap-system.org/ history/Biographies/Kolmogorov.html). He
stated three fundamental Axioms, from which all other results can be
derived.

e p[A] > 0 for any event A
e p[Q)] =1 where Q is the sample space

o If [A;];4=1,2,... are mutually exclusive then p[A;]Up[A2]U. .. =
p[Al] +p[A2] +...

Mutually exclusive means that A; N A; = () for all i # j
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We shall examine the implications of these Axioms in terms of ob-
taining mathematical functions that can serve as models for probability
(probability distribution functions) in week 2. The intuitive consequences
of these results are:

e (Non-negative) Probability can never be negative
e (Total probability) The probability of a sample space must equal 1

e (Countable additivity) The probability of observing two (or more)
mutually exclusive events is the sum of their individual probabilities

However, we need to derive some additional results from these Axioms
in order to be able to carry out useful probability calculations.
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Section 3: Probability 24

3.3. The addition rule

The third Axiom tells us that for events which are mutually exclusive, the
addition rule is given by:

p[AU B] = p[A] + p[B]

However, we have already seen an example (the three coin problem)
where events are not mutually exclusive - the outcome HHH was in both
event A and event B. In this case, when events are not mutually exclusive,
the addition rule is:

p[AU B] = p[A] + p[B] — p[AN B]

To verify this, draw the Venn Diagram. If we merely added p[A]
to p[B] for events with an intersection, we would add the probability
corresponding to p[A N B] twice, and hence we need to subtract one of
these areas.
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Section 3: Probability 25

3.4. Independent events

Two events can be considered independent if they have no effect on each
other. We would assume our coin tosses were independent - the second
coin can't “know” whether the first coin landed heads or tails and hence
it's probability of landing heads or tails is unaffected by the first throw.
We consider conditional probability further in week 2, but for now we
wish only to note that:

Two events can be considered independent when:

p[AN B] = p[A]p[B]

For example, for unbiased coins, p[Coin 1 shows H] = 0.5 and
p[Coin 2 shows H] = 0.5, hence:

p[Coin 1 shows H and Coin 2 shows H] = 0.5 x 0.5 = 0.25

This can be extended to more than two events.
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Section 3: Probability 26

It can also be used to extend our tree diagram examples. What if we
have biased coins, where p[Coin shows H] = 0.6.

Q

/\

H 0.6 T0.4

PN

\ | [T06x04] [H04x06] [T04x04]

For example, we can see with such a biased coin that

p[Both coins show H] = 0.6 x 0.6 = 0.36

which is somewhat higher than the 0.25 we would expect from unbi-
ased coins.
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Section 3: Probability 27

3.5. Summary

We have reviewed the basic tools of probability theory. Please note:

e Mutually exclusive (disjoint) events are events that can't happen
together, independent events are events that can (and do) happen
together but in such a way that one event has no influence over
the other. Sometimes the linguistics makes these concepts a little
unclear.

e We have not yet considered conditional probability. We shall do
that next week, which will lead us into direct application of Bayes
theorem.

e To date, we have been talking about probability in the sense of
a long run frequency (if we tossed a coin 1,000 times, we would
expect very close to 500 heads). We shall next contrast this concept
with “subjective” measures of probability.

First, we should consolidate our understanding of these introductory
topics. Please ask for further problem sheets.
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Section 3: Probability 28

3.6. Exercises

There are six self marking electronic quizzes. For each of these, you need

to click the before you start, and the box when

you finish. There are then some paper exercises - feel free to ask for
further problem sheets if you wish.
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e Exercise P.1

Consider that A and B are mutually exclusive events. It is
known that p[A] = 0.2 while p[B] = 0.3.

1. Find p[A°] =
2. Find p[B¢] =
3. Find p[AUB] =
4. Find p[AN B] =
5. Find p[A° N BC] =

Points:

Click on the box to get the correct answer; [Shift {] + to

get the solution.
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e Exercise P.2

Now consider that A and B are not mutually exclusive
events. It is known that p[A] = 0.2 while p[B] = 0.3 and also that
p[ANB]=0.1.

1. Find p[A°] =
2. Find p[B¢] =
3. Find p[AUB] =
4. Find p[AN B] =
5. Find p[A° N BY] =

Points:

Click on the box to get the correct answer; + to

get the solution.
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e Exercise P.3

Please give all answers to 4 decimal places
Consider an office worker who has access to two PCs. These PCs work
independently, and have a probability m = 0.95 of working correctly when
switched on in the morning. What is the probability on a randomly chosen
morning?:
1. Both PCs work =

2. At least one of the PCs works =
3. Exactly one of the PCs works:

Points:

Click on the box to get the correct answer; + to

get the solution.

You might need to draw a tree diagram
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e Exercise P.4

Please give all answers to 2 decimal places
Consider mass produced hinges. These hinges suffer from two kinds of
fault. Fault A is found in 10% of hinges, fault B is found in 15% of
hinges. Both faults are found in 8% of hinges. A single hinge is selected
at random. To 2 decimal places, find the probability that:

1. It is faulty:
2. It has fault A alone:
3. It has neither fault:
Points:

Click on the box to get the correct answer; + to

get the solution.
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e Exercise P.5

Please give all answers to 2 decimal places
Consider two mutually exclusive events A and B. We know that p[A] =
0.33 and p[B] = 0.42. Find:

1. p[AC]
p[B]
plAN B:
plAU BJ:
p[A N BY:
[AC N BY):

Points:

Click on the box to get the correct answer; + to

get the solution.
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e Exercise P.6

Please give all answers to 2 decimal places
Consider a married couple living in a certain suburb, who have been
invited to participate in an election o a school board. The probability
that the man will vote is 0.21, the probability that the woman will vote is
0.28 and the probability that both will vote is 0.15. Find the probability
that:

1. At least one will vote:
2. Only one of them will vote:
Points:

Click on the box to get the correct answer; + to

get the solution.
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e Paper exercises
Here are some exercises for discussion.

1. You have a fair six sided die. You throw the die three times. What
is the probability that you get

e a 1 on the first throw, a 2 on the second throw and a 3 on
the third throw

e al 2anda3inany order

e three 6s

e one 4 and two 5s in any order

2. e What is the probability of getting the sequence HHTT in four
tosses of a fair coin.

e Given you have already had a HH in your four coin toss exper-
iment, what is the probability that the remaining two throws
will yield TT

e |f you do not know the first two throws, what is the probability
that the remaining two throws will yield TT
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Section 3: Probability 36
3. Box 1 has 1 red ball and 3 black balls. Box 2 has 1 red ball, 1
white ball and 1 black ball. Box 3 has 1 red ball and 1 black ball.
e A box is chosen at random, and a single ball is chosen. What

is the probability that it is red.

e If a red ball is chosen, what is the probability that we had
selected box 1, box 2 or box 37

Please ask if you would like further problem sheets
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Solutions to Quizzes

Solution to Quiz: The probability that “not A” happens, given that
p[A] = 0.2 is 1 — p[4] = 0.8.

Click on that green button to return to the quiz — |
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Solution to Quiz: The probability that “not b” happens, given that
p[B] =0.3is 1 — p[A] = 0.7.

Click on that green button to return to the quiz — |



Solutions to Quizzes 39

Solution to Quiz: The probability that either A or B happens, given
that p[A] = 0.2, p[B] = 0.3 and that they are mutually exclusive events
is p[A] = p[B] = 0.5.

Click on that green button to return to the quiz — |
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Solution to Quiz: The probability that both A and B happen, given
that they are mutually exclusive events is 0 by definition.

Click on that green button to return to the quiz — |
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Solution to Quiz: Note that p[A®] = 0.8 and contains p[B] = 0.3;
likewise p[B] = 0.7 and contains p[A] = 0.2

Click on that green button to return to the quiz — |
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Solution to Quiz: The probability that “not A" happens, given that
plA] = 0.21is 1 — p[4] = 0.8.

Click on that green button to return to the quiz — |
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Solution to Quiz: The probability that “not b” happens, given that
plB] =0.3is 1 — p[B] = 0.7.

Click on that green button to return to the quiz — |
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Solution to Quiz: The probability that either A or B happens, given
that p[A] = 0.2, p[B] = 0.3 and that p[A N B] = 0.1 is given by
plA] + p[B] — p][AN B] =0.4.

Click on that green button to return to the quiz — |
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Solution to Quiz: The probability that both A and B happen is 0.1
according to the question definition.

Click on that green button to return to the quiz — |
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Solution to Quiz: Remember we now have p[AN B] = 0.1

Click on that green button to return to the quiz —
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/\

\ | [F0.95x0.05] [Wo0.05x0.95] [F0.05x0.05]

Solution to Quiz: Denoting a working PC by W, and a failed PC by F,
we have one outcome where both PCs work, denoted in green, hence a
probability of 0.9025.

Click on that green button to return to the quiz — |
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/\

[W 0.95 x 0.95] |F0.95x0.05] [W0.05x0.95] |F0.05x0.05]

Solution to Quiz: One way of solving this is to consider that we have
only one event whereby the condition is not met (coloured red); we want
the probability of 1 — (none).

Click on that green button to return to the quiz — |
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/\

W 0.95 x 0.95] | | | | [F0.05x0.05]

Solution to Quiz:

There are two events where exactly one PC is working, we therefore
need to know 2 x (0.05 x 0.95).

Click on that green button to return to the quiz — |
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Solution to Quiz: We want p[A] U p[B] = p[4] = p[B] —p[AN B] =
0.140.15—-0.08 =0.17

Click on that green button to return to the quiz — |



Solutions to Quizzes 51

Solution to Quiz: We know that p[A] = 0.1 and p[4A N B] = 0.08, so
p[A] — p][AN B] =0.02

Click on that green button to return to the quiz — |



Solutions to Quizzes 52

Solution to Quiz: Here we want 1 —p[AU B], the latter value was given
earlier so the answer here is 1 — 0.17.

Click on that green button to return to the quiz — |



Solutions to Quizzes

Solution to Quiz: We want 1 — p[A4]

Click on that green button to return to the quiz —
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Solution to Quiz: We want 1 — p[B]

Click on that green button to return to the quiz —
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Solutions to Quizzes

Solution to Quiz: As these are mutually exclusive, pf[AN B] =0

Click on that green button to return to the quiz —
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Solution to Quiz: As these are mutually exclusive, as noted in the earlier
question p[A N B] = 0, so here we want p[A] 4+ p[B] — 0

Click on that green button to return to the quiz — |
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Solution to Quiz: As these are mutually exclusive, we want the inter-
section of A and everything not in B, which is A.

Click on that green button to return to the quiz — |
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Solution to Quiz: As these are mutually exclusive, we want 1 — (p[A] +
p[B]) = 0.25

Click on that green button to return to the quiz — |
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Solution to Quiz: We want p[AU B] = (0.21 + 0.28) = 0.34

Click on that green button to return to the quiz —
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Solution to Quiz: We know that p[A U B] = 0.34 from the previous
question. To solve this one, we need p[AUB]—p[ANB] =0.34—-0.15 =
0.19

Click on that green button to return to the quiz — |



	1 Definitions
	1.1 Example
	1.2 Tree diagram
	1.3 Venn diagram

	2 Multiple events
	2.1 Set theory notation
	2.2 Commutation and association

	3 Probability
	3.1 Some other definitions
	• Mutually exclusive events
	• Exhaustive / Complementary events

	3.2 Axioms of probability
	3.3 The addition rule
	3.4 Independent events
	3.5 Summary
	3.6 Exercises
	• Exercise P.1
	• Exercise P.2
	• Exercise P.3
	• Exercise P.4
	• Exercise P.5
	• Exercise P.6
	• Paper exercises


	 Solutions to Quizzes



